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The transient surface displacements due to two different forms of the tan-
gential stress applied on the surface of an elastic half-space have been obtained
for (I), P, 8V and (IT) SH motion. The displacements for SH motion are
shown graphically.

InTRODUCTION

The problem of evaluating the disturbance produced in an isotropic
elastic half-space by tangential surface tractions is of considerable geophysical
importance.

Miller and Pursey (1954) and Cherry (1962) studied the steady vibration
of a half-space due to periodic tractions acting over a small portion of the
boundary. The results were not extended to impulsive forces. It was
only recently that the transient disturbance due to a concentrated tangential
point force was calculated by Chao (1960). Transient solutions for other
types of surface tractions do not appear to have been considered. In this
paper a method, based on the use of integral transforms and Cagniard’s
(1939) technique, is used for the evaluation of surface displacements due to
tangential surface tractions acting on the boundary of an elastic half-space.
The two-dimensional problem is treated because of mathematical advantage
in inverting the transforms. Moreover, since the difference between the two-
and three-dimensional problems consists essentially in the infinite ‘tail’ of
the former, a study of the above problem may give a good idea of the nature
of the disturbance in the initial stages of the motion. This is supported by
the results of Strick, Roever and Vining (1959). Numerical calculations have
been carried out for SH motion for two different forms of the applied stress.

Problem
The surface is taken as the xy-plane and the z-axis is taken normally
into the medium.

I. P, SV-motion.—In this section the displacement components (u, w) at
the surface along the 2- and z-axes respectively are determined subject
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to the condition that they are bounded at infinity. The medium, which is
initially at rest, is acted on by impulsive shearing stresses which (a) act for a
definite interval on a finite region on the boundary, or () move with a
uniform velocity after creation.

Assuming that v = 0 and other quantities involved in the problem are
independent of y, the equations of motion are satisfied if

1o
vitam } (1)
_109%
V“-@wﬂ
where % and w are related to ¢ and ¢ by
__ 9% %
=%t ,
%% o
T 9z 0=
,_ o @
and af=(A+2u)lp; BE=pp; V2= sotss,

A, 1 being the Lame’s constants and p the density of the medium. The stress
components are given by

~ ow
e == A0+ 2# 'é;
ow Ou
=~ _ ow , ou 3
m=H (Bx +az) 3
where ou Bw
b=mte
The boundary conditions are
2z2=0 at z=10
= % (4)
z@ = L(z,t), at 2 =0

where L(z, t) is a function of x and ¢. Particular forms of L(z, t) will be
chosen subsequently.
Solution

Denoting the Laplace transform of a function f(¢) by j(p) defined, where
p is real and positive, by

f(p)-.—_-fwe“i'ff(t)dt B
0

and using the notation

f@®) = f(p) or J(p) =)

and again defining

?(x,p)=f AEGEDE . ©)
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one easily finds from equation (1) that expressions, consistent with the condi-
tion at infinity, for § and § are

3@, p) = f A€, ple T zzg]

$(z, p) =f B(¢, p)e™ ™ ag }

where A and B are yet undetermined functions of £ and p, and
np = (E2+p2al)¥; 0y = (£2+4p2pHE .. - - (8

Application of the transforms given by (5) and (6) to the boundary condi-
tions (4) gives the following equations which determine the quantities A and B.

(p2+2£2B2) A 26, B = 0 .. . e (9
—2i£ﬁ2npA+(p2+2£2ﬁ2)B=L°(—ﬁ—’—p) o)

Solution of (9) and (10) for A and B and their substitution in (7) and
(2) yields

BV e

a<x,z,p)=f ﬂf’f’—fz—l’f[zﬁ%ze —(progpne ™ dE Lo (D)

® z —ifx ; —T% -2
Bl i agmne gt ] 12)

w(z, 2, p) = [
where :
A (£2) = (p2+2£26%)2~4€%B4npn, .. . . (13)

u(x, z, t), w(x, z, t) can now be determined if specific forms of L(z, t) are
chosen so that Cagniard’s method is applicable. To avoid difficulties in
connection with the inversion of the transform for the surface displacement,
the inversion is carried out for z3 0 and then the limit of the resulting
expression as z — 0 is taken to give the surface displacement.

Two different forms of L(z, t) and corresponding expressions for Lo(g, )
are given in Table I.

TasLE I
Lz, t) Lo(é, »)
1. Lz, 1) = ®(z) F(t) P(e*€4— ¢ %4) “
where ®(z) = P, |[z|<a 2mp(f)
= 0, elsewhere, X (1—e~ %)

and F(t) = H(t)—H({i—1,),
P being a constant.

Pa
2. L(z, t) = Pad(x— V)H(t). 2V (p]V —if)




362 K. R. NAG

II(t), 8(t) are Heaviside’s step function and Dirac’s delta functions res-
pectively of arguments ¢. A factor e (of linear dimension) is included in
the second case to give P the dimension of stress, consistent with the first
case.

Both forms of L(x, t) will be congidered in the next section. In this
section only the second form has been considered, since the resulting expression
for the first form is cumbrous.

Taking the second form of L(z, t), (11) and (12) may be written as

® -tz

Ts

He % p) = ;1:% fe j . _—?"-m'[262620'77?2—-(1»%2§2ﬁ2)e_"sz] dE .. (4

€x
—i¢x s
w7 2) = I J . Zm(‘z‘j'r;—“?) |2600 .07 — e aeepne ™ ae s)

Substituting { = é«/p, v =Bz, »' = V/x, one follows the usual procedure
(Garvin 1956).

When 2/ < t < (v2+22)}/8, {'(t) is purely imaginary and —iz/(22422)'v <
' < 0. Now when i’ >1, Ai(v, {'?) is complex and when ' <1, A,(v, {'?)
is real. Thus terms containing exp {—7.) are both zero for t < (22+2%)}/8 when
Baz+22)t > ax and for t< a‘/a+z(ﬁ'2—a'2)l’ when B(a2+22) < ar. Similar
considerations do not arise in expressions involving exp (—7,2).

Thus

Alux 2, t) -[ { G [L1—GolL ()1} d’??

; ee .. (16)
Kyle, 2 1) = f {Galto =Gy} dn |
[}
where K; = mpaB/Pa and
G320)] = Re FLOIQIL0]
GolL(1)] = Re Pl @)QTL ()] I -
GoT2(t)] = Im FolLQL()] j
GLI2(0)] = Im P L @IQ L]
Qe = B8 mu—(r+a2ph)
o =20 p—i,,.) } . Qs
t, = (22+422)}/8 , when B(z2+22)t > ax

ty = ax/a42(B~2—0a"2)t , when B(x2422)} < ax.
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o
T x2422

40) [—itrtz{i2—(22422)/a2}!]

;’(t) = x—zi—zz [—itx+z{t2—(x2+z2)/52}i]

Flit)] = 2v2g2(1){1 1—){-;2;2(t) }
’ i ,
Foll'(t)] = {14v202(t) } D{’ 1422020}
(19)
1 4 * y %
Fyll) = 2C(t){1+§2(t)D} {140202(0)}
Rr ) = EOUERH0)

D = Ay, ()1 —iv' ()]
D' = Ay, L)1 —iT'(D)]
Axly, 82(0) = {1+2020200) P —aws02) {1+ 2200 {10222}

The expressions in (16) involving @'{f(¥)], which contain fp, are valid
for « > zv/(1—»2)". They represent the pulse which is incident on the sur-
face at the critical angle as a shear wave and then travels along the surface
as a compressional wave (for the buried source, the reversed path for the
surface source), the pulse following a minimum time path. Similar expres-
sions were obtained by de Hoop (1958) in his formulation of a modified form
of Cagniard’s method but were not given by Mitra (1960, 1962) whose results
are thus incorrect.

Now as z— 0, {(?) and {'(t) both - —ite/z and

QL] - — % H(t—aw).
1 9 2 2 7 2 )
Ay, 82 —> [(g——izél —-1) —47:VE-—ZZE (a—x—zf ——l) (1— BZZ ) ], 7 <§

N [(2;92772 _1)2—4;8.2._7’2 (ﬂ‘f’f _1)§(B;_22 —1)*], 7 >g ¥ (20)

22 x2

[L—iv/ {(m)] > (1 - 1;1’)

In this case the integrands have simple poles at n = z/Vy, if 2/V >t >
z/Vx and also at 7 = z/V if t > «/V, where Vj is the velocity of Rayleigh
wave in the medium, and it is assumed that Vi > V.

6
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Using the procedure of Mitra (1962) and substituting fn/x = ¢ one obtains
from (17) to (20)

_ 1Bl dg%(g2—v2)H(1—q2) dg
~Hde 0. 0) = (Bt =afe) = Ht=alB) f , @14 +16¢4(g2 )1 —g) Hy—v'q}
1z (=1t dg
—H(t— .. (21
{ x/ﬂ)J‘ L 1(2g2—1)2—4g2(g2—12)}(g2—1)}} {v—v'¢} &

Bl 2q(gr—vR)(l—gh(1—2¢2) dg
Kw(z, o, t) = {H(t—x/a)—H(t—2z/B)} f {(2g2—1)4+16¢4(g2—12)(1 —g2) } {r—v'q }

+ M Ht=2z|VR)+MeH(t—2/V) .. .. .. .. .. (22

v:i_ ”?[(V; )( )}{ Vﬁ(_ 1)*(172_1)*_%(1_%35)}]
[ ve e () =06 B b7

2
R

PG () -2 (e )
7 -1
M= F ¥
B2 2 { o2 B2
[( i) o a7 '“.1) (7:-1) ]
The upper limit of the first set of integrals in (21) and (22) will be 1 when
t = xz/B and the Cauchy principal values of the second integral in (21) should
be taken when t exceeds x|V and z/V. It is evident that both u(x, o, t) and

w(x, o, t) start from zero and u(x, o, t) tends to infinity as t » x/Vj or z/V,
but w(z, o, t) undergoes finite discontinuous changes at those instants.

R R

(23)

(24)

II. SH-motion.—For this type of motion it is assumed that w = w =0
and that » and other quantities involved in the problem are independent of y.
The boundary conditions are

6} yz=L(z,t)at z=0
(ii) : v is bounded as z— 0.
The equation of motion to be satisfied in this case is
v = B2/ or .. .. .. .. (25)
Application of the transforms defined in (5) and (6) gives the solution,
bounded at infinity, as

ﬁ=f o pe a0 L. . (26)
-
6B
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Case 1—If the first form of L(z, t) is taken then v = v;—uv,, Where v;
corresponds to H(t) and v to H(t—t,). Evidently ve(z, o, t) = v;(x, o, t—*).
Use of the boundary condition

¥z = y% = L(z, t) leads to
z=0 z=0
' p J-ao (eifa_e—iga)e—iﬁx—nsz dé
(%, 2, p) = — el E(PP PO
=1I,—-I,
where P f” e~ 1€%n-0 g
I, = - 27
"= Zmp ) _, BRI #7)
Zo = T4a; T; = Tr—a.
Therefore vy(z, 2, t) = Iy—1,.
The substitution £ = {;p/B gives’
L BB, f » =Pt/ D) B ag,
gt ), LA+ )
A change of variable is then introduced by putting
f = (i§2x2+z J 1+;§)/3 so that
_ ﬂ . 2 3
Loll) = ;Z-;; [—ztzz+z{t2-—(x2+z2)/ﬁz} ]
The usual procedure (Garvin 1956) gives
t
= PB PB Z) ( —_ E) 2
I, = p— fo (t—)G5[{a(n)1dn— BT (t'—B H \t g .o (28)
where
ds(t
Hell) (g @422
Golle(t)] = Im (29)
o Lo {1+50 1

and the second term is obtained from the indentation of the contour at ¢t = 2/
(Mitra 1960). This will occur also in the inversion of I, which is carried out
in a similar manner, and may, therefore, be omitted.

Thus

¢
vy(@, 2,t) = %’fj (t—{Gsllam)] =Gl dn .. o (30)
0

The above solution is true for all values of z, z(> 0) and ¢.



366 K. R. NAG

When 20, L) —> -—itﬁ/x,,
rpH{t—x,/B)
Gelln —— 31
and 5[& (t)] 5({2— i/ﬁz)i ( )
n=1,2.

Thus from (30) and (31) and as v = v;—wvy, the following expression is
obtained for v(z, o, t)

Kov(z, 0,1) = Z , [(—I)M cos™! %H(t——b,,)
+(—- 1)n‘1(t—t0) 005‘1 tb__ﬂt H(l‘—fo"bn)
=g

+(—=1)7"1p, cosh™! ?)t_ H(t—bp)
n

+(—1)b, cosh‘lt-b—t0

n

H(t—to-b,,)] .. (32
where
Ko=mp/PB; bp=ay/f; n=1,2
Case 2—When the second form of L(z, ¢) is taken a similar procedure gives
Po (% o %T-nigg
277#7’[_@ (p/V—i€)ms

Pu % 6_1-£1;—7752 d¢
waRef G —im, - .. (33)

D, 2, p) = —

Putting ¢ = { p/B, v" = V/B (< 1), the above procedure is applied to give

P
v(x,z,t):——;ﬁj Golllm)ldy .. .. .. (34)
where
%O fu—rra2yip) .
G .
= e e T =)
and
= ﬁzz [—itx+z { tz—(x2+z2)/pz}*] . .. .. (36)
The above solution is true for the subsurface. When z-» 0, {(t) » —itf/x
and .
GG[C(t)]—*m:—)m yaff=b<t<c=2a/V
g N . )
I S

VEE—b2)t (t—c)’
When ¢ > ¢( = «/V) the integrand has a simple pole which tends to 5 =c.
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Now if Q(n) has a simple pole at n = ¢ then the integral

J Et,n) QM) dn

Q
tends to

2
U-P-f E(t,n)Q(n) dn—miE (,c) %im[(n—c)Q(n)] . .. (38)
0 -

where C.P. denotes the Cauchy principal value of the integral. This is calcu-
lated by taking the limit of

cte
f E{t,n)Q () dy

c-€

as the pole tends to ¢ on the real axis as z— 0 and then making e -0
(Mitra 1962).
Since the contribution from the second term in (38) to v is zero

Puap 7 I e

___ P wpE—rr " YV
v(x, 0, t) 7u (BE—V2) cosh Blz—T8’ xfB <t <a/T 39)
~ PaB - 1A=V 7
T TR T e R
Discussion

It is worth noting that at the instant of arrival of the Rayleigh wave,
while the normal component of the surface displacement is infinite but not
the tangential component for a normal applied stress (Mitra 1962), the con-
verse is true for a tangential applied stress [equations (21) and (22)]. Further,
for moving sources it is found that the displacement becomes unbounded
as the source passes the point of observation. This behaviour appears to
be characteristic of disturbances originating on the surface, as is verified by
the results of Chao (1960) and Pekeris (1955) in the three-dimensional case.
However, according to their results all the components of the surface dis-
placement become infinite at the instant of arrival of the Rayleigh wave.
For buried sources the displacement always remains finite (Mitra 1959; Nag
1962). ‘

The nature of the displacement for the SH-type of motion has been
examined by evaluating it numerically. In case 1, Kov(z, o,t) where
K, = nu/Pa [equation (32)] has been plotted against the dimensionless
quantity = given by t=ra/8, assuming that =o=pfofa=4. In Fig. 1
curves I, II, III correspond to z = 6a, 92, 1la respectively. In each case,
the displacement increases gradually from a zero value, attains a maximum
and then tends to zero asymptotically. The maximum also decreases with
distance.
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In case 2, Kgo(z, o, t), [equation (39)], where Ky = —nu(82—V2)}/Pap, has
been plotted against - where = Bt/h, ¥ = B/2, in Fig. 2. Curves I, 1I, 111

5 7 9 1] 13 15 17 19 é| ‘ é3 é5
T

Fia. 1.

~

70
6-0r
50
4-0]
30

2:0

KaVv(x,0,T) ————>

el

26

correspond to z = 4h, 6k, 9k respectively. In this case the displacement
becomes infinite when the moving disturbance passes the point of observa-

tion, but it is finite for all other values of ¢ and tends to a constant as ¢
increases indefinitely.
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