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The Rayleigh-Taylor instability for an interface separating two compressible
media has been investigated in the presence of horizontal magnetic field. In
incompressible fluids for the disturbances perpendicular to the direction of H,
the magnetic field does not affect the development of Rayleigh-Taylor
instability, but in case of compressible fluids the magnetic field affects the
development of Rayleigh-Taylor instability for such disturbances also. The
critical wave number below which Rayleigh modes do not exist is found which
is lesg than that obtained by Vandervoort. Thus magnetic field has stabiliz-
ing effect on Rayleigh-Taylor disturbances.

INTRODUCTION

Rayleigh (1883) investigated the stability of an incompressible, inviscid
fluid of variable density stratified in horizontal planes. This was extended
to compressible fluids recently by Vandervoort (1961). The effect of magnetic
field on Rayleigh-Taylor instability of incompressible fluid was investigated
by Chandrasekhar (1961) and Talwar (1959). In this note we investigate
the effect of magnetic field on the development of Rayleigh-Taylor instability
in compressible fluids.

EQUATIONS OF THE PROBLEM

We consider a perfectly conducting, compressible, inviscid fluid stratified
in horizontal layers (zy-plane) in uniform horizontal magnetic field in a-
direction, and in uniform gravitational field in z-direction. As pressure and
density are functions of z only, under usual hydro-magnetic approximations
the equation of hydrostatic equilibrium is

dp
—_— = e . .e .. .. .. 1
dz ge )

the equation of motion and continuity are
2 u
P-a-tU+p(U. VU = —-gradp+gp+4—ﬂ[curleH] .. .. (2
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—aa-tp+d1'v(pf7) =0. .. .. .. o {8)

Since we have neglected viscosity, and electric conductivity is infinite, we
must for the sake of consistency also ignore heat conduction. Then the
adiabatie equation is

] 7 .
hd e T2tY
8I,p+(l' V=T [6tp+(U'V)P]' .. oo (4)
The induction equation is
%H_—(H.V)U—H(v.'!/) .. .. .. (B)

with
vV.H=0 . .. .. .. (6)

NoemAL MoODE ANALYSIS

To investigate the equilibrium of static configuration characterized by
U = 0 we adopt the usual normal mode analysis where a small velocity dis-
turbance (u, v, w) gives rige to fluctuations 8p(x, y, 2, t), dp(z, ¥, 2, 1), Mz, y, 2,
t) in density, pressure and magnetic field respectively. These perturbations
in the physical quantities can be put in the form of an amplitude depending

on Z, multiplied by
ko + ikyy -+t

The linearized perturbed equations are

npu = —ikydp .. o .. .. )
, KH .
npv = —1,ky8p+z; [ikghy—~ikyhz) . .. .. (8)
H . ’
Dép = —npw—98p+%[zk,h,—Dh,] .. .. R ()}
ndp = — p[ikgu+ikyv+ Dw]—wDp .. .. .. (10)
ndp = — Veplikgu+ikyv+ Duwl4gpw, .. .. .. (1D
where
d
D= -(—Z—z
in writing (11) use has been made of equations (1) and (3).
H_, ’
hy= — P {ikyw+Dw] .. .. .. o (12
b=kl .. .. .. .. .. am
n
h,=g[ik,w] R ¥

ikghg+ikyhy+Dhy = 0. e .. .. (B
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From equations (7), (8), (10) and (11) after some calculations we arrive at

. 1
zk,,u=7—b7)kf8p . .- .. . .. . - (16)
V2k2
akyv——k2(1+ ) (3 —’fﬂpw) e am
212 " / Vzkz
3p = [-—np (1+ 7:‘2 ") ]Jw+-I7§g (1++:;) pw] Q! .o (18)
V2 o\ (n2 kP .
n’Sp-—:—npr—np(1+;§kﬁ)(%§l)’“’+ﬁ.‘/w)Ql .- ..o (19)
where
n? Vi 2 k2 o
Q=(k2+ﬁ)(l+;—2—k2) —V% SR ;'
and (20)
G KH? , , o
A= T the Alfvén velocit)
Now substitute for ik,», 3p, and 8 from (17), (18) and (19) in (9) we have
2 2 -1
[4 vV, 2 - P«H 2 1 V., 4 2
n2D [@(H;ﬁ-kx)p ] Lk | (1sde) (1453 8) De
2 kZ vE o\"
_%n_;p[(Hﬁw) 7iD ]+—~—-D2w+gu Dp
yE
—a 192 _4 pee | ”’H 2 )
"["D:(l’“nzk)wzi ED g
2, 2),2
- [nzpw+@—— kr— (l+ = kz) %—%Pw]
(1+ Ak2)Q72pr_n e . S @en

which is the characteristic equation for w. Integrate this equation (21)
w.r.t. 2 across the interface and considering continuity of w and aboundedness

of p and V we get
( 1+ = k2) ])w]

Vi 2 - pH2 - V%ﬂ N
ntA, [(1+Fk,)g LoD ] kﬁAs[Q 1(1+7§ks)
LHe® Ic2 2\ ! H2
_T;T{ s [(1+Vi —2) Vti] + - AdDw)

fead s ol ] el

+owAsp) =0 .. .. .. .. .. .. . .. ..o (22)
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where As(f) = f(2s+¢€)—f(2¢—¢) denotes the jump in the quantity f across an
interface. This in fact is the third boundary condition of the problem.

The case of two uniform fluids of constant densities separated by horizonlal
boundary

We shall now find the solution of (21) in the case of two superposed
fluids, in each portion of fluid the density, the speed of sound and the Alfvén
velocity are constant, i.e. independent of z.

We shall suppose that the common boundary which separates the two
fluids is located in the plane z = 0, and the fluids are of infinite extent above
and below this interface. The equation (21) now reduces to

v: y? 2
Dzw(1+7%+—1;§-kf)—(Q—gk2)w=0 ce .. (23)

nZjp2
provided
v,
A

(1 +—4 k,) # 0.
The general solution of (23) is

w=Ade¥+B ¢ . .. .. .. (24)
where

92k2

T REpe

¢ = (25)

A A 12
L4+ B

The solution (24) must satisfy appropriate boundary conditions of the
problem. These are

w must vanish whenz— o0 .. .. o .. (26)
w is continuous across the interface. . .. .o 27

The third boundary condition is the equation (22). Applying the first two
boundary conditions the solutions become

= 1pelt® "
w; = wee't”  for (~<O)} (28)

we = woe " for (2 >0)

where the subscripts 1 and 2 refer to lower and upper fluids respectively and
wo is the common value of w at the interface.

In writing down the solution in the form (28) we have assumed that
¢: and ¢z have only positive real parts; ¢; and g2 cannot be imaginary as then
the boundary condition (26) does not hold.
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The dispersion relation using all boundary conditions of the problem
becomes

v? 7, e\ v? v V2 2t PP
1 2 2 (1 2k2) 1 M P9k
[ (+V2+ ) ok +V2+ +VZ 5
2
el )
Vs Vs
2 2 &

v, v ¥ vEoOvE O\ wr g2k )t
4oy (143 +—22 4 (1+ "'k2) B+ 4+ 1+ =5
1( + VE n? viooet ot +V; nfy?

1

V2 -VZ 2 -1
felp i)
1 P 1
V2 2 2 -1
==gk2[p2(1+ Azz y Azk..){ (1+ A2+ )_l_i‘}
V2
v v Vi VR n® )"}
14— 24— ) B [ 14+ 4+ )+
(+V2k2+ ){ (+Vf+nZ |

1
e (29
It may be noted that the characteristic equation (29) reduces to that
obtained by Vandervoort (1961, equation 34)-and it goes over to the result
obtained by Chandrasekhar (1961, equation 234) if V — co. When H =0
and V - o we recover Rayleigh’s result, i.e. n2 = gk(ro—p1)(p2+p1) "

Rayleigh modes for p2 > p; unstable case

The dispersion relation given by equation (29) is complicated and hence we
“will discuss here the special case where k, = 0. Let us measure £ and » in

units of (Vl-i-_g_V;_j_z em™! and 7, -T-V sec™! respectively. Also let

py o = 2
Thtr T hitA
VitV _ T4V,
1= Vl ’ Ne = V2
VAI VAZ
= 2 Be = V,
. o
) 1 2 2 5
et = , ¢ = (30)
YR 14A
n®
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Equation (29) becomes
cz $ c2 ¥
wk, [ag(l+c§x)'1 { 1+c§a:-— k—:—} +a1(1+cfz)’1{ 1+cfz— ’;—23 } ]
7 . x

y b4
= [as(l+c2z) ' —ay(1+z) 1] N €. )

which is similar to equation (40) obtained by Vandervoort.

Proceeding as in Vandervoort, the density region can be divided into
two parts, one —1 < a;—up < o, —a, for which Rayleigh modes of the interface
exist, and a second a;—a; L &;—ag < 0 where we can find a region of wave
number for which Rayleigh modes of the interface do not exist. The critical
wave number k, below which the Rayleigh modes do not exist is

2
. c
—c; {“Z (1'—' "';) —(al—ﬁz)z}
» Co

v 2\ &
G
ag{aty —ag) (1'— '@)

(32)

Co

when ¢; > ¢;.

and CZ i 172 t =}
o —ay = _%(1_%) {1—%(1——;) } : . (33)
' Ce M2

The disturbance of wave number less than k, is not confined to the
interface, and travels up to infinity generating sound waves. Comparing
equation (32) with equation (62) of Vandervoort, and remembering ¢? < 7% and

2 2
?2- = ::—1 , it follows that &, in the presence of magnetic field is less than ¥, without
2 T .
magnetic field. Thus the presence of the magnetic field increases the wave-
length of the perturbations which give rise to Rayleigh modes of the interface.
A similar result can be proved for stable configuration ps < pi, also.

Thus we get an interesting result that magnetic field affects the develop-
ment of Rayleigh-Taylor instability, for disturbances which are perpendicular
to the direction of the magnetic field. This does not happen in case of
incompressible fluids as shown by Chandrasekhar (1961). The critical wave
number below which Rayleigh modes do not exist is found which is less than
that obtained by Vandervoort. Hence the magnetic field has stabilizing

effect on the Rayleigh-Taylor disturbances.
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