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In 1934, Bosanquet established that a necessary and sufficient condition in
order that the Fourier series of f(¢), at ¢ = «, be summable (C, a-+p8) to s,
is that the Fourier series of $y(t), at ¢ = 0, be summable (C, 8) to s, where o

is a positive integer and & > 0. In this paper the author has established
the analogue of this result of Bosanquet for absolute Cesdiro summability.

1.1. Let Za, be a given infinite series and let sf, denote the n-th Cesaro
mean of order £ (> —1) of the sequence {s,} of partial sums of Za,. The

series Za, is said to be summable |C, £|, £ > —1, if the sequence féi} is of

bounded variation, symbolically,

{ss}eBV,
or what is the same thing,
Z Is,’:—sﬁ—l i < oo [Fekete (1911); Kogbetliantz (1935)].
1.2. Let f(t) be a periodic function with period 2= and integrable-(L)

over (—m, ). Without any loss of generality we assume the constant term
in the Fourier series of f(t) to be zero, so that

fr fode=0, .. .. .. .. (121
and the Fourier series of f(t) is given by
i (@n CO8 Nt4-by sin nt) = i Ag(t). L (129
1 1
Then the conjugate series of the Fourier series is given by
i (bp co8 nt—ay sin nt) = i Balt). .. .o (1.2.3)
1 T

Throughout this paper we shall use the following notations:

FHE) = flx+1), [~(0) = fla—1t), $(t) =} {fHO)+f-(} .. (129
VOL. 28, A, No. 3.
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!

(t=— uv)“'qu( uydu, (€>0),

n i

»

Du(t) = {1/T(x) } J

By(t) = 1), .,* .. .. (L.2.5)
b,(t) = Dlat Di=2D(t), (0 > 0. )
k(x) =¥ (x)+ip, (@)
1
= f (1=0)%"Yettads, (o > 0).
1}
Ka — o =0 z
gl®) = J gle)+iglx) \ . (126

C [(_1)"+1m"“/1‘(h+l—fl.‘P(”"i’l)]

h~oy(h+1),
xf1 (=1 et (B> >0,

F®e = (9, 02\ " F(x).

1.3.  Introduction. It was proved by Bosanquet (1934) that a necessary
and sufficient condition, that a Fourier series of f(¢), at ¢ = z, should be sum-
able (C, a +3) to s, is that the Fourier series of ¢4(t), at t = 0, should be sum-
able (C, 3) to s, where « is a positive integer and & > 0.

The object of the present paper is to establish, in the form of Theorem 1,
the analogue of this result of Bosanquet for absolute Cesaro summability.
Further, we make use of the following part of our Theorem 1 for establishing
Theorem 2, which concerns the bounded variation of a sequence associated
with the Fourier series of ¢,(f), more precisely, the bounded variation of the
sequence

{naag)} . 0<d<l,
where

w_2("
a,’ == ¢;(t) cos ntdt.
TJo

We also deduce a set of criteria for absolute |C [-summability of the Fourier
series of f(t), at the point ¢ = z, by means of certain of the existing criteria
for absolute convergence of Fourier series, in conjunction with the sufficiency
part of our Theorem 1. This has been mainly suggested by certain previous
work of Prasad (1934) concerning the (C, 1) summability of Fourier series.

2.1. We establish the following theorem:

THEOREM 1. The necessary and sufficient condition that the Fourier series
of f(t), at t = x, be summable |C, a+8|, where a is a positive integer and
8> 0, ig that the Fourier series of ¢4(t), at t = 0, is summable | C, 8].
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2.2. We require the following lemmas for the proof of Theorem 1:
Lemma 1 (Hobson 1950). The necessary and sufficient condition for the
summability |C, k|, k > 0, of the Fourier series of f(t), at t = =, is that

J(p, w, k)= wf ()7, {wt)di
0

=0(1)|C, 0|, as w - 0.

Lemma 2 (Bosanquet 1934). Forn < a,

K2y =2y (:) (=1 Te+n)l(a=n+rka-nira).

r=0
Lemma 3 (Bosanquet 1934). For positive infegral a,

Kg(z) = {(=1)"/T(a+1)} 2%k 4).
Lemma 4. The necessary and sufficient condition that the Fourier series of
f(8), at t = x, should be summable |C|, is that
$(1)eBV(0, =)(C),
that is to say
x(t)eBV (0, 7), for some k > 0.

This is essentially a combination of the following two supplementary
results of Bosanquet (1936):
(i) If ¢.(£)eBV(0, =), then the Fourier series of f(t), at ¢ = z, is sum-
mable |C, B|, for every B> a > 0.
(ii) If the Fourier series of f({), at { = , is summable |C, «|, then
é3(t)e BV (0, ), forevery B> a+1 > 1,

Lemma § (Kogbetliantz 1931, 1935). If Za, 18 summable |C, k|, then it
s also summalle |C, k'], for every k' >k > —1 (consistency theorem for

| C | -summability).
3.1. Proor oF THEOREM 1.

Sufficiency. We have to show that if the Fourier series of ¢,(¢), at t = 0,
is summable | C, 8|. 8 > 0, then the Fourier series of ¢(¢), at { = 0, is summable
|C, «+38]. Putting a+38 = g, we have to show that summability |C, B—« ]|,
B>« >0, of the Fourier series of ¢,(t), at ¢ = 0, implies the summability
| C, | of the Fourier series of f(t), at t = .

Now by Lemma 1, this is the same thing as proving

wf Palt)11g-alwt) dt = o(1)|C, 0], 88 w—> 0, .. .. (3.1.1)
0
implies that
-
‘wf ¢ Y1 gwt)dt = o(1)|C, 0], as w—> o', ., .. (3.1.2)
0
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We first show that (3.1.2) is equivalent to the statement

f dalt) wt di=0o(1)]C,0], as w—>00’, .. .. (3.1.3)
We have

J(p, w, B) = wf $)Y11glut) dt
0

= [Z( 1Pl (Y (wt)]
P 0

1+ﬁ
=1

+(—1)Ruet f CXCAMES

= wJ‘ $alt)T G (t) dit.
0
We now show that (3.1.1) implies (3.1.3). We have

w f ¢a(t) T g (wt) dt
0
= Rl [w f bx(t)Kg (wt) dtJ
1]

= Rl {(—l)a/r(a+1)}.wf ¢¢{t).(wt)°‘.k(1°23(wt)dt}
L ' 0

(by Lemma 3),

- ] © & (_1).-]"(8_,_1_*_,.):,
= B (=D e+ 1)} -wfo M)Zo () [WF *

kgy14r—altt) d‘]

(by Lemma 2),

o

-1 1
= {(=1)¥T(a+1)} z ( ) {(Pklbflﬁ't—t7) f bl Vi 14 r-altt) A

= {(—=1)%Ta+1)} ( ) V) TB+14n/T(3+14r—a) H (w), say.

n[\/]n 1

We observe that the condition (3.1.1) is the same as
Iy(w) = 01)|C, 0], as w—> 0, .. .. .. (314)

*
Hence, in order to prove the sufficiency part of the theorem, it is enough
to show that
I(w)=0()]C,0],asw—>00, .. .. .. (381595)
implies that .
P I (w) =0(1)|C, 0}, a8 w—>. .. .. .. (3.1.6)
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Since, if this be s0, as w—+ 0 (r =1, 2; ... ), it will follow from (3.1.4)
that
I(w) =o0(1)|0, 0},

which will finally lead to the result of (3.1.3).
Now by Lemma 1, the condition
I(w)=01)]C,0],a8 w00,

is necessary and sufficient for the summability |{C, B+r—a| of the Fourier
series of ¢4(f), at t = 0. Hence by Lemma 5, (3.1.5) implies summability
|C, B+r+1—a| of the Fourier series of ¢,(t), at ¢ = 0, and this implies, by
Lemma 1, that

I 3(w) = o(1)|C, 0|, as w—> 0.

This completes the proof of the sufficiency part of Theorem 1.
Necessity. We assume that the Fourier series of f(t), at ¢ = x, is summable
|C, B|. Therefore, we have, by Lemma 4,

BV (0, =) (C).
Hence

¢ (t)eBV (0, =) (C).

Thus by Lemmas 1 and 5, there is an integer A such that

J(da, w, B=atk) =0(1)|C, 0], a8 w— o0,

for every £ > A. Again, by hypothesis and Lemma 5, if A > 1, then

J@,w, B+A=1) =0(1)|C, 0], a8 w—> 0. .. .. (31.7)

But, by Lemma 2,
o
I, w, BHA—1) = [Z (—1)“+'P<ﬁ+A+r)/P<a+1)P(ﬂ+A—«+r)]

r=0

xJ(:éa, w, B~atr—1+4r).
We have just observed that in this sum of a finite number of terms.
every term after the first

=0(1)|C, 0], a8 w— o0,
while by virtue of (3.1.7), the left-hand side is also

=o0(1)|C, 0], a8 w— 0.
Hence

J($a, w, B—a+A=1)=0(1)|C, 0], asw > 0. .. .. (3.1.8)
We have thus shown that if
J(¢, w, B~a+k) = o(1)| C, 0}, a8 w — oo,
for every k > A, then (3.1.8) holds.
Hence, by successive application of this reasoning, we finally have
J($,, w, B—a) = o(1)|C, 0}, as w— 0,
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that is to say, by virtue of Lemma 1, the Fourier series of ¢,(f). at t = 0, is
summable |0, B~a |, which was to be proved.

This completes the proof of Theorem 1.

4.1. We obtain the following theorem as a consequence of Theorem 1.

THEOREM 2. If 0 < 8 < 1, then the bounded variation of the sequence

{na}.

where aftl) is the Fourier cosine constant of ¢,(t), is a non-local property, i.e.
it depends upon the behaviour of f(t) in the entire interval of definition.

4.2. In order to prove Theorem 2, we require the following additional
lemmas :

Lemma 6 (Bosanquet and Kestelman 1939). The summability | C, 1| of the
Fourier series of a periodic Lebesgue-integrable function, is a non-local property.

Lemma 7 (Mohanty 1949). If

b, (8) Tog (kft)eBV (0. m).
and
' {nda,}eBV.

then the Fourier series of f(t), at t = x, i.e. the Fourier series of ¢(t). att = 0,
18 absolutely convergent.

4.3. Proor oF TREOREM 2.

We observe that, by virtue of our Theorem 1, if the Fourier series of
#1(¢), at ¢ = 0, is absolutely convergent, then the Fourier series of ¢(f), at
t = 0,i.e. of f(t), at t = z, is summable |C, 1].

Now, considering the Fourier series of ¢,(¢), at ¢ = 0, we obtain the
following as a direct consequence of Lemma 7:

If (i) ¢,(!) log (k/t)eBV
and (i) {nSaf'l)}eB V.
then the Fourier series of ¢,(t), at ¢ = 0, is absolutely convergent, and, there-
fore, by what we have said before, the Fourier series of ¢(t), at ¢ = 0, that
is, the Fourier series of f(t), at t = z, is summable | C, 1].

Now it is known that an indefinite Lebesgue integral is absolutely con-
tinuous and, therefore, necessarily of bounded variation. ‘ Hence

t
f d(u) du
0

is of bounded variation in (0, =), and consequently ¢,(¢) log (k/t) is of bounded
variation over every interval (5, =), for o > 0.

Thus the condition (1) is essentially a local one.

Now since (i) and (ii) together imply the summability |C, 1| of the
Fourier series of f(#), at ¢ = z, which, by Lemma 6, is a non-local property
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of the Fourier series, and (i) is a local condition, it necessarily follows that
(ii) is a condition of non-local character, since if it were a local condition,
along with (i), it could not have implied the summability | C, 1| of the Fourier
series at ¢ = .

5.1. The following result can also be obtained as a consequence of
Theorem 1, in conjunction with the criterion for the absolute convergence of
a Fourier series at, a point, due to Mohanty (1949), which we have stated
above ag Lemma 7.

TrEOREM 3. If o is a positive integer
and
(i) ¢,(t) log (k/2)eBV (0, =),
and
(i) {nta}eBY, 0<b<1,

where af‘) is the Fourier coefficient of ¢.(t), then the Fourier series of f(t), at
t =z, is summable | C, a | .

5.2. Proor or THEOREM 3.

This is evident, in view of Lemma 7, since by the hypothesis and Lemma
7 we infer that the Fourier series of 4,(t), at ¢ = 0, is absolutely convergent,
whence it follows by Theorem 1 that the Fourier series of ¢(t), at ¢ = 0, is
the same as the Fourier series of f(f), at t = . Hence the theorem follows.
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