SOME EFFECTS OF WEAK SWIRL ON LAMINAR PIPE FLOW *

by B. C. DExA, Department of Applied Mathematics, Indian Institute of Science,
Bangalore 12

(Communicated by P. L. Bhatnagar, F.N.I.)

(Received April 24, 1962)

The motion of swirling viseous liquid through an infinite pipe of circular cross-
section is studied. Assuming the non-dimensional swirl to be small, Navier-
Stokes equations are linearized and solutions of the first two perturbations—
the swirl velocity and perturbation axial velocity—are sought. First, the
solution of the swirl velocity is found under an Oseen-type approximation and
then the solution of the perturbation axial velocity at high Reynolds number
is tried from two sides: (i) solution of a 4th order partial differential equation
under the same Oseen-type approximation, and (ii) solution of a momentum
integral equation. Qualitatively good agreement between the two solutions
is obtained. As the swirl is weak, axial component of velocity shows only
maximum decrement on the axis of the pipe as in the case of Nuttal (1953).

INTRODUCTION

When viscous swirling liquid flows through a pipe, the axial component
of velocity is greatly reduced at the centre of the pipe, and in some cases it
gets reversed in parts of the pipe. This phenomenon of swirling liquids has
drawn much attention of the experimenters. In most of the experiments
flow regime is turbulent and swirl is strong so that air core is also present.
Binnie (1957) has performed experiments in a weak swirling liquid motion
through a horizontal pipe, when turbulence and air core both are absent,
and has observed different regimes of reversed flow as that of Nuttal. The
theoretical investigation of this aspect of swirling laminar flow in this paper
is inspired by the works of Binnie (1957) and Talbot, (1954).

Decay of swirl velocity along a static round pipe was first studied by
Collatz and Gortler (1954) and Talbot. Collatz and Gortler studied only the
eigenvalues and eigenfunctions of the swirl velocity in the static tube for
large Reynolds number under the boundary layer-type of approximation.
Talbot studied the eigenvalues and eigenfunctions of the swirl velocity in the
static pipe for high as well as low Reynolds numbers and made an attempt
to study the axial and radial velocities along the pipe by a momentum
integral method but with not much success. Consequently an attempt has
been made here to find a solution of the axial velocity along a pipe.

* The paper embodies some results submitted in the thesis on which M.Sc. degree in Aero-
nautical Science was awarded by the University of London.
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Mathematical model.—A doubly infinite round pipe is taken and two
cases are considered : in case I the upstream half rotates and the downstream
half is static, and in case II the upstream half is static and the downstream
half rotates. Besides, in case I, flow far upstream is assumed to consist of
a solid body rotation and Poiseuille flow. )

To solve the problem suceessive approximations have been made :

(i) Flow variables are expanded in powers of e¢(<1) where € is the
dimensionless swirl parameter, retaining only first two perturbations.

(ii) In the convective term of the equations of the perturbations wy = 1—r2
has been replaced by a constant mean value @ = %, the numerical value
being chosen from the consideration of the momentum of Poiseuille flow.

(iii) Equations of the first two perturbations resulting from (i) and (ii)
have been solved. It is seen that for high Reynolds number heat-equation
approximation is possible throughout the pipe except a small region near the
interface between the two sections of the pipe.
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A momentum integral equation is derived by integrating the axial
momentum equation of the Navier-Stokes equations across the pipe. Assuming
a particular velocity profile a solution of the linearized momentum integral
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equation is obtained and it is compared with the previous solution of the
perturbation axial velocity.

In case II, the boundary condition of the swirl velocity is to be reversed
and boundary conditions of the others are the same. So the solutions of the
swirl velocity, perturbation axial velocity, and momentum integral equation
are derived from those of case 1 with slight alterations.

00 1 23 "5 6 7 vy -
x = 0-03
Qseen method, R large, solution (2.16) .. ==tem——tem

Oseen method, R large, solution (2.15) .. swQew—smOmw=
Collatz and Gortler

Fia, 2

Oseen method, B large, solutions (3.18) and (3.19) and golutions (3.21) and (3.22)

Linear momentum integral solutions (4.15) and (4.16) and solutions (4.17) and (4,18} .. —e—c=
Fic. 3
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1. Fic. 4 shows case I. Cylindrical co-ordinates Orfz are considered
with the origin at the centre O of the circular section where the upstream
and downstream halves of the pipe meet. u, v, w are the radial, rotational,
and axial velocity made non-dimensional by referring to W,,, the maximum
axial velocity of Poiseuille flow. The pressure p is made dimensionless by
referring it to p W,, where p is the density of the fluid. Independent variables

u=0 =
V=1 =0
w=0 W=0
u=0 (2 r u=0
—_— 5 z
vzp v=0
w=1.p? w=t-r’

Fic. 4

7, z have been referred to the radius ‘a’ of the pipe. Reynolds number is given

v
by [4 ’,,,a

12 is the rotation of the pipe. Due to symmetry about z axis (axis of the
pipe) all quantities are independent of 6. Therefore the governing equations
(Navier-Stokes) in non-dimensional form are

, where v is the kinematic viscosity. e is defined by %ﬂ where
m

ZHote =0 .. . Ly
”%%+w%g—?§="%f+11§ vzu,-r%), a2
u%“;+ L vzv—%), (1.3)
u%if.i_w%’g = - 25'*11@ v 2w, . .. .. {1.4)

where
2 2
Flow variables are expanded in the form
U= €Uy +e2ug+ ...,
v =evy+evo4 ...,
w = wotew, + 2w+ ...,

p= p0+ep1+ezp2+ cee
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where
Wy = 1'—"72,
4z
po = = E .

It is to be noted here that u, w, p are independeat of the sign of . So
Ugs 1, Wae_ys Pas-1; §=1, 2,... are zeros, v depends on the sign of e
and therefore v,, = 0. Therefore we get a single equation for the first
perturbation »; and three equations for the second perturbations wu,, w,, po.
The above procedure will hold for cases I and II. In case IT we will represent.
the variables by ‘ dashes ’ so as to distinguish them from those of case I.

2. The swirl velocity v,

The swirl velocity equation is

Boundary conditions are (case I)
vy=17 at z= —c0.

v1=0 at z= 400,

[
)
-~

v=0 at r=1,2>0
vyy=1 at r=12<0

vi is continuous with its derivatives at » = 0, and in case II,
v, =0 at z2=—w

=7 at z= 400

1
! .. .. (2.3
v, =0 at r=1,2<0

v

v;=l at r=1,z2>0

v, is continuous with its derivatives at r = 0.
Therefore '

py = r—z'; .. .. . .. (2.4)
(2.1) has been solved by Collatz and Gortler (1954) for large Reynolds number
and by Talbot (1954) for high as well as low Reynolds number. We try for
a simpler solution of (2.1) in order to make things much simpler for our next
step and we put wo = const. = @ in the convective term of (2.1). So (2.1)

takes the form
02 10 02 o 1
R W a1y Pt =0 .. .. .. 2.5
[81'2 ror 022 2Aaz rz]v’ 0 (25)
where
Rwy = Riv = 24.
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We use two way Laplace’s transform

+ o
(4] = ’171 = _pf e-ﬂv]dz.
~w

Sinee v; ~ €™ for z— 400 ; ¢; being the least positive eigenvalue,
€ = '\/A2+j —4 by ( #10) and v; ~ O(1) for z-» —co, therefore the strip of

convergence is

- < RP <O,

and the boundary conditions of #; are

771=—-1 at T=1,

7 is continuous with its derivative at r = 0. .. .. .. .. (2.6)
Therefore the transformed equation of (2.5) is

where

i 1 :
[5,2 a,+ﬁ—~]v1~0 R 2

7‘

B2 = p2—24p.

Solution of (2.7) with boundary conditions is

and

Jl(ﬂ"
J1(B)

co+¢w

1 e’ J1(Br)

V= — Sy L. . L. (28)

2ni co-io P J1(B)
—VA24j34+ 4 <y < 0.

Integrand of (2.8) has no branch point. Integration is performed along
a large semicircle in the p-plane with co—¢00, co+ic0 as diameter. Integral
on the curved path vanishes by Jordan’s lemma.

Therefore

ll

(a+V 4159

S A\ LilGar)e
<0, .. 2.9
Z( '\/A +‘9 ) JﬂJO\Jn) i ( )
© T (a~ Va4 +42
14 1Jar)e >0,.. (210
Z ( \/A +iz ) nJo(da) ? (2:10)
0gr<l z2=0,

where j_is the n-th positive zero of Jy(r) = 0. We now choose the value of
@ == 2[3 from the consideration of the momentum of Poisenille flow, i.e.

1 1
ﬁ')f (1—#®)rdr = f (1—72)2rdr. .. - .. {211
0 0
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The above choice is made from two points of view:

(i) It keeps the basic flow unaltered.

(ii) With @ = 2/3 the solution of swirl velocity (2.10) gives quite good
agreement with the solution of Talbot at low Reynolds number (comparison
of the eigenvalues (2.12)) and the solution of swirl velocity (2.15) and (2.16)
give qualitatively good agreement with those of Collatz and Gértler and Talbot
even at high Reynolds number (see Figs. 1 and 2 and comparison of the eigen-
values (2.17)).

First Harmonic Second Harmonic Third Harmonic

R B VAME—4 R B VAHE—4 R p VA -A
0-146 3-780 3-783 2-394 6-262 6-261 3:626 9-040 9-046
0-436 3-690 3-689 3:833 5-867 5-854 4-966 8-663 8-652

1155 3-464 3-465 8-057 4-842 4-826 7-598 7-997 7951

2-811 2-998 3-007 (2.12)

When A is large we choose a new variable x = Z—ZZ . (2.9) shows that 4 — .
vy = r40(et4%%) x<0 .. L (213)

Therefore throughout the upstream half of the pipe there is solid body rota-
tion excepting |z | ~ O(472). In terms of z (2.5) takes the form

0z 190 1 o2 o 1
[572"767 474“25.?5"55—”2]”1“0

and its transformed equation is
02 12,6 o 1t >
e m e b - = .. .. oo (2014,
[6r2+1‘ 87'+4A2 ? 7'2] =0 (2.14)
where o = 2A4p. _
We have investigated the solution of (2.14) for small  in Appendix I and it is
found to be

. Yy - 915
91—1—ﬁerfﬁ2\/; x—>0, but x> 0(4-2), . .. (2.15)

where
y=le—r, r>0.

(215) shows boundary layer behaviour of v; of width ~ O(2!) when 2 — 0 and

outside there is a solid body rotation. (2.15) suggests that a heat-equation

approximation is possible outside x> 0(42) (proof is not given here) and
2 .
s0 we have ignored é; in comparison to ¢ in (2.14) to get a solution of v,

forx > 0. Itis

'21‘

-7
B Jy(jare " .
°1 1 ]:JO(]n)
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Comparison of the eigenvalues.

Collatz & Gortler Talbot (2.16)
3j.2
RA, R, W
2
21-382 21-78 22-02
74779 75-11 73-83
160-1 160-4 1552 (2.17)

Therefore our solution of swirl velocity is given by (2.13), (2.15) and (2.186).
But we cannot actually evaluate v; in the range 0 << |z| < O(472).

3.. The perturbations ug, ws and p.

The differential equations determining the second perturbation are

Oug 2 0
wy auz —v—:_—-‘ _-aPr—z (V2 2—-) (3.1
awz awo _ 9, 1
a—-l" a ——é_,??-*-R Vzwg, . e . (32)
Ouy dwg
ar+r+—a7_.0. .. .. .. .. .. (3.3)
We have introduced stream function ¢, = ré such that
0
Ug = _-a% s
o
u’2=§+§§, .. . . .. (34)
and have combined (3.1), (3.2) and (3.3) into the form
2
4 0 2 (v
[Vl—woR 5 vf] ¢=R az( ) N 1)
where ,
2 02 19 902 1
Swmtintme A

VThe function ¢ in (3.5) is forced by the decay or growth of swirl »; %v;l (3.5)

is to be solved under the boundary conditions
#(1,2) = éa—rqS(l, z) = 0 for all 2,

and ¢(r, z) is continuous with its derivatives at r = 0.

We make the same approximation on w, by its mean value % = 2/3 in
the convective term of (3.5) as it was made in (2.1). Then (3.5) takes the
form

[v4—2A 2 v2] ¢ = Ri (ﬁ) (3.6)
: = Vi =\7) - .. .. (8.

9B



SOME EFFECTS OF WEAK SWIRL ON LAMINAR PIPE FLOW 259

Changing from z to x we get

2 19 o ) Haz 19 o2 1] 1 a(vf)
[ar2+; éwr+4A28.v3 T ox 2 ar2+ or +4A2ax2 T2 $ = woxr \7
=hir,2) .. (3.7)

If ¢; be the Green’s functlon of ¢ due to a pomt disturbance at r = p, x = ¢
then ¢, satisfies the equation

2 19, @ o 1fez 10, 22 1
[972"*; PPy~ i —z] A arve i —z] be = dr—p)d(r—£)
(3.8)
where 8(r—p), 8(x—§) are Dirac’s delta functions. We use two sided Laplace
transform

+a
¢G=;-'$G=0J‘ “—ax‘ﬁ Az c1 < Ro <o,

—x

and then (3.8) reduces to

02 10 o2 1{}{o2 190 o2 1 _ o
[5r—2+;3—r+m—-0— ?—é] [8—r§+; ‘a;'i'm—-ﬁ] o =o0e % 3(r—p).. (3.9)
whieh can be written as
02 1090 1|[o2 19 1 T
[—a—ré+7 a] oc2—r-2] [ﬁ—l-';a—‘r—lﬂ— 7—2'] $G = o¢ 8()—p), . (310)
where

o2

2

T TaAr
$c satisfies the boundary conditions
() =0 at r=1,

2
(ii)_jf=0 at r=1,

(iii) §, and its derivatives are continuous at r = 0,

av) with [ 1=[ T_0F

[fﬁ] = ge~%
ars

58] -] o=

or2
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With little calculation we can show that the solution of (3.10) is §.

ot | =11(vP) + {aK o)Ly (v) +vIo{v) K1 () } I («P) ]
of 1
pe [ vl I(a)—alp/a)l(v) Lan)

+peot [—Il<ap)+ {vEofv)I(@) +alo(o) Ka(v) } T (vp)]
vIgw)I (o) —algla)I4(v)

Il(VT)

.""5[ Ey(ap)I{(ar)+I, (v K ()] r<p, .. . .. (8.12)

—ot | =Talvp) +{aK o)1)+ vIo(0) Ky (o) T (o0 ).
Pe [ vIo(n\I (o) —alg{a) 4 (v) ] Iq({or)

-ot | = I(aP)+ {rKo(n) 1)+ alo() Ky} Livp)]
He [ o))~ oo 11 5) J 7167
pe=% [ — K (ar)I(xP)+ I1(vp) K (vr)] P <. .. .. .. (3.13)

For4 - o -

providéd :
lo] €24, 2> 0(47).

This approximation actually means that (3.7), (3.8) are changed to
parabolic form when 4 — . . So making this approximation «—pu, v— 0,
A — 00 in (3.12) and (3.13) we have

~of
é pe [{p — Ko p) I (up) } Iy(pr) +{11(#P)—%plo(#)}r]

—a§ ‘72 WP ( ur)p ] r P, .. .. N ..o (3.14)

=‘Z;( [{P —pKolp)I1(pp)} Iy(pr) +{ P-P)’"‘“Io( )} ]

2
40t ['2’7 _pll(#p)Kl(,,r)] r>p. R € 8 £
$; has no branch point at o* = 0. Therefore inverting from o to  we have

1 f‘“” Pe=o(:~8)

bl b r=8 =00 ) BT

[{p—mwlmp)} Lur)+

c—i%

{Il(,uP)- '_‘Qf Io(,u)} r] do. [0 < c]
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® e—ai(x—f)

P
= —Zm [(2P4 7, T o, y(0,0) } (7

1
+1{2J1(x,p)— P gl )} 1), x—€ >0

=0, x—E<0, .. .. .. .. (3.16)
where «, is the n-th positive zero of Ja(r) = 0.
Therefore
x Al
$ir, ) = f bolr, o =B h(e, EED . (3)
oY 0
where

et = o (n %),

From (3.16) and (3.17) and (2.16), we have after performing the inte-

gration
8 = o j [ —(j;‘;ﬁjz).l‘__e— a;zx ]
(’)', T) = = —
wZZZ ]n (U _])n ‘771)a"]1 &) JO Jm ‘]0(])1)
R , oum) .,
{2‘]1'-0(1‘") _atrJO\?(t)} B mm+ {77 I g, o(t‘]'l(O(t' )+27 i ‘4
where :
8, = Kronecker delta,
1
44mnt = f ‘]l(atp)‘jl(j»)zp)‘jl(jnp) dP
0
Therefore

wy(0, x) = [%’“}-é]r—o

I

2 N .2 » 12’
—(‘}m 'Jn)" %
(2 -_

f— m -}71)}JL Il(ut\‘jo(] )‘]O(jn)
[at(l—Jo(a,),Jou,,)am,,+{wyz(at)afH}Am,]_. .. (3.18)
. 3 ' .

Again introdueing v»; and ?DL—I from (2.15) and considering the parabolic

form of the equation (3.7) an expression of w-(0, z) for small x is obtained
(proof Appendix IT). It is found that

wol0, ) = —3 [(1-;-_ Vz) at—

In case 11,

\/ﬂ (V2- )*] 10(?). .. (3.19)

o= 2 [

and the Green’s function ¢, is the same as before.
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Therefore ¢'(r, z) is calculated from (3.16) and (3.17) and (2.16) as ¢'(r, x)

4 w o] —e o
40483 3
1 1 1 ”,

[{mtrJo(a,) —2T (o) } 4 {7 Y glor e 3 (o) +2r}J;'Ji(JZ‘)]. (3.20)
Hence L
( )— [ ¢ (’:]7 0
+%§ i e [2«,(J0(oct)—l)
Wby Lt (o —jz)a T3 (o
+ {a Vo) +4}J”J1 t)]. (3.21)
& = Jn

To get an expression of w,(0, ) when z is small, similar procedure as
that of (3.19) has been adopted and it is found to be (Appendix II)

w0, 7) = 3 [(\/E—s) 5= \3/}7/2 x?f]+0(a:2). .. (322

It is difficult to calculate A4,, analytically and therefore numerical
integration of 4, for m=1, 2, 3, n=1, 2, 3, t=1, 2, 3, 4 have been
carried out. With these numerical values of 4,, wy(0, ) in (3.18) and
wy(0, #) in (3.21) have been evaluated for different .values of z. Both the
parts of wy(0, x) (3.18), (3.19) and w,(0, x) (3.21), (3.22) meet near 0-045.
These curves are exhibited in Fig. 3.

4. The momentum integral equation

The non-dimensional equation ‘of continuity and of radial and axial
momentum are given by (1.1), (1.2) and (1.4). (1.4) is integrated across the
pipe using (1.1) and the boundary conditions

.. 0w(0, z)
@ or

=w(l,z) =

PR
(ii) % fo wir, zyrdr = 0,

and the resulting equation is

—a—fl 2rd——-fapd+ ) (4.1
5 O'w r e\%),_, .. .. .1)
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Changing from z to  we have (4.1) as

3 ! Lap 3
Tl Spdy == — | L w
azfow rdy = fo 5 rdr+% (E)r=1' .. .. (4.2)

From (1.2) it is seen that for A — oo

2
a’r’ ~—+0A2) R X o

Integrating the relation with respect to r we have
r 1)2
p= f n dt+ po'x) +€2g(x) .. .. .. (44)
0

where g(x) is an unknown function which vanishes at x = o and

2
gxu;) in the form
v r=1{

dg _{9p _ aw] otw 1 aw]
62332_%— [E],zo-_ [waﬁx o N e, o &Y

Hence the momentum integral equation (4.2) reduces to

__f wzrdr—_f f axt'ﬂ""}( ai’)’:()

2w 1dw ow
e B L L

This momentum integral equation is inspired by Talbot’s work. How-
ever, he assumed g(x) = 0 and ran into a singularity when proceeding from
x = +4-00. Besides he used only one component of swirl velocity.

(4.6) is the resulting momentum integral equation of axial velocity for
large Reynolds number and it is to be solved under the conditions

We evaluate -2 from (1.4) ignoring 4;2 (

(Y w=1—r2at x=0,

. J _

@) wl, ) =Zw0n) =01 L w
) 1

(iii) 5;:]0 w(r, x)yrdr =0 i

If we substitute w = wy--e2wq-}- . . . in (4.6) there results

1 0
fwoa;vzrdr—— J’rer’ -'dH'%[wo awz] o

wy  Lowg| [a"’Z] . @)
’%[arz +;—3~r—],=o+ or Jr=1’
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which can be derived from (3.1), (3.2), (3.3), directly. Equation (4.8) holds
for case IT also if we change v, to v].

We try to solve (4.8) assuming a particular expression for w,(r, 2) as
wor, x) = a(z)(1—6r2+5r3),
w'2 (r, ) = a'(x)(1 —6r2+5r3),

such that
a(0) = a'(0) = 0
Then (4.8) reduces to
';g- 10a(x) = f fiv—ldt U 7Y )
and
da’ ( . 1 ¥ a dt
§=—+10a'() =f0rdrfoa—x(t—vl)27. co .. (410)

Using (2.15) for v; for small z we have
[ E R FEEY FRCIR

and

1 ¥
ac 20 _ (1 2) 24-15V2 ( 32) _

Using (2.16) for v; (x > 0) we have

Lo, S < )
.for = Z ZK’”"e c e (413)

1 4 g ) 2 2 o€ :2
9 dt e 2¢7 /0%
" e (fe )2 == moenl =
f ;drf o= (t—vy)25 z Z Epne Ty (41
0 0 m=1ln=1 1 OJ"

where
1 r
8.7': f fJ](jmt)Jl(jnt)
K, =—"— d A AR ]
JmJO(Jm\'JO’]n) rer 0 t
and
1 r
J
f f = 1 =1J5(jn)
I J ® 4.\ at1 Tussliss(i
f f 1.7!! 1.7" %JM_ Z (.L-) (a+1) a+1{Jm) a+1)x )
0 & =0 .7" Jm]n

m < mn,
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Introducing these values in the right hand sides of (4.9) and (4.10), inte-
gration is performed adjusting the constant at x = 0-03 and the solution is

< S8 94 1.54/3 3, s o
a(a:)=—(0'1+072)(1—e 3)+24 15\/2(585'— %6 3erf¢',\/7—ox)

2¢/7 3
21 3-2{ 3 %} A
+(”2—_7) x-—7—0(1—-(3 ) 0<a<003 . .. (4.15)
e 2 ~(irin)e
= —2547¢ 3+gZZK""e 003 < « L. (418)
2, .2 70
11 Jm+.7n _3—
and _
02Y (., -2} 241542 B - 7655)
)= {01 — 21w B ) 2270V S [ 3T T By, [
/() (01 n)(l )t Vel sen? Perli [ 5
9.6 ‘ _T0x
+(12——3——)%z-—,&(1—e 3)lOgng()3 (4.17)
T 70 |
_nw - K e_«(j;"'-"i)“' = 2(7,*7.3’“' .
= —4334¢73 +1 sz—-—_z—:- D (4.18)
T 1 2+2_29 1J(‘)‘_O_'2)
m VJn P 0WJa/ g n
003 <z
where

The solutions (4.15) and (4.16), (4.17) and (4.18) have been shown in Fig. 3.

APPENDIX 1

Swirl velocity for small »
From (2.8) swirl velocity expression can be written as

, 2 P
[ et
SN 0 ViU A . .. (LD

vy =r— —
! 21

o

g 0'2 H
S

where ¢ = 24p and N is the path along the imaginary axis in the o-plane
with indentation at the origin.
When

0'2%
x—>0,|c|—>oo,ﬁ,(a—ZA—2-) - 0,

and therefore, we expand
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asymptotically for » > 0 and we have

a%\?
eaxe—g a——)
ooy L _(__ R S .
1 S : 3r gt g, .. (1.2)

e T

(I.2) has branch points at ¢ == 0 and o =442 We have made the
integrand single-valued making branch cuts along the real axis from 0 to —o0
and from 442 to -+ oo, and have selected that branch with arg o = 0 and

2
arg (0—442) == in between 0 and 442 Again we expand J o— flﬂ
yo$ yo
. . 842  1284¢ . . .-

binomially for ¢ << 442 and expand e , € in series, and ultimately we

have
| O 3y , Y (4 3
UI—T—WJ-V*-—‘O—— 1—%+8A2(0‘—‘8—T + ... do . (1.3)

Taking the inverse integral we have

1 y 33/{"\/70 £ }
v =T— r[ “on/a \/rre yerfz\/

2
, -1
8A2{ %(4 234 87‘:\/77_1;‘ + ... 1. . . (14)

Since we have made two expansions we find the relative magnitudes of
the different terms when 4 — oo and # — 0. With some analysis it can be
shown that when

O<y< 1'—1,
?;>)/A-2+}L
« ¥, 4 >0

3y [2\\//: e’~ —y erf, \/x} ~ O(x)

3’2
¥ [ 1 [y = —i—i B3¢ % ] 0 1
842 wxa/2(4 2)"’ 8r/mz] (24“25)
and therefore

vy = 7 exf, —L - O(A7H), 2> 0, but = 3> O(4-9).
r 24/ x
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ArrEnDIX II
The perturbation axial velocity for small x
The equation for ¢ when A - o is
2 12 2 92 12 1 19 [
[a—r#m”a ——] [arz+;a7‘;§]¢*z%a—x(7) = Hlr, 2) 1L

and its solution is

(r, 2) f f do(r, P, —£) h(p, £,dedp, .. (L)
one sided Laplace transform of which is
dp
&(r, o) fzﬁcrpa Pc)o Ro>0) .. .. .o (I1.3)
where ¢(r, p, o) is given by (3.14) and (3.15).
Now
3 ov ov
h(T’ x) -0 axl_ ( —”+) a::
and from (1.4)
vy = erfc \y/;_'_

one sided Laplace’s transform of v, and « aa— are

T o)

vy EU, =
and
W, o e-y<s*+~f—o-s){ (y)l
T San), s U FOla) (%
0 < Rs< Reo.
Hence
. —a)—2 - s§+\/;)
= s e 0 of
N

. (T1.4)

where the path of integration N is a line from ¢—io to ¢4-ic in the s plane
such that 0 <c < R o.
Now for & — 0, p —, A(r, o) is exponentially small for

y>0 GL) ~ O(at).
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Hence replacing r by p and y by 7, we put

A
and
s=ol,
so that v
- A 1 e~ A +4/T=1)
A, o) = —3p2 [(1+%—) (1+ ) 2,,@f . ]{1+0w-ﬂ>] (IL6)

The path of integration M is a line in the t-plane through (R )
o k4

in the directior 77;— jarge|. Differentiating ¢.(r, o, p) with respect to » and

putting r = 0 and letting p —> © we have

04e(0, P, o) _ -u% o {13

Since in (I1.3) §.h is exponentially small for 7> 0(%) becaule of k(p, o), we

may here also make the substitution (I1.5) and treat A as O(1) and then

0 0, P, O‘)_ _pu2é - 1 “A_ Ae=A
éﬁ_ar_ﬁ_e ¥ [(-—-1+/\+e )ﬁ+(2/\—-—-%+3 5 );ﬁ]
. (IL.8)
So inserting (I1.8) and (I1.6) in (I1.3) we have
04(0, o) - Ae
"Sar =— U {( 14A4e™d) - +(2/\———%+% -3 ),Tz*'}
2
A (147/\)_[ e NVIT) L g .
(1) -t e a R a0y )

Again in (I1.9) the upper limit A = p may be replaced by A = o ¢ where
argp =v, |v | < n/4. The integrand is exponentially small for A large and
the A path may be deformed to the real axis of the A plane, and so we have

_ 0
(0, o) = 22 (0, o)

T (2.3 20 3\ 2 3
- A28 20 3 _ a2, 3
3.[ 0 [e <#+#‘°‘ H ,uz) ¢ (#ﬂ;a)

1 u,\(tiaw/]-t) g 2
(z 32 3,\) i

), 7 GteETr e

1 e’A(t}+1+V 1"/ 2 3 3/\ d/\ _2
+5 M-—-—t*—*—(#+#2+ )dt]?(uoﬂ ) .. (TL.10)
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where

—,\‘t%ﬂ/l 1) c
(2+3 -2 99D,
2m _# pt B op) e

—AE+144/150)
e 2 e
= m Booptp?p

269

.. (IL11)

Both the integrands have branch points at ¢ = 0 and ¢ = 1 and have
poles at { = 0. Integration has been performed with a branch cut from

t = 0 to ¢t = —o0, along the real axis, and we have

=) b )

7y = 0)
2=ﬁ( - +§B

Inserting these values in (11.11) we have

B3(0,0) = —3 E(Hf_r—\/i) ‘/2 L ]+0( )

1
Tt

and

wo(0, ) = —3 [(1 +§41_‘/2) l+w (\/5_1) .r§]+0(a'2).

V7
In case II procedure is exactly same only A(r, z) is to be replaced by

3 81+

R(r, x) = e

and A(r, o) is to be replaced by

—J'(S§+~/O‘——S)
o 30=g) | e v )] e
k (?’U) B 217]. J $ J:I+O(B)] ‘
¥

So we have 11]timatelv
coffve- g oy

(0, 2) = 3 [(\/2 —A)' _jg/é)ﬁ] +0(22) .

and

. {11.12)

(I1.13)

Thus we have attempted to find an analytic expression for the perturbation
axial velocity under an Oseen-type approximation. The problem has lost
much of its rigorousness due to our approximations II and III. However,

both the curves in Fig. 3 agree qualitatively quite well.
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