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Semi-empirical quantum mechanical method has been appligd to ammonia
and phosphine taking into consideration the non-bonded repulsions of hydro-
gen atoms. The structures of both the molecules and the inversion energy of
amnionia are correctly predicted with the value of 1 eV for the resonance
integral of the C-H bond in saturated hydrocarbons. This value compares
reasonably well with the value of 18 Kcal/mole for the resonance integral of
an aromatic C-C = bond.

Both ammonia and phosphine are known to have pyramidal configu-
rations with three hydrogen atoms lying in a plane forming an equilateral
triangle. These molecules are, however, so easily distorted into planar con-
figurations that the asymmetric substituted ammines and phosphines are
not optically active. An attempt has been made in this paper to investigate
theoretically the structures of these two molecules by the standard semi-
empirical L.C.A.0.-M.0O. method taking into consideration the non-bonded "
repulsions between the hydrogen atoms.

'

Fig. 1

The molecule RH;3 belongs to Dy, or C, symmetry according as the
atom R is at the centre of the triangle or the atom R is displaced from the
centre along a line perpendicular to the plane of the triangle. In either case
the z-axis is chosen through atom R perpendicular to the plane. The x and
y axes can conveniently be chosen as in Fig. 1 with three hydrogen atoms
lying in #-y plane at the corners of an equilateral triangle and with one
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hydrogen atom on the positive y-axis. In constructing the molecular orbitals -
only the valence orbitals of the participating atoms are considered. Thus in
NHj, the N-atom gives one 2s orbital and three degenerate 2p orbitals. The
three 2p orbitals, 2pz, 2py and 2pz are directed along the axes shown in
Fig. 1. For pyramidal configuration of the molecule RHj if the acute angle
between the z-axis and the R-H bond be 4, then from geometry the angle
between two R-H bonds ¢ will be given by

cos¢p = 1—3sin28 ., e .

Denoting the 1s orbitals of the three H-atoms by «, 8 and y the following
three orbitals are the correct linear combinations with appropriate sym-
metries.

\/- (edB+7)

= (2¥—a—pf) and —= (B—ua),
\/ (2¥ —a—f) \/ (B—a!
The first one belongs to a; of Dy, or a; of (g, symmetry and the two equi-
valent orbitals belong to degenerate representations e’ of Dy, or e of C,,.
Turning to RH; the above three orbitals must be combined with the
four valence orbitals of the atom R. Denoting the four valence orbitals 2s,
2pz, 2py and 2pz of N-atom (or 3s, 3px, 3py and 3pz of P-atom) by 8, P,, Py
and P, respectively and following the rule that the orbitals of R and H; can
be combined only if they belong to same representation of C;, symmetry
group, one obtains the bases for the linear combination as given in Table I.
The choice of axes are shown in Fig. 1.

TaBLE I

Bases of irreducible representation of Cgy group

Symmetry Ligand orbitals |, Central atom orbitals
1
ay :/—§ (x+-B+7) S, Pg
vl -
¢ 1
—(2y—a— P,
NG 2y 8 y

Evaluation of Matrix Elements

The coulomb integral «, of an atom ‘e’ is defined as

['il’a Hcff*?sa or =uag
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where ¢, is the atomic orbital centered on atom a and H,; is the effective
Hamiltonian operator. Since coulomb integral o of an atom measures
roughly the energy required to pull an electron from the particular orbital
of the atom to infinity, it seems reasonable to assume that « can be identified
with the appropriate valence state ionization potential for the neutral atom
since atoms are but slightly perturbed during molecule formation. The
various valence state ionization energies of nitrogen and phosphorus atoms
determined by Skinner and Pritchard (1953) from atomic spectral data are
reproduced in Table II. The coulomb integral of the hydrogen atom is
taken as —13:6 eV.
TasLe 11

Valence state tonization potentials of nitrogen and phosphorus

State* Energy (V)
N{s2xyz, V3)—> N (s%y, Ve) 13-84
N(s?zyz, V) —>N+(s wyz, V) 25
P(sPayz, Vi) —> PH(s2zy, V) 10-58
P(stxyz, Vg)— P (s zyz, V) 18:97

* x, y, = denote the three real np atomic orbitals.

The resonance integral B,, between two atoms ‘o’ and ‘b ’ is defined as

J $a Hugy 007 = Pap

We shall assume that the resonance integral is a constant factor of bond

energy E which is again given by the following expression due to Mulliken

(1950, 1952)

Agpl “lab-abh, Sab
" 1+8w

where 4 is the empirical parameter, with 4 = 0-65 for pure S-S type of over-
lap and 4 = 1 for o overlap, I,, is the mean ionization potential of the two
atoms in their appropriate valence states and S,, is the overlap integral.
Since the estimated bond energy of a C-H bond in saturated hydrocarbons is
4:29 eV (Wheland 1955) it follows, therefore, from equation (2)

AaplapSap
12904 Sup)

Eap = (2)

Bab = ﬁCH (3)

where B¢y is the resonance integral of a C-H bond in saturated hydrocarbons.
The overlap integrals § in equation (3) are determined from the tables of
Mulliken ef al. (1949) using the bond lengths of ammonia and phosphine as
reported in the literature (Dennison 1940; Stevenson 1940).
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Setting Up of Secular Determinants

Having determined the matrix elements it is a simple matter to set up
a secular determinant. It follows from Table I that for a; irreducible repre-
sentation, L.C.A.0.-M.O. #y, has the form

l/l = 01 \/_ a+ﬁ+’)’)+028+03pz

This will give a cubic determinant which is again reduced to a quadratic
factor and a linear factor for planar molecule (i.e. when § = 90°).
The matrix elements for ¢, are as follows:

f\/— d.+ﬁ+')’ eff\/ (“+ﬁ+’y d = aﬂ'g = aw
f S Heyy S 0r = agg
szHefsz or = Rzz = Ugg == Qyy

J‘ % (a+B+7Y) Hery 807 = /3 fas = \/5.355 = /3 Bys

f —‘-/1—3—. (x+B+7) Hefsz or = '\/gﬂczz = \/?—’ = ﬁﬂz = '\/gﬁ)’z

f SHyyP, =0

So the secular determinant after neglecting the overlap is as follows :

dag—E \/gﬁas \/?: Baz

V3Bas o —E 0 =0.. .. .. (4
\ '\/§ Bz 0 %zz—F

It is to be remembered that in determining B4, of equation (4) for non-planar
molecule the overlap integral ‘S’ in equation (3) must be multiplied by cos 6.

For the degenerate representation e, we have the following two different
M.O.s

e = C, B—a)+C,P,

1\/—

z/; \/ (2y— ac—B)-l-C’P

The matrix elements for 4, are

f V3 (B—e) Hppr —= \/2 ®) 07 = &gy , etc.
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J Py Hopp Py 01 = 0z

1 1 5
J‘ ‘\7‘:2 (B—a) Hepy Py 07 = '{75 (Baf+Bax) = V/2BsB
The secular determinant for , after neglecting the overlap is as follows:

o '\/éﬁzﬁ
V2B @2—E
In determining B.g from equation (3) the overlap integral should be multi-

plied by the cos #, where 6, is the angle the P, orbital in Fig. 1 makes with

R-H, or R-Hg bond. For non-planar molecule, equation (6) gives 6, in terms
of 9

=0 .. .. .. .. (5

cos 0y = cos 30°sin 8 .. .. .. .. (6)

The matrix elements for |, are

1 1
J‘V—(—} (2y—a—PB) Heyr 7(:5 (2y—a~—pB) 01 = agq , ete.
J‘Py Heff Py or = gy

1 1
f 7 @/ =P) Hay Py 0r = (2Bt 2

The integrals By, and Byu are to be determined from equation (3). The
P, orbital makes an angle of (90°—¢) with R-H, bond while the angle 6,
the P, orbital makes with R-H, or R-Hg bond is given by the following
expression

cos By == cos 60° 8in 6 .. .. .. ..M

The secular determinant for t/v; is same as equation (5) except for the non-
diagonal terms.

With the foregoing assumptions and approximations and with the
further assumption that all the interactions between different hydrogen
atoms can be ignored in the secular equations, the three secular equations are
solved by the standard methods for different values of 6 and E, the energy
associated with the molecular orbital can be obtained as a function of ¢ and
Bcy since resonance integrals are evaluated in terms of B¢y from equation (3).
Seven different values of E are obtained from the solution of three secular
equations. Since there are altogether eight valence electrons in ammonia
and phosphine exclusive of those in the inner shells of N-atom and P-atom,
two electrons must be assigned to each of the four most stable molecular
orbitals. The total energy W of the molecule which is twice the sum of the
four lowest values of E is therefore a complicated function of § and Bcy. So
at first the dependence of W upon @ is calculated for different values of Bcy.
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It is found by trial and error that in order for W the total energy of ammonia
to reach a minimum value when 6 as 68° (experimentally ammonia is stable
when @ = 68°, Dennison 1940) after allowing for the non-bonded repulsions
of the hydrogen atoms (see later), it is necessary that B,y = 1 eV. This
value of B, seems quite reasonable when we compare this value with that
of B of an aromatic C-C = bond, magnitude of which is shown to be 18 Kecals/
mole*. This is again consistent with the assumption that f’s are constant
factors of bond energies.

With this value of B, the secular equations for phosphine were solved
for different values of . The results for ammonia and phosphine are given
in Table I1T and Table IV respectively.

Estimation of Van der Waal’s Repulsions

Since the overlap integrals between the non-bonded hydrogen atoms are
of appreciable magnitude in ammonia and phosphine, the non-bonded repul-
sion energy between the hydrogen atoms cannot be ignored and this will
increase rapidly with decreasing 8. According to Mulliken (1950) the non-
bonded repulsion energy E’ between hydrogen atoms in a molecule, i.e. the
energy by which the total energy of the molecule is increased, is given by

1 4;8°0
E=z>2L2_ . . .. . 8
2,2(1—8;)
where A; = 0-65 because s orbitals are involved and I; = 13-60 eV. The
summation is over all non-bonded interactions. The factor } in equation (8)
is due to the fact that in non-bonded repulsion between two hydrogen atom
electrons each forms half of an eleetron pair bond. The overlap integrals
S; were calculated using slater AO.S values. The energies £’ for different
values of § are given in Kcal/mole in Tables III and IV. In estimating E’,
the electrostatic H-H repulsions because of polarity of R-H bonds are, how-
ever, ignored.
REsvrrs aND DiscussioNn

It follows from Tables III and IV that energy W for both the molecules
reaches a minimum value when @ is around 50° but the total molecular energy
after allowing for the non-bonded repulsions reaches a minimum value at
different values of 8. For ammonia total energy is minimum when § = 68°
so that the molecule is stable when bond angle is 106° 50°. The calculated
activation energy for inversion of ammonia is 6-1 Kcal/mole which is in good
agreement with the observed value of 5-9 Kcal/mole (Townes and Schawlow
1955). The total energy of phosphine is minimum when = 60° or ¢ = 98° 11/,

* This follows from the fact that the calculated resonance energy of benzene by the Huckel
M.O. method is 28 and the experimental value is 36 Kcal/mole (Wheland 1955).
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and the calculated inversion energy is 4-2 Kcal/mole.
calculation correctly predicts the structure of phosphine (Stevenson 1940),
the calculated inversion energy is, however, not in agreement with the re-
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Although present

ported value which is 17-4 Kecal/mole (Townes and Schawlow 1955).

present investigation, however, leads to the conclusion that the non-bonded
repulsion has a great role in determining the structure of ammonia and

phosphine.
TasLre II
Energy of ammonia as a function of 0
4 ¢ W (Kcal/mole) L’ (Kcal/mole) W--E’ (Kcalfmole)
90° 120° —3169-24 +27-57 —3141-67
80° 117° 4/ —3172-51 +29-94 — 3142-57
75° 113° 33’ —3178-99 +32-24 — 3146-75
72°  110° 54’ —3181-17 -4 34-25 —3146-92
70°  108° 56’  —3183-84 +36:16 —3147-68
68°  106° 50’ — 3185-96 +38-19 — 314777
65°  103° 257 — 3187-57 +42-53 — 314504
62°  100° 45"  —3188-98 4- 45-05 —3143-93
60° 98° 11’  —318971 + 48-21 — 3141-50
50° 83° 7’ — 3191-50 +76-34 —3115:16
40° 67°39° —3190-83 +132-71 —3058-12
TasLe IV
Energy of phosphine as a function of 0
a ¢ W (Kecal/mole) E’(Kcal/mole) W +E’ (Kcal/mole)
90°  120° — 2790-36 +4-81 —2785-55
80°  117° 4’ — 279174 + 531 —2786-43
70°  108° 56’ — 2795-54 +6-98 —2788-56
65°  103° 257 —2797-33 +8-69 —2788-64
60° 98° 11’ — 2800-48 +10-70 —2989-78
50° 83° 7’ — 2800-97 +20-47 —2780-50
40° 67° 39 —2798-04 +43-45 — 275459
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