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By a simplification and refinement of Titchmarsh’s two-dimensional analogue
of Van der Corput’s method of estimating exponential sums, general in-
equalities for two-dimensional exponential sums are obtained; and as appli-
cation thereof, the logarithmic factor in Hua’s error term for the circle
problem is omitted.

1. Let R(x) denote the number of lattice points inside and on the circle
u?+v2 = z. Hua (1942) has proved that

1) R(x) = wx+é{x%% (log T,)%}

Here this is improved to
(2) R (z) = mx+0(4+0)

The omission of the logarithmic factor is effected by a certain simplification
and refinement of Titchmarsh’s (1934, 1935) theory, extending Van der Corput’s
method to two variables.

Throughout the paper, 4 denotes a positive absolute constant, not neces-
sarily the same at each occurrence. The notations f = 0(g), f < g, both mean
that |f | < A[gl. The letters n;, r; stand for integers, x is real > 1, and
r;s denote numbers independent of z;, z,.

Throughout the following lemmas, we suppose that D is a finite region
in the Euclidean plane such that any line intersects it in O(1) straight line
segments and the same is true for the intersections of D with a finite number
of regions of the type aif, +a.f.,, < const and a,f, +asf,, > const, for
arbitrary constants a;, e, where f(z;, #;) is a real function defined over D,
such that the transformation y; = f,j, j=1, 2 is one-one over D. We
suppose further that any curve got by equating to zero a linear combination
of the second order partial derivatives of f(x;, #z) has O(1) intersections with
any line.

* Though a draft of a proof of the error term O(z%%“) is given in Wen-lin (1962), it seems
worth while recording the present note because of the simplifications this has over the papers
of Titchmarsh (1934, 1935) and Hue (1942).
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The above conditions regarding the regions and the function f are in
particular satisfied if D is bounded by O(1) algebraic curves of bounded degrees
and the curves mentioned above, involving the first and second order partial
derivatives of f, are also algebraic and of bounded degree.

dx . .
We also assume that d—x! is continuous on each of the bounding curves
2

of D.
2. Lemma 1. Let f(x;, xp) possess continuous partial derivatives up to
second order in D). Let

Ile2] =7 >0, i fzgl =7y >0, tfz%fz% -—f:llez 2 >0

throughout D, where r < 4 4/77s.
Then

; 1
ff 327”'}’ (Xl, *9) d:l:l dxz << ;
D

Proof: We have, if 8,, 8, are positive constants (to be chosen later),

I= ff 2 g %) dx; dxg
D

= L+ gl
DMz 1<8;  Dylfz1>8  D,|fz <0, fz, 1> 8

i=1,2
(3) = J + Jq + Jo (say)
Now .
R,J, = J‘J‘ cos fdx, dxg
D, | fz1> &
d (si
[ e, [[ s,
D,fg1>81 1 ,.z'<—1 1
1 & ,
= z T sin f(§ , xg) das
e
el |>81fa:1(51 2) ‘,

by sugcessive application of the second mean value theorem twice, since

J;l-’ has O(1) maxima and minima on any line (paraliel to oné of the co-
1
ordinate axes). By the above and by the hypotheses on the regions the sum
here contains O(1) terms. Hence by a well-known lemma on the estimation

of one-dimensional exponential integrals (Lemma 4.4 of Titchmarsh 1951).

ReJ; € —

1\/7’2
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Similarly
ImJl <
1\/ Te
and so
Iy <
81\/7'2
Similarly
I, <
8z\/71
Now
J = ff ™ day dwg = ff 275 $(y3, ya) le,fz2 iy, dys
oz, :1:2)
D, [z < §;
i=12

Since now D’ is contained in the rectangle lng <%,j=1,2
8105

Hence from (3), we have
I<—5+
81\/7'2 82\/7' 1

81V 1g = 8/ 11 = (/i )

1 1

StV

We choose now

Then

Hence the lemma.
Lemma 2. Let [ possess continuous partial derivatives up to second
order in D and

O<7’2$

fx,l < Arg, 0<rg < lf”il < Ary, lfxlle < Arg
0<r? S lf:\:‘f:‘2 _fx x,l
throughout D. Then

ff eZm'/’(xl, xz)d.’lil daz, <_i_

D
Proof : We have, by the conditions above

fx"fx’ - x e \fx"

Lemma 2 is now immediate from Lemma 1.
The above Lemmas 1 and 2 are both stronger than Lemmas & and € of
Titchmarsh (1934) as well as Lemmas 8 and e of Titchmarsh (1935), in that

0<r2<g fﬁm

x2
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the former assert something more under weaker hypotheses. Also the fol-
lowing Lemma 3 is stronger than Lemma { of Titchmarsh (1935).

Lemma 3. Let f possess continuous partial derivatives up to third order
in D, contained in a square of side I. Let

2
!fxffxg —fxx:c2
fx? » |fx'fx2|’ If"xx;

=r2>0

max (

s ifxgl) < T3
throughout D and i

(4) Irs < Kr, for a sufficiently small constant K.
Then

; 1
ff 2T (1, %9) dxy dag <<;
D

Proof : The following proof is similar to that of Lemma ¢ of Titchmarsh
(1935), but a little simpler, since the number of distinct cases we consider is
one less.

The variation of f,g, f,lxiorf,f; in D is at most 2 lry = ¢ say. Hence
there are constants A, g, v such that

X< |fo] < A+le, pe < |f, |, | < (B+1)e,ve < lfxﬂ <(+1)e.

We may suppose without loss of generality that » < A. We consider the
following cases:

(DA<, u< 22, v>1
Then
(u+1)c < (80v+1)c < 8lwe
and Lemma 3 now follows from Lemma 2.
(1) p =22, p=3.
Let
V2 = £14&p, V20, = 148,

ff e2m’¢(fp £2) df]_dfz
D’

where D’ is the region D referred to the new co-ordinate axes ¢, & and

B¢y, &) = flz1, @2).
So

The integral becones

Uy =ty Yy Bee, =l oy By “ L Wy e,

z 1
Then

| By ) = § 20210 2 e 2

= 6
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and

max (B, | |Bp g |+ | B [) < Awe

Lemma 3 now follows from Lemma 2, as applied to the transformed integral,
since D’ and ¢ satisfy the general conditions enunciated in the end of Section 1.
(¢3i) A > 400, 5p < A, A > 6.

We make the transformation in (4¢) and now

. c c 2 z}) _ 3
mm(‘eﬁei B l¢fg ]) p 5(/\—2}"—1:—3) = '2' (A—' “5 - E —al= —8-0—
and
max (B, | e, | | #ea]) < A
Again the result follows from Lemma 2.
(iv) ,\>40u,3<,‘<2,\ A>T8.
We make the transformation
V26 2, = 5¢,+&,, V2625 = —£+5¢;
Then
26¢ff - 25f“f —10f11x2+f“3’ 26¢§§ =fx.;+10f1132+25f12
and
2 = —
6¢51§z 5(f“"§ fw§)+24fzﬂz
Hence
11) 3Xc
|¢£, =5 (25,\ 10p—v—11) > = %6 (25,\ 200 —\— 78) =55
250 261} _ Ac
l¢ 55 (10p—2— 25v—26)226 (2,\ ’\_26"'7_8) = 565E
, , y |
max([fg; |+ |Feg, | [ #er]) < 4%

Again the result follows from Lemma 2.
In all other cases

A< A, p<cd,v< A
g0 that

0<r2< ‘fz’fz’_lefvg' < Ae?

ie. r< Alrg
which is not possible, if the K in (4) is sufficiently small. The proof of Lemma
3 is now complete.

3. The following Lemmas 4, 5, 6 and 7 have no exact analogues in
Titchmarsh’s theory.
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Lemma 4. Let f(x;, x;) possess continuous partial derivatives up to
second order in D. Let 7;, 7 be any two positive constants less than unity.
Let

@ = mgnfzj, B;= mgxij,j =1,2
and
[fez] = Ar1 >0, |y

throughout D. Then

Z ST ng) z J‘J‘ TV )R da dy
(g, Mg)€D %=y <vi < Bt vy

j=12

Br—o+1 By —og+1
= " lo - 2 —_—
N g (Bz-—ag+2)+ s

Proof : We may suppose without loss of generality

2
£ log (Bl—a1+2)+'1r110g (By—oy+2).
]=

p—l<<oyy <y, j=1,2
so that
y=>0,j=1,2.
For, if kj is the integer such that
1)}.—1 < otj—kj =o, <1, i=12

and
gl@r, x2) = f(z1, To)—hnty—koze; v, =v,—k, j =1, 2.

We have to prove

ZGZnig(nl,‘ ny) 2 J‘J‘emri{g(xl, xz)-v1~k1x1—v2—k2.t2} daey d
D ’ < s , D
o -7, . A7,
7 77.7 V] < ﬂ]+77]
j=1,2

Bi—a+1 —ay+1
Vi Ve
i.e. the same formula for g(x;, ).

We start from the two-dimensional Fourier summation formula* which

can be stated as follows.
If #(xy, 25) is any function which has continuous first partial derivatives

< ——=—1Iog (8,— +2)+ log (B, —a, +2 )+ m log (/3 —a;+2)

in D, where D has no lattice points on its bounding curves and d—zl is contin-
uous on each of the bounding curves, then

$(ny, ng) = T Z J.f¢ (z1, Zg)e _Zm(v “1+%%) dxq dxs.

("1’ nz)eD = —rn Vo=~

* Proof of the two-dimensional Fourier summation formula follows by repeated application
of the one-dimensional formula, which can be proved, under the conditions stated, from the
Euler’s summation formula (cf. Titchmarsh 1951, pp. 13-14).
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Applying this formula to our function e*™/("v %), we have

S= Z omif(m), my) _ Z v Z J‘J‘ 2mmi (f(%, £5) ¥ %) —Va%p) day dz,
e =t

Call the range of integers aj-")j< v; < B;+m; or equivalently the range of
integers 0 < v; < B,47; by R; and let RJ'. denote the complement of E; in
the set of all integers, for j = 1, 2. We have

= 2 22 1 2 ]

21 2 vieRy vj€R;
1= voeRy vZERz ji=12

(5) = 80481482+ 812 (say).

Assuming vleR;, 8o that in particular v; # 0, we have

b
. T
J‘J‘ eZm{f(rl, 2)~¥1%1 Yo%, ) daydag = E J‘ —va e dzy J‘ 62‘11;_f—v1;:1 dey
D 51

0(1)

b vz \ b b

1 2Wif =~V % R
J‘ 2mf vy* 1y = (e '1 1) 1+J‘ 1 i le d(eZﬂif—lel).

a.

) —2my1 “ oy 2mv1(f,,1—v1)

and

. Joy
Now if v; << 0 or »; > B;+7; and le is monotonic, :i:f ¢1v1 is bounded and
=

monotonic in the same sense as fz,.

Hence if »;eR,
J‘f 2if — V1%,V 2dx1 d:l:z
D
-211'11/1 1 0 f zl=b1 Z le
(6) f MY ~VoZy de + ————
T 21r'av1 ry=ay 51 2mv1(le-——v1) £ &

&
‘IOS ’
X J. & i sin F—11éi—ve%) dx2}

by suecessive application of the second mean value theorem twice, since the
domain of integration can be split up into O(1) domains in each of which fz,
is monotonic separately in each of the variables.

Now

~211w %

Z 2mivy

vlsRl

(7)

1
<i+ Z - Llog (B —u42)
1<n <B]+7]1 1
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— oy 8
®) I — < j < log (Bi—a1+2)
"1%1' VI(le VI) 1 &2 "12 " 'BI+VI 41 223:1+ vl(vl ﬁl
be ‘52 cos ’ 1
(9) ' J. 211"Lf Voo d;lj f - sin (f— Vlfl—VZzz) dxg < —.
ag 51 ’ Tg
From (6), (7), (8) and (Y), we have
(10) 5, <Peetl \/“‘i“ log (B1~a+2).
Similarly we can prove
1) s, <=kl g,y 42)
\/71
and
2
(12) 812K 'H1 log (Bj—oy+2).
i=

Lemma 4 now follows from (5), (10), (11) and (12).
Lemma 5. Under conditions of Lemma 4, let R, be defined as the smallest
region containing the lattice points (v, vs) such that

Dﬂ }ij—”ll < "hﬂ !fSFg_VZI < N # ‘,75

Then we have

Z egﬂz'f(nl, ng) __ 2mif(xy, Tg) — vixy —vyty dxy dry
(ny, ng)eD (b1 va)eBty D, fa;—v; L <y
j=12
<P tog (Be—oot 2422  hog (g, 020+ T dog (B4 2)
'\/7‘1 '\/ s 7=1
Proof : 'We have, using the notations of the proof of Lemma 4,

ff o2mi(f—vi % — '212)d:v,dxz _ Z f o2t f — vy ~voxs) dr, dxg

vjeRj D (v1s vz)eR.,.' D, |f’j_yj | < L

j=12 7=1,2

jeR
i=12

(13) = zl + ZZ (say).

We can now assume without loss of generality that

<e<n+l, j=1,2

P

D,lle—"1|27]1 Dy]f::z""le"lz,lfi'l*"li<"71

so that v; > 0if veR;, j = 1, 2.
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We have then, as in the proof of LLemmas, 4,
=b

b X, =
—2mip_x. 2 . 1 1
Z - Z Z e '1 1 62171 (F-vp ) dz, +
1 ‘ —2my
0 vk 1
vt ay "=

i=12 %
ij_ fé Co8 ( ’
" (_.__ ____,) —1f —vas) da
;1) 2nivy (fz;—v1)/ ¢, £ J'£ i sin =" s 2) 2
since the domain can be split up into O(1) domains in each of which 7 fa ”
™"

is monotonic separately in each of the variables and bounded because
| fzy—v1] = m1 throughout.
Hence we find, as in Lemma, 4,

(14 > < Bttt I log (Bi—t2)

7’2
Similarly we have

(15) Z < b \;‘;"' log (Bg—g+2)
1

Lemma 5 now follows from (13), (14), (15) and Lemma 4.
4. Lemma 6. Let f be as in Lemma 2, where D is contained in a square

of sidel=1. Then
2

(T, B ) 7‘2 1 -3 ?
e2mif"y' "2) & area D, = +(lrg+1) §;+r2 log (Iry+2) i

(ny, ng) €D
Proof: TFirst we observe that, if
By =max fo,, ay=minfy ,j =1, 2
Bi—oy L lrg
Hence we have from Lemmas 5 and 2
i, - ; 2
(16) Z &) g Z -+ (lr:+r2 *) log (Irg+2)+ {log (Irp+2)} .
(711 3 nz) ED (V1 ) "2

The last term in the right side of the above inequality (16) can be omitted
compared to the second, since

log (Irg+42) < (Irg+2)}
¥
_ 4 2
= Tz (l+ ;;)

(17) < (z+ l) since [ > 1.
2 7'2

Also we have
(18) area Rn—-a,reaR<Bl—ocl+ﬁg—az+1< Ira+1
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where E is the transform of the region D by y; =Jfz,, j = 1, 2.

Now area R = ff dyy dy,

—_ ff l Z% 151’ dxl dxz

(19) < r2 area D,

Lemma 6 now follows from (16), (17), (18) and (19).
Lemma 7. Let f(x;, x,) possess continuous partial derivatives up to third
order in D, contained in square of side I > 1. Let

max (Vg o[ fao, | [Fay]) < Are max (Vas] o [fara, | [fa, a3 [fag]) < 475

ot

throughout D. Then

(20) z 210 ") < % area D+ (lr2+1 +lr3) {r+72'-’" log (Irs+2) }

(S €D

1, ")

Proof: We consider two cases—

(i) Let Irs < Kr for a sufficiently small constant K. Lemma 7 follows
from Lemma 6 by the same arguments by which we deduce Lemma 3 from
Lemma 2.

(i) r < Alrs.

We divide the square of side ! into smaller squares of side

zl=§£5Acz

(¢ not necessarily the same for each smaller square) which cover up
completely the full square of side I. Then if ¢ is sufficiently small, the condi-
tion of case (i) is satisfied for each of the smaller squares and we have, by
case (i), if D, is the intersection of D by the square of side [,

(21 z Ty, "y <<——areaD1+ (Iyrg+1) +(11",+72 )log (Lira+2)
("1) ”2)61)1
Since the number of smaller squares is 0(%”3), (20) follows in this case by

adding up the inequalities (21) for each of the smaller squares.

Hence the lemma.

5. The Circle problem.—In this section, the notation is as in Hua (1942).
We assume results from Hua (1942) and give details of the proof of (2) only
where we depart from Hua (1942).

We quote here three other lemmas (Lemmas «, 8, 8’ of Titchmarsh 1935)
we require.
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Lemma 8. Let ay, be any numbers, real or complex, such that, if

m "
S = Quy, then |sm, o] <G (1< m< M,1 <n<N).
;LZIZI

Let by, » denote real numbers, 0 < by, » < H, and let each of the expressions
bm, n—=bms 2415 bmy n—bms1s 25 bms n—bm, ne1—bmet, ntbmyn, 41

be of constant sign for values of m and » in question. Then
M N

<5GH

%> n b n
m=1n=1

Lemma 9. Let f(z, y) be a real function of z and y and

S = e 2mif(m, n)
{(m, n) eD

where D is included in the rectangle 6 <z < b, « < y < B.

Let
- Z Z“zﬂwm’ S = Zzemm>

where p and v are integers and 8’ is taken over values of m and % such that
both (m-tp, n+v) and (m, n) belong to D and similarly for 8”. Let p, p
be positive integers not exceeding b—a and ﬂ—oc respectively.

Then

i p-l p=1 3
= (b—'a)(ﬁ—'a) ( —a) _a) I ) /"
S< (PPI)E +{ } l:{zlvZ ‘S } +{y=0V:(IILS ’} ]

Lemma 9'. If 0< p < b—a then
3
S<w—mg—@+{w—ww }_
P P

We have, after Hua (1942), if 0 <a < 1 (We put o = g later)

x4 2% #k 2%
(22) f {R(y)—mytdy = Zl +(Z2)f

o Zmi im ) 7, m)

where
x4 2%
(23) z <f [6(y) |yt dy+a2"t
1 x
(24) 2., < ot [+
621rm/ (m2+ nz)y o
(25) Yty |= ’ZZ N +0(=")
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211m/(m n?
(26) sy | = gt ZZG e [FOE)

D is the square 235 < m, n < x5
D’ is the complement of D in the square, 275 < m, n < .
We consider sums of the form
M N’
8= Z Z emimn) M < M'<2M, N < N < 2N

m=Mn=N

where f(m, n) = 4/(m2+4n2)y. We assume without loss of generality that
M=>N.

Now the terms considered satisfy
27) =5 < M, N < at.

If M —M < z* or N'—N < 2, we have 8§ < Ma? so that by Lemma 8,

(28) ¥ S i S|
e S (m24n2)t

and
MY gemiftm, m)

(29) 4t 2. 2 Gy < a2,

We, therefore, suppose that M'— M > «* and N'—N > a*,
Applying T.emma 9’ once and Lemma 9 twice, we have

o sz 5[5 (8 S (55 )]

J=11Llm =1 mg=11p=0 \my 1113

provided that
(31) 1<p2 < hab

where

(32) 8Y =8y = Z Zezm'g(m, "

y~ig(m, n) = A/ (m+my+mg+mg)2+(n+n;+ng+ng)?

= > v/ my F gt et ng g

+ z V (m+m)2+ (ntn,)2—+/ mE+n2
with n; = 0 and 8P, S, S are corresponding sums with

("m:i: ns)’ (""'3, —na): ('—'"I‘Ss —ns) for (m37 na)
respectively.
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We apply Lemma 7 to the sum S;. We have here ! = M and after
Hua (1942),
ro = :?:}p“ﬂf—‘i , Tz = Ax*p4M'5

r= Ax*M‘4\/X2+ Y2472

provided
(33) p = o(M#)
where
X4 Y2472 = {36 m, Zm +4(m3n2+m2ng) +4n§ {‘;}
(34) = m1(m2+'"’2) (m3+n3)

We choose now
p=[Mz—5]
so that (83) and (31) are satisfied (because of (27)).
With this choice of p, we have
ro= AxtM™® ry = ActM 2,
We have by Lemma 7, since iry = Ax*P4M'4> P \/X2+ Y242Z2> r,

-14s3 ~3 7.6
g < MN " M L M +M Y log «
VX2}Y2yZ2 /X4 YeiZ: X24YeyZe
[ )
vV X24 Y2472

Now

2

MNAM 2 = NAM 2 > o5 +Hi—t =1 (by (27))
MN ("M% log 2) ™! = NM %t (log )~ oo iti(logr) > 1
Since
VX2¥ Y222 <pt £ M2zt
MN - - Ly
VErrars ™ e e) > M (og o) 2 e AT log )7 > 1
Hence the above inequality for Sy reduced to
MN +  *M°
VX2 Y2472 Xe4Ye4ze
The same result holds for 8¢ also, j=2,384 Now

p2-1 p2- pi-1 p2-1

1 1
~—=—=by (34
,,,ZMZ \/X4+Y2+Z2<<m1m2 z \/m+ n y (34)

.._1n =0

1 pP-1 p2-1 1 Z
< log P+ ——
<m1m2 % og msz=1 ”82:1\/m3n3 )

(35) 83 L

p2

<
< myms
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So we find

(36) [Z S Z:

ml—l My

p-1 [ p2-1 P21 t yid
(5 5 ot ]

=0 Mg = 1 #y = 0 +Z2

and similarly

-1 -1 [ p2-1 p2 Eat
(B87) [Z] Z Z (Z ZX2+Y2+Z2) g] <!
' ny =
Using (35), (36) and (37) in (30) we see that
8 K MNp " +(MN) a2y )p™?
L aW s MAIN 42~ MING

Hence, by Lemma 8, we have

M N’

2ﬂi~/(7)12+n2)y 1 3 2
(38) Z Z S—T <x§§NM-&+x—ETAYEM—}
m=M n=N (m2&4-n?)
and .
o t 2#‘»J(1n2 +n2)y
¢ - bar-4
EE] M= 1'_54N
(39) Z ; s % L x3:iN + M
Hence by (25) and (38),
2 2uiy A rndy
Z/l<]5j)l<riz Z +xa
p 4 mzzi:v 1, g1 m2+n2
<T*{ (:1:35 99~ “’+$ 234-*?)} +xa
I<g<p
l
<:c*+'l‘+i +xi aat %';U_l_xa
(40) < pred

In a similar manner, from (39) and (26}, we have

2p 24

e2n17J(7n2 +n2jy
z Z (m2 +n2)d

m=20"1 n=27-1

2a

Ao | <t D, +o

poq

<£€2 / . z (Qﬁ‘EQQ"%p_l_x‘g’;z;q-%p) +12a
1<g<p

log log z
1 1
‘°log2£pstlog2

<x*+3’§'f +x5’ &1 76+172a
(41) <z
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From (22), (23), (24), (40) and (41) we deduce

xta%

(42) fx {R(y)—my} dy <™

Hence we have in the usual way (cf. Titchmarsh 1935) our result (2)
from (42). ‘ .

Remarks on the lemmas: It will be seen that there is but one step ahead
to obtain the two-dimensional analogue of the Van der Corput transformation
of one-dimensional exponential sums, from Lemma 5, and the arguments
throughout are capable of generalization to several variables. In fact, I
have completely extended Van der Corput’s theory to p dimensions (in-
cluding the general Van der Corput transformation and general inequalities
for p-dimensional exponential sums) and when p = 2, this subsumes Titch-
marsh’s theory (cf. Srinivasan 1963a, b).
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