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A numerical solution for the equation for flexural vibrations of an isotropic
elastic plate according to Mindlin’s theory is worked out. Here, the theory
includes the effects of shear and rotatory inertia in the same manner as
Timoshenko’s one-dimensional theory of bars. Numerical solution for the
case of a simply supported thin square plate for various ratios of thickness to
the side are obtained and compared with the results obtained on the basis of
the classical theory.

1. INTRODUCTION

In the classical two-dimensional theory of flexural vibrations of elastic
plates, leading to Lagrange’s equation, the wave velocity of straight crested
waves is inversely proportional to the wave-length. While this is true for
waves which are long in comparison with the thickness of the plate, it does
not hold good for waves of small length or frequencies of high modes of vibra-
tion. The correction for rotatory inertia and shear were applied by
Timoshenko (1921) for the case of bars. Following Timoshenko, Reissner
(1945), Hencky (1947) and Uflyand (1948) improved the equation for vibra-
tion of plates by including the effects of shear and rotatory inertia.

Mindlin (1951) also gave an equation including these effects with a different
approach by utilizing certain theorems and assumptions. The purpose of
his paper was to show how a more comprehensive two-dimensional theory of
flexural motions of plates, analogous to Timoshenko’s one-dimensional theory
of bars, may be deduced directly from the three-dimensional equations of
elasticity. Also, a formula was suggested by the use of which the limiting
velocity for very short waves is made identical with the velocity of Rayleigh
surface waves, and velocities intermediate between very long and very short
waves are brought into close agreement with the three-dimensional theory.
The formula gave the value of the constant k defined in equation (7). At
various stages of the development, attention was directed to the very close
similarities between his theory and E. Reissner’s theory of flexural equili-
brium of plates. Of special interest is the conclusion that, as in Reissner’s
theory, three boundary conditions are to be satisfied rather than two of the
classical plate theory.
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This paper is based on Mindlin’s vibration equation for plates. A
numerical solution for an isotropic elastic simply supported thin square plate
is worked out and the results are compared with the results of the classical
theory.

2. Twae EqQuatiox oF OurR ProBLEM

In three-dimensional elasticity theory there are six components of stress
which are expressed in terms of six components of strain through Hooke’s
law. In the present theory there are only five ‘plate-stress components’
and these are expressed in terms of the same number of ‘ plate-strain com-
ponents’. The latter are then expressed in terms of three ° plate-displace-
ment components ’.

The stress-equations of motion of three-dimemnsional elasticity theory are:
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Mindlin converted these equations to the following plate-stress equations of
motion in terms of the bending and twisting moments and the transverse
shearing forces, all per unit length, and ¢, the load per unit area, and assuming
that u and v are proportional to z, and w is independent of z.
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%, the thickness of the plate and p the density of the material,
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Further, with the relations:
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the three plate-stress equations of motion (4), (5) and (6) may be expressed
in terms of the plate-displacement components (¢,, ,, w) with the result
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where ¢ = (’bz aal/]y and A?is Laplace’s two-dimensional operator.

A single differential equation for w may be obtained by eliminating 4,
and ¢, from (8) and (9).
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Again eliminating ¢ between (10) aud (11) we have the equation
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which is the two-dimensional analog of Timoshenko’s beam equation including
the secondary effects of shear and rotatory inertia.
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In order to find the numerical solution of this equation, we shall first of
all bring it in the proper form for the purpose of numerical calculations. For
that, we start as follows:

We write (12) in a more simplified form assuming ¢ to be zero.
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we shall assume v = 0-3 and %2 = 0-85. The latter value is based on the
formula suggested by Mindlin.
10:92 p 2w 02w P2 04w
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If we suppose the displacement to be given by w = W cos pt, where p is the
frequency of vibration and W is amplitude of deflection.
Then
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Now, we first, multiply both the sides of %ﬁ; and then write (14) in two
equations by introducing M, the bending moment of the plate.
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Replacing the differential coefficients of M and W with respect to z and ¥
by their finite difference notations we have the following difference equations
of the differential equation (16)
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3. SoLuTiOxS

Let us consider the case of a simply supported,-uniformly loaded thin
square plate. In this case M and W are zero at the boundary and we can
solve the difference equation (17) in succession without any difficulty.

To illustrate the process of calculating moments and deflections we make
an approximation for M and W by dividing the plate into 64 small squares

by taking Az = Ay = g . It is evident from symmetry that the calculations

need be extended over an area of one-eighth of the plate only, as shown in
Text-fig. 1. In this area we have to make the calculations only for the ten
points 0, 1, 2, ... 9, for which M and W are djffer!ant from zero. At the
remaining points 10, 11, 12, 13, 14, these quantities are zero from the
boundary conditions.
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Assuming M ,.and W, respectively as the moment and deflection at the
nth point of the portion under consideration and considering the centre of
the plate, point 0, the difference equation (17) at the points 0, 1, 2, 3, ..
respectively are as follows:
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These equations contain the values of M and W at the points n =0, 1, 2,
.9. Thus we have twenty equations involving twenty constants and
which can be solved successively.
Our method of solving these equations is as follows:
First of all, we give a particular value to W, then we give an arbitrary

242
value to M, and an approximate value to % given by the formula for

frequency corresponding to the fundamental mode. Starting with these
three parameters we successively solve these equations to get the values of M
and W at the points n =0, 1, 2,...9. As the number of terms contained
in each equation is not uniform, we will not be able to get their values im-
mediately but can find them in terms of the moments and deflections at the
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points with a higher suffix. Proceeding in this way we reach up to the equa-
tions at » = 7. Here we get the numerical values of Mg and Wy Putting
these values in the previous equations, we see that we are able to find the
absolute values of all the moments and deflections. Having found these,
the rest of the equations can be solved in no time.

Having gene through the whole operation, we find that these values of
Wy and M, do not exactly satisfy the last two equations, viz. the equations
at the.,point n = 9. We are 1eft With the residuals ¥, and F.,.

If we now keep Wy and fixed and take a slightly different value

E/
of M, to start with and repeat the whole process as above, we get another
set of values of the residuals ¥y, F,.

Again keeping W, and M, fixed and starting with a slightly different

:)

Ejp
With these three sets of values, in which W, is always kept fixed and
242
one of the two parameters M, or %% is varied, we can find by interpola-

value of we find anotlier set of values of the residuals Fy, F,.

2472
tion new values of M, and %‘7,’0‘ such that the final residuals become zero.
The process is repeated several times with the improved values of M,

and £ T / tﬂl we get residuals F; and F, which can be considered negligible.

A numerical work for five different ratios of thickness to side has been
worked out. The results are given in Tables 1, 2, 3, 4 and Text-fig. 2.

TABLE 1
h p2al 2aq2
o= 041 Fia e = (-29382
Num.ber M, values Wx values
of points
0 5.53812 1-00000
1 5-14492 0-92637
2 4-76878 0-85849
3 4-04671 0-71488
4 3.73578 0-61381
5 3.43149 0.52779
6 2.37069 0-39027
7 2.24246 0-36440
8 1.77313 0-29011
9 0-95925 0-17395

F,=—001722 Fy= —0-06457
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TABLE 2
h_ r2a?
o= 02 o = 10809
Nu.m.be * My values Wa values
of points
0 10-42719 0-50000
1 9-63629 0-46233
2 8:89337 0-42369
3 7-40633 0-36269
4 6-82313 0-30862
5 5-23080 0-25422
6 3-99852 0-19274
7 3-69735 0:17920
8 2-85062 0-14202
9 1-58319 0-09347

Fy= —0-06466 Fy= —0-06696
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TasBLE 3
h p2a?
Nu.ml.:)er My values Wa values
of points
0 9-69961 0-25000
1 8:95912 0-23084
2 8-27460 0-21311
3 6-85236 0-17635
4 6-32724 0-16267
5 4.83337 0-12369
6 3:70510 0-09520
7 3-41939 0-08759
8 2-60490 0:06550
9 1-38300 0-03020

Fy= —0-06153 Fy= —0-02113

TABLE 4
h p2a® _
Num?)er Mn values Wa values
of points
0 6-79922 0-12500
1 6-28055 0-11541
2 5-80119 0-10653
3 4-80457 ™0-08816
4 443718 0-08128
5 3:39195 0:06170
6 2-59858 0-04756
7 2:39919 0:04373
8 1-83163 003254
9 0-98471 0:01440

Fi= —~0-00198 Fg= —0:01303
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