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The mathematical techniques developed in the theory of superconductivity
have been used to study the superfluidity of the atomic nucleus, Calcu-
lations of Soloviev (1958-59) neglocted the transition from an even nucleus to
an odd mass nuecleus and vice versa by considering excited states of the form

¢ = a;(')és . We have considered excited states of the form ¢y = a};:“;(-)‘ﬁs

and have calculated the critical temperature of the phase transition of the
nucleus from the superfluid to the normal state by making use of the statis-
tical variational principle of Bogoliubov (1958a, b). We have used weak
interactions between protons (or neutrons) and our calculations are based
on considerations of the nuclear shell model. The energy of the ground
superfluid state and the first excited state has been calculated.

1. InTRODUCTION

Weisskopf (1953, 1955) and Trainor and Dixon (1956) suggested that
‘ Nuclear Matter’ undergoes a first order phase change in which the so-called
‘ Nuclear Temperature’ remains constant, while the excitation energy and the
entropy increase. These speculations were further substantiated by Ericson
(1959) who carried out a statistical analysis of excited nuclear states. . There
is a marked odd-even difference in the number of states of odd and even
nuclei. We find that the total number of excitation levels is different for
different nuclei at the same excitation energy. A similar odd-even difference
is suggested by the level densities determined from neutron resonances
(Newton 1956 ; Kricson 1958a, b). This effect indicates the existence of an
energy gap between the ground state and the first excited state, analogous
to the existence of an energy gap in the spectrum of interacting electrons in
a superconductor (Bohr ef al. 1958). The existence of an energy gap between
the ground state and the first intrinsic excitation indicates an important
departure from independent particle motion; and this departure, therefore,
arises from the residual forces between the particles. In lowest order, such
forces give rise to pairing effect, since the attractive interaction is expected
to be especially strong for a pair of particles.
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Now in the case of a nucleus, the existence of an energy gap will mean
no scattering of nucleons which further means very long mean free paths.
The existence of long mean free paths is essential to explain the shell model
which is usually supposed to hold at very low excitations. Therefore, we
shall base our calculations on the shell model of the nucleus and study the
residual interactions of nucleons situated close to the energy surface of
Fermi; i.e.

G S S gty
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It is well understood that superconductivity of metals is the result of weak
interactions between electrons possessing equal and opposite momenta near
the Fefmi surface. The superconductive state is energetically lower than
that of a purely degenerate Fermi-gas which will be called the normal state.
We shall base our calculations on the fact that Fermi-systems in nuclei and
metals are similar in certain respects (Bohr et al. 1958). Considering nucleon
interactions in complex nuclei we shall study those states of the atomic
nucleus which are energetically lower than the normal state. This state will
be called the ‘superfluid’ state of the nucleus. We shall use Bogoliubov
variational principle and the techniques developed by his co-workers
(Bogoliubov 1958a, b; Bogoliubov et al. 1957; Tolmachev and Kvasnikov
1958 ; Tolmachev and Tiablikov 1958). The variational principle gives exact
solution for this problem and is a generalization of Fock’s method (Khanna
1962). We shall proceed on the same lines on which Soloviev (1958-59)
studied the superfluid state of the atomic nucleus, But our calculations
will differ from his in the sense that instead of using the excited state
$1= a5 ¢ , we shall use the excited state ¢ = ;> x,0 6 to avoid the transi-
tion from an even nucleus to an odd-mass nucleus and vice versa.

2. GROUND SUPERFLUID STATE

The Hamiltonian describing the interaction of protons located in a given
shell is

+
H =k2‘s (Ek—-EF) Aps Ay —
’ ' + +
%‘ <k1, kz'GIkg,k1>aklslakgs2(lk (1)

(31’ 83, ky, Kgy £y, kg )
kytky =k'yFhgs by F ke

a
‘g5 k3%y

where a;,, a are I;roton creation and annihilation operators satisfying
anti-commutation relations. ¢, is the parameter which in the normal state
is equal to the Fermi-surface energy, and plays the role of a chemical potential.
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The function G is real and possesses the following symmetry properties
<y, | Glleg, by > = < kg, by| Glloy, B3 >
=< —ky, =k |G| =y, ~ka> .. (2).
The matrix << ky, ko IGI ko, k'1 > is spin dependent and it also depends upon
the quantum number characterizing the shell of the proton and a summation

over that is also to be done in equation (1). The chemical potential ¢ is deter-
mined from the condition

N=;-2<a;aks> .. .. .. .o (3)
ks

Now by using the technique developed by Bogoliubov, we introduce the
operators

w=Ua, . —Val, . .. .. N -3}
Bi=Ug_, ,+Vap, . e (B

and impose the condition
m=UATi=1=0.. .. .. .. (6

and this transformation is canonical since it conserves all the commutation
properties of the Fermi operators, i.e.

[“k> “k'] = [ﬁk’ ﬁk'] = [“k’ Bk'] = [“k’ Bk+:| =0 - (M
and
1= (BB =0 o .
Let us write the new vacuum state, dz(g) , a8
o b) = 0. S .. . (9)

Now to avoid transition from an even nucleus to an odd one, we shall consider
the excited states of the form

b, =aiut b .. .. .. .. (10)
Inserting relations (4) and (5) in (1), we find after some calculation
H = U+Hy +Hog+Hint. 0 §
where
U=>2 (ek—eF—%Z< b E |G, k> V:.) y?
3 & ’
=D <k —k|6| =K. ¥ >U VUV, .. .. .. .. (2
kR

Hyy = 2% (ek—eF—Z <k ¥|[G|F k> V,f,) (U2=7?)

+2 > <k, —k[Gl—k',k’>Uk,Vk,Uka} (o, +B1B) .. .. (13)
<
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Hyo= ) {2 (ek—eF——Z <k ¥
&

k

Gl k> Vi,)Uka
..Z <k, —k|G]| =K.k >U,V, (U=V? }(a;,s,j+/3kak) . (14)
k’ .

and where the expression
<kE|GIE E>=<k =k |G|~k k>+<k ¥|G|F k> —
<k F|Gk k> T § 13

The term Hj, is a sum of various products of four creation and annihilation
operators in which all the creation operators stand to the left of the annihila-
tion operators.

Now to get the energy spectrum we have to diagonalize H, and for that
reason we set the non-diagonal termis Hep = 0; U is a constant and H;; is
diagonal. Let us introduce

£, =g—c, S 0 1)
G=— > <k F|G|W E>TE .. .. .. (7
Ak=Z<k,-—k]G]—k',k’>Uk.Vk,.. e .. (18)
-
and therefore
H=U+ Ex (50, +8:B) (19
A

which allows us to interpret o ,a,,B;,8, as the creation and annihilation
operators of new quasi-particles with energy

E, = ¢ (U=VD4+2AU,F, .. .. .. (20)

The Hartree-Fock correction to equation (20) is negligible since we are using
pair interactions and if we expand the two-body interaction potential in
spherical harmonics, i.e.

-

G (71-—;;) = Z Gl(T]?'g)Pl(COS b12) .. .. .21
7

then the main contribution to the pairing interaction is from the high
harmonies of the two particle potential, and that to the self-consistent field
from the low harmonics.

Now using Bogoliubov (1958a, b; Bogoliubov et al. 1957; Tolmachev and
Kvasnikov 1958; Tolmachev and Tiablikov 1958) method of calculating the
thermodynamic potential, etc., we get an upper limit of the thermodynamic
potential of the nucleus in the form
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— w?mg{zm%%i {Ek—eF}+

Zth AkUV Zth UV,A, thE” (22

The functions Uy and V; can be determined from the condition of the mini-
mum of the thermodynamic potential with the auxiliary condition (6). The
variations 3U; and 8V, will be considered as independent, and the variational
equation can be written as

SAU, V) = S{A(U, V)+kank} =0 .. .. .. (23
k
where v, is the Euler factor. After some long calculations we get

E’k 2 Ek Ek
4,0V, th—@~+(Uk V) (tl —2 th @) Ay —

2o ok | By
EkUkV Sech? 55" IZAk A, th%}

1 2 2 o By, Ey .
+2—@ U/"Vk(Ul;—Vk) Sech Q@{2A/;Ak’—Ak thE@‘ IAY }"“

22 ,
w.th%gkth&=o O £
2 20 26

Furthermore, A gives the energy of the ground state for U,, V, satisfying
equation (24). The most trivial solution of equation (24) corresponding to

the normal state is
Up=1-—0pk)and Vi =0p(k) .. .. .. (25)
where
Op(k) =1 ab g, < e,

and
Or(k) =0 at &, > ¢,

3. TEMPERATURE OF PHASE TRANSITION

To calculate the critical temperature of the phase transition of the
nucleus from the superfluid to the normal state we use the statistical varia-
tional principle which is a generalization of the variational principle suggested
by Bogoliubov. This gives that the superfluid state of the nucleus at a tem-
perature @ different from zero exists in the case when the equation

1€ ]

2]¢,|cth =2 ¢, — Z<Ic —k|G|—V, k>, =B, .. (26)

has solutions with negative eigen-values F < 0. Now the eigen-value F
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must vanish in a transition from the superfluid phase to the normal phase
at the critical temperature ®,. This condition leads to an equation for a
critical temperature, namely

) |£kl ’ ’ )
2;§k[cth-@;¢k—z<k,—k[GI—lc,k >¢p=0 .. .. (2)

Now assuming | £, | to be small, and passing from the summation to the integral
approximation, we get

1 k ’ ’ Y ' ’ )
by— -2-@—0.[ AEp(k) < b, k|G| =k K >, =0 .. .. (28)

where
O :
plk'y = 7= level density
and
dn = p(E) dE.

Now assuming weak interactions and p nearly constant we get

80 = dp- <k, —k| G| —F, k‘>f

€ -wl

=3p- <k —k|@| =k, > (w3+ws) ee .. (29

This expression differs from the corresponding expression of Soloviev (1958-59)
by a factor of 2. This is because in the calculations carried out by Soloviev
(1958-59) excited states of the type ¢é; = «; ¢, have been used, whereas in
our calculations we have used excited states of the form (10).

4. APPROXIMATE SOLUTION

In this section we shall try a non-trivial solution of (24) in the case of
temperature close to zero and in the case of a temperature close to the tem-
perature of phase transition. In both of these cases, equation (24) reduces to

( ' Ey
ExURV p— ———4———- Akth 26 = =0 .. .o .. (30)
Now to solve (30) let us introduce a new function
1 Ey
A1=—'§Akth2@ {(31)

and assume that

£r
U2=${1+’\/A +£l¢%
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and

Thus from (30) we have

— A
UkV}z='—__-—'_.: .. .. .. P (32)
2V AR+ E
and this put in (31) gives
1 A;th%
Ar=3D <k—k|G|=k k> =2 . . (33
g A+ES

which in terms of the approximations used to obtain (29) becomes

1 €ptwp A;th%
A1=ZJ dka(fk)<k,—-k|G|—k',k'>.———2-—-—-2
€~ \/A €
or
E
pr<k—k|@| -k, k> [FTe thog
1= m __—\/ 5 zdfk
€ —wy A1+£k

and taking into account A; <€ ¢, , we have
2

;g By (34)
A1 = (wytwg)e Pr<h—E|GI-F,E> theg

which is different from the corresponding expression of Soloviev (1958-59).

Because of different A ;, the energy gap that we get between the first excited
gtate and the ground superfluid state, namely

AB=< $;Hp,> — < ¢ Hp > =2V AZ+& .. .. (35)
is different from the corresponding expression of Soloviev (1958-59).

5. CoONCLUSIONS

The value of © calculated by us differs from that given by Soloviev
(1958-59) by a factor of 2 because Soloviev neglects the transition from even
to odd mass nuclei and vice versa. Now V' A2 4£; is the energy gap between
the first excited state and the ground superfluid state when only one
particle is excited from the ground to the first excited state, whereas
AE is the energy difference between the first excited state and the ground
superfluid state when a pair of particles is excited. Therefore, the pairing
energy is twice the energy gap in agreement with the qualitative investiga-
tions of Ericson (1959) and Bohr ef al. (1958). But the pairing energy that we

2B
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get is different from that of Soloviev (1958-59). Moreover, in our calculations
we have used the over simplified concept of bound pairs but if one were to
seriously attempt the binding energy of a pair of particles, one would find
that this binding energy is of the same order of magnitude as the energy of
interaction between pairs. This investigation is under way and will be pub-
lished as soon as completed.

Our calculations are based on the findings of Soloviev (1958-59), namely
that the superfluidity condition of the atomic nucleus assumes the form

(<o, —ko|G| —ko, ko >) <0

which means that attractive forces must predominate between protons located
in the same shell. But we must bear in mind that the atomic nucleus is a
bound state of many nucleons and not a collapsed state (Wada 1961). Hence
some part must be played by repulsive forces and an investigation to this
effect is also under way.
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