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The classical approach of solving Laplace’s equation by relaxation method is
discarded. A new method based on Green’s formula has been evolved.
Green'’s formula gives an integral equation involving values of the function
and its normal derivative on the boundary. This enables us to know the
normal derivative or the function at the boundary, whichever is not given.
Green’s formula can then be applied to know the value of the function at any
point within the boundary. The method is applicable even when the boun-
dary conditions are specified by the values of the function on a part of the
boundary and of its normal derivative on the remaining part. This idea
has been checked extensively against the case of the circle and for the tor-
sion problem of a rectangular prism for which the analytical results are
known, The results are very encouraging. The present method has the
added advantages that it is highly suitable for adaptation on digital com-

puters.
INTRODUCTION

Laplace’s equation governs a large number of physical problems and
arises in many branches of engineering and applied mathematics. For
example, the stream function and the velocity potential in the two-
dimensional irrotational flow of an incompressible fluid, principal stress and
torsion stress functions in a uniform isotropic bar, steady temperature
distribution in a two-dimensional field of constant conductivity, distribution
of electric or magnetic potential in a field of constant resistivity or perme-
ability as the case may be, are all governed by Laplace’s equation. Apart
from the analytical methods which can be satisfactorily applied to only a
few simple cases when the boundary is of a sufficiently simple nature, the
other methods are based upon finite difference methods, the most popular
of them is the relaxation method developed by Southwell (1946), Allen (1959)
and others. This method is eminently suited when the boundaries are straight,
and the only available means to solve the problem are pencil and paper.
The solution at every stage calls for the ingenuity of the relaxer. The method,
however, becomes cumbersome if the boundary is curved or if there is a very
large number of nodal points. We now present a new method, based on
Green’s formula, which is analogous to formulation of an integral equation
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and has the important advantage that it can be satisfactorily programmed
on a digital computer. The salient features of the Green’s formula and its
implications are discussed in Part I. The idea has been extensively checked
for two cases, for which analytical solutions are available. In Part II, one
of these two cases, for the circle of unit radius, has been discussed. In Part
III we indicate the successful application of this method to the problem of
elastic torsion of a uniform isotropic bar of a rectangular cross-section, and
compare the solution with that obtained by relaxation and analytical methods.

Part 1
Theory

The solution of Laplace’s equation when applied to a particular
problem depends on the boundary conditions. The boundary conditions may
be specified by the value of:

(i) the function on the boundary, or
(ii) the normal derivative of the function on the boundary, or
(iii) the function on a part of the boundary and its normal derivative
on the remaining part.

These are respectively called Dirichlet’s, Neumann’s and Cauchy’s prob-
lems. All these conditions can be summarized by stating that ag’'--bg = ¢
on the boundary, where ¢’ is the outward normal derivative of the harmonic
function g. The following is a new common theory for all the above problems.

We emphasize below certain proeesses related to the two-dimensional
Laplace’s equation,

0%p 02
aastpp =0
Let us consider a harmonic function in D bounded by I', which has a

value g on I' and an outward normal derivative ¢’ on I" to form the contour
integral

, 1 , 1 , ‘
[9,0]=§;J.9(9)10g[Q“Pidq-‘g’fg('l)loglq—p]dq. .o (D
r r

Here ¢ denotes a current point on I, dg the length of the arc at g, p
denotes any fixed point (pole) within or without D, a pole on I' itself being
denoted by p, |g—p| is the distance between ¢ and p and log’ |¢—p|is the
outward normal derivative of log |g—p| at g. It will be seen that ig, 91,
constitutes a logarithmic potential arising from a single- and a double-layer
distribution on I, and hence it is a harmonic function everywhere except at I"

According to Green’s formula (Kellogg 1953)

(9, 9], = 39(p). e

1B .
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By virtue of the jump g/2 in the double-layer potential as we cross I"
inwards at I', we have

[9. 9% = [9, 9’1, +39(p) = g9(p),

where ¢ indicates a pole just inside I'at p. This argument enables us to identify
(9, 9') as a representation for the harmonic function ¢ everywhere through-
out D (with the exception of points on I').
By virtue of the drop g/2 in the double-layer potential as we cross out-
wards at p, we have
l9, 9% = 9, 9'),—19(p) = 0,

where e indicates a pole just outside I'at p. Further, as
r - lo ’
|P|> o0 [g, g]p=—2§@—1fg(q)dq=0,
r

since

fg’(q)dq=0. . .. .. .. (3)
r
Accordingly (g, '), = 0 everywhere outside I To summarize,
(9. 9'], = &(p) for a pole anywhere in D,
(9. 9']: = 9(p) for a pole just inside I'. »
[9, 9'], = 4g(p) for a pole on T,
[9,9')e = 0 for a pole just outside I,
[9,9'], = O for a pole everywhere outside I.
This suggests a new approach to Dirichlet’s and Neumann's problems.

Thus, for Dirichlet’s problem, we calculate g’(¢) from the linear integral
equation,

o [ v 108 lg=pldg =2 [ gto)log' lo—plda—totn). . @

whence [g, g'], may be determined throughout D. This is the Fredholm
equation of the first kind, with kernel log jg—p|. It may be proved that
g9'(q) calculated from equation (4) satisfies the relation (3) identically.

Similarly to determine the harmonic function having given values g'(q)
on I', we calculate g(g), apart from a constant, from the linear integral equa-
tion,

.%jg(q)log’lq-—pldq—ég(p)=%fg'(q)loglq-—pldq- ~o (B

This is s Fredholm equation of the second kind with kernel log’ [¢—p]|
and admits a solution only if the assigned values of g'(q) satisfy the rela-
tion (8).
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It will be interesting to compare our formulation of the boundary value

problems with the well-known formulation by Fredholm and others. Dirich-
let’s problem is solved by introducing a double-layer potential,

1
W(p) = g;Tfu(q) log’ |g—p] dg, T ()
r
which yields the boundary equation

Ql; u(q) log’ |g—p| dg+3u(p) = g(p),
r
for p, then
Wi = W(p)+iu@) = {lg»)—iu@)} +inm) = 9(»).
Similarly, Neumann’s problem is solved by introducing a single-layer potential,

1
V(p) =§;rfcr(q) log [¢g—p|dy, e (D
r
which yields the boundary equation

%r f o(q) log |g—p| dg—}o(p) = ¢'(p)
r

for o, then
Vi=V®)~1o(p) = {g'(D)+10(0)} —1o(») = ¢'(p),
as required.

These formulations have two advantages over that of our formulation.
Firstly, equations (6) and (7) are Fredholm equations of the second kind,
whereas equations (4) and (5) are of different kinds, i.e. of the first and the
second respectively. Secondly, only a double layer is involved in equation
(6) and only a single layer in equation (7), whereas both layers are involved
in equations (4) and (5). This does not indicate any inferiority, either ana-
lytically or numerically, of the equations (4) and (5). Further, the equations
yield directly the boundary quantities ¢’ and ¢ respectively, in contrast to
equations (6) and (7). '

The application of the new formulation of the integral equation involves
the determination of the kernels log’ |g—p| and log |g¢—p]|, which can be
evaluated as explained below.

, d

log' |g—p] = 7 log |g—p|,
_ 2 a9 dy
—55108@—1’15;+5!-/10g[!1~1’|'5;,

_ (#—=1) cos B+(y—y1) sin B
(x=z1)24+(y~y)2
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where (z, ) are the co-ordinates of ¢ and (z;, ;) of p and hence fixed and 8
is the angle of inclination of the outward normal at ¢ to z-axis.

The values of log’ [g—p] can be checked by the application of Cauchy-
Riemann equation for an analytical function, which yields

d o
9€3;10glq—plds = 3Gd—gds

= 27 for p inside I,
= 7 for p on T,
= 0 for p outside I'.

log jg—p| can be got from any mathematical tables for all values of |g—p]|
sufficiently greater than zero. But as|g—p|— 0 it should be determined by
taking the average of log |g—p| through an interval of dg/2 on either side of
q along I This is done as follows :

If the arc adjoining p is approximated to a straight line of length @, then

oglq —pl—lJ‘ log s ds

as 1q p |—0 0
=1 1 P =1 1
= (—z[s 0g s—s|, =loga—1.
To get a better approximation, the arc adjoining p is approximated to

the arc of a circle of radius a, subtending an angle 2« at its centre. In this
case, dqg = 2ax, we have, as |g—p|— 0,

1 (* 0
log]q—p|=(—l-0—t 0log asm adé,

o
=}L{a loga+f0 log singd()},
1 /2
a{a log ata log sm— -2 f 6. cot OdO},
0 )
%2 cos 0
J f cot 0 df is evaluated by writing @ cot § = m and
0

0

expanding both the mumerator and the denominator in terms of 6. For
small values of § we have

/2 /2 02 04 0

0 0
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C. loglg— log a+1lo sin 1+ +
loglg—p|=log a-+log 5600

whena =1, i?,gqt%T_{)(!:I log sm 1+ +3600

The values of I for a = 1° to 10° and #/12, =/16, =/24, =/30 and =/36
are tabulated below.

In most cases the approximation of an arc to an arc of a circle should
suffice. However, for some simple cases, e.g. ellipse, parabola, etc., an ana-
Iytical formula correct to the desired degree of accuracy can be evaluated.

Table indicating the values of I for different values of o

o :;I:log sing df o ;1‘ Jlo;log sin% df
1° —5-04841 /8 —1-95621
2° ~4:35524 n/12 ~2.34970
3° — 394994 7 /16 —2-63329
4 — 366246 ™24 —3-03581
5¢ —3:43980 #)30 ~  —3:25867
6° — 325867 w36 —3-43980
7° —3:10455

8° — 2497151

9° — 285454

10° —2.74992

Part 11

Solution of ¢ = x for the circle of unit radius

The above ideas have been checked for the function ¢ = z for the circle
of unit radius. We divide the quadrant into three equal arcs. The above
formula was applied for 3 points, one outside, the second on and the third

inside the circle. The results are given below, along with the analytical
results.

Qutside the On the Inside the
circle circle circle

Analytical results .. 0-000 1000 0-500

New numerical
method results .. 0-004 0:980 0-506
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It can be seen that the error involved by adopting this method (for
dq = =[6) is less than 2 per cent. The accuracy is bound to increase by making
dq smaller. :

If the values of the function or its normal derivative are given on the
boundary, Green’s formula enables us to determine the function or the normal
derivative, whichever is not given. This is done by obtaining a set of linear
simultaneous equations by applying the formula to various points on the
boundary at which the values are known.

Again with dg = 7/6, the values of the function were taken and tabulated.
By these integration tables and making use of the symmetry of the figure,
the following four equations were obtained :

(i) 6:066m,+5:272ny+2-198n; = 12-000,

(ii) 2:639n,+7:165n,+2-639n3+1-099n, = 10-390,
(iii) 1-099n,+2-636ny-+4-96Tns--2-639n, = 6-000,
(iv) ng = 0-000,

where n,, ns, g and n, are the unknown values of dx/dv. The numerical and
analytical results are given below :

ny ny ng g
Analytical results .. 1-000  0-866  0-300  0:000
New numerical

mothod results ..o 1o4l 0-969  0-265 0-000

To get a better approximation, five points were taken in a quadraut and
dg = =/8. The values of the normal derivatives are again denoted by
7y, Mg, N3, ng and ns. The following five equations were obtained for these:

(i) 3-321n,+3-228n,+1-763n3-+0-808n, == 8:000,

(ii) 1-614n,+4-203ny+2:018n3-1-0-882n,-+0-404ny = 7-392,
(iii) 0-882n;,42:018n9-43-321n3-+1-210n,40-882n; = 5-656.
(iv) 0-404n,}0-882ny,+1-210n5-+2-449n,-11-614n; = 3-064,

(v) ng = 0-000.

The relevant values obtained by these equations are given below:

ny o ny ny "y

Analytical .. 1000 0924 0707 0-383 0-000

Numerical .. 1022 0-938 0-708 0-406 0-000
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If these determined values of ny, ng, %3, %4 and ny are used for a point
P(2, 2), the analytical result is zero, while the result from the above method is
0-041, that being the difference of two large quantities.

Parr IIT
Torsion of a uniform isotropic bar of rectangular cross-section

We apply our new technique for solving the elastic torsion problem of
a uniform isotropic bar of rectangular cross-section. This section has been
particularly chosen as there is a sudden change in the direction of the normal.
This boundary is particularly simple for the relaxation case.

We chose the dimensions of the section to be ¢ = 64 parallel to the z- axis
and b = 32 parallel to the y-axis. These values were taken simply to faci-
litate the subdivision of the boundary. The value of the torsion function on
the boundary is given by ¥ = 4(x2+y2) (Sokolnikoff 1956).

"For obtaining the solution by the relaxation technique (Allen 1959;
Southwell 1946) the area of integration was divided into a uniform rect-
angular network and the values of the functions at the nodes of this net-
work were determined. As the boundary is straight and rectangular, the
standard relaxation table shown in Fig. 1 was used. Block relaxation was
also adopted whenever it was feasible.

?
_fu:]
-
o

©
e,
ol
0o

o)
pS
O -
]

o®

Fia. 1.

To start with, a coarse net as shown in Fig. 2 was adopted and then
‘advanced to the finer net of Fig. 3. The values at the nodes were assumed

after determining the values of the function at the boundary. The residuals
were calculated by

Fo=¢1+ds+y3+ds—4o
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128 160 256 416 640
| :
204 231 207 422 544
ol
|
228 253 | 321 419 512
Fic. 2.
128 136 160 200 256 328 416 520 640
I
173 177 203 236 285 351 423 506
176 183 205 241 290 352 424 504
175 183 205 241 291 353 426 506 585
208 213 235 267 318 365 425 487
209 216 236 268 312 365 425 487
212 215 235 268 313 369 428 191 544
229 232 258 278 324 380 429 475
229 235 254 284 324 372 498 476
227 234 253 284 325 374 427 481 520
232 239 260 286 326 373 128 470
233 241 260 289 328 374 493 472
234 240 259 289 328 376 427 476 512
Fic. 3.

(In Fig. 3, the lowest figures at a nodal point indicate the analytical
xalues, the middle ones obtained by relaxation method, and the topmost
values by the method of this paper.)

Then the residuals were liquidated by the known relaxation technique
(Allen 1959; Southwell 1946) and checked.

These values were checked analytically by the application of the known

solution (Sokolnikoff 1956).

b2 862 2 (—1)* cosh k,x
')l'(-‘!, V= ”‘+%(z2"'y2)"_—3‘ b B E T % ©0S kay,
4 ™ n=0(-4n+1) COSh ]C;G
where
(2n+1)
ky, = ———*

5
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These values are indicated in Fig. 3 itself, which indicates that the values
obtained by relaxation technique compare well with that of analytical values.

Then we applied our new numerical method for which the value of the
normal derivative diy/dv was taken by (Sokolnikoff 1956)

6_2/;__ +§£) (=1 sinh k,x
ay YT, a1z (ka)
cosh

sin k,y,

?Lﬁ — x__?}{) ® (=" sinh k,x vos k
ox 72y =0 (2n41)2 c05h-]f"—a 2l

2

“

And these are indicated below:

@ ) dy | dv (2, ) dy | dy

(32, 2) §+650 (22, 16) — 7745
(32, 6) 9650 (18, 16) —9-023
(32, 10) 15-000 (14, 16) —11:330
(32, 14) 25340 (10, 16) —12-620
(30, 16) 10-140 (6, 16) —13+390
(26, 16) —0-830 / (2, 16) 13745

Using these values of diyy/dv, the values of the function at other points
were determined and are indicated in Fig. 3. A comparison of the three
results indicate that the proposed numerical method is as reliable as the
relaxation technique with added advantages.

CoNcLUSION

The integral equation involving the values of the function and its normal
derivative on the boundary, deduced by Green’s formula, enables us to know
the normal derivative or the function, whichever is not given. Then the same
formula will give us the values of the function anywhere within the boundary.
(It may be remarked here that relaxation method will give us the value only
at certain points which are the nodes of the network). The method is appli-
cable even when the boundary conditions are specified by the values of the
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function on a part of the boundary and of its normal derivative on the re-
maining part. It is conjectured that this method can be successfully adopted
even if the value of the function and its normal derivative are given only
for a substantial part of the boundary. Further, if the boundary values
consist of ¢, and ¢,, these enable us to know ¢,, and d¢/dv.

For a given I', a table can be prepared for the various values of log § q9—p]|
and a chosen dq and then the value of ¢ and d¢/dv can be substituted to obtain
the value of ¢ at any other point, i.e. for a given boundary, the problem
need not be commenced afresh for different values of ¢ and d¢/dv.
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