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The specific heat and the moments of the frequency distribution function of
face-centred cubic polyatomic lattices have been evaluated using the three-
term uncorrected Houston method. A comparison of these values in the
case of lithium fluoride, lithium chloride and sodium chloride lattices with
those of Karo obtained by Blackman’s method reveals that the degree of
agreement between 8 calculated by these two methods can be taken as a
criterion for the applicability of Houston’s method for computing the thermo-
dynemic properties of cybic polyatomic lattices.

INTRODUTOTION

Of the several methods available for calculating the frequency spectrum
of a lattice, the most widely used ones are those due to Blackman (1937)
and Houston (1948). Blackman’s method is the more rigorous of the two.
It consists in calculating the frequencies at a large number of points in the
reciprocal space. The larger the number of points chosen, the more accurate
will be the frequency spectrum. Houston’s method consists in obtaining
the frequency distribution per unit solid angle along certain directions in
the reciprocal space. Then, by suitable interpolation, the total frequency
distribution function can be obtained. Here also the accuracy will depend
‘on the.number of directions chosen. Usually only the three most symmetric
directions (100), (111) and (110) are chosen.

The effect of choosing larger number of directions on 6, the value of ¢
at 0° K, has been studied by Betts et al. (1956) and Betts (1961). They have
shown that as long as the parameter y = 20,,/C;, —C;s lay between 0-5 and
1-5 the 8, values obtained by various refinements did not differ much among
themselves and from 6, calculated by Blackman’s method. Horton and
Schiff (1959) have studied the face-centred cubic monatomic metals and have
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shown that the three-termn 6 curves lie below the corresponding five-term 8
curves and the discrepancy is greater at lower temperatures, sometimes
amounting to even 5 per cent.

Since, in the case of monatomic lattices, we have only the acoustic
branches, the question that naturally arises is whether, in a polyatomic lattice,
the presence of optical branches will give a different result. Further, in the
case of polyatomic lattices, the application of Blackman’s method becomes
very involved on account of the increased number of atoms in the unit cell.
In such cases it will be highly useful if the simple Houston’s method can
be applied. This work is undertaken to study these problems and to set
up a criterion for the applicability of Houston’s method in polyatomic lattices.

REesvLTs AND DiscussioN

The three face-centred cubic polyatomic lattices like lithium fluoride,
lithium chloride and sodium chloride have been taken for study. Karo
(1959) has applied Blackman’s method to these cases and has calculated the
6 values and the moments of the frequency distribution function. So a
comparison with the values calculated by a more rigorous method becomes
possible easily in these cases.

The three-term uncorrected Houston’s method has been employed here.
The integration to arrive at the specific heat has been carried out over the
wave vector space. The elastic constants of lithium fluoride, lithium chloride
and sodium chloride at room temperature and the values of 6, calculated by
Karo using Blackman’s method and by the authors using Houston’s method
are given in Table I.

TaBiE I

The elastic constants and the Debye limiting temperatures for lithium fluoride, lithium chloride
and sodium chloride on Karo’s model

-11 -11 -1 o ia-
Substance C13x10 C12 %10 Casx 10 7 Blackman Houston /.° de.vxa
dynes em-2 dynes em-2 dynes cm-2 tionin 8,
LiF N 9-60 4-94 4-94 2-12 639 611 44
LiCl .. 508 1-86 1-86 1-16 389 379 2:6
NaCl .. 4-48 1-28 1-28 0-80 305 303 0-7

The specific heat C, and the equivalent Debye temperature # have
been calculated for these cases and the 6-T values given by Karo and cal-
culated by Houston’s method are plotted in Fig. 1. The moments of the
frequency distribution function g, gy, g2, p1, -1 and p_, have been calculated

for these crystals and compared with Karo’s values* in Table II.
IB
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Tasre IT

Comparison of the moments of the frequency distribution function for lithium fluoride, lithium
chloride and sodium chloride on Blackman’s and Houston's methods

Lithium Lithium Sodium
Moments fluoride chloride chloride
Karo Houston Karo Houston Karo Houston

g X 10-81 goc~0 642-2 634-4 74-54 76-34 2-058 2:074
pa X 10-54 ggc~4 “45-60 45-37 11-32 11'46 1-127 1-139
pg X 10 -27 goc -2 4-636 4-603 23-27 23-42 0-856 0-861
1 X 1013 gee -1 6-073 6-346 4-440 4251 2756 2-860
p-1 X 1014 gecl 2-082 2-270 0-332 0-320 4-180 3979
i ~g % 1027 goc? 0-554 0-613 1-535 1-400 2-125 2:219

* Some of the frequencies along (110) have been ascribed to wrong branches by Karo. This
will not affect the results of his calculations. But in applying Houston’s method, the shape
of the dispergion curves must be known correctly. The errors in Karo’s paper have been rectified.

Moments un for n < —3 are not defined because for low frequencies  the distribution func-
tion is proporfional to w?. The moments u-g4, -5 and p-g given in Karo’s paper have there-
fore no significance.
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A study of the figure reveals the following facts: The three-term Hous-
ton’s method always yields a larger value of C, and has a lower value of
than Blackman’s method. The degree of disagreement in the value of 6,
increases as the factor n increases. The 6-T curves on Blackman’s and
Houston’s methods show a maximum degree of disagreement, of the same
order of magnitude as the disagreement in 6,. In sodium chloride, Houston’s
method reproduces the #-T curve of Karo very well. The agreement deterio-
rates for lithium chloride and lithium fluoride. Since Betts et al. (1956)
have shown that taking a larger number of directions brings 6, (Houston)
and 6, (Blackman) into better agreement, we should expect the five-and-
higher-terms Houston method to reproduce the thermodynamic properties
calculated on the more exact Blackman’s method.

We see from Table II that the three-term Houston method yields thé
higher moments of the frequency distribution correctly. It is noteworthy
that the p, values agree in all the cases very well and even the maximum
deviation which occurs in lithium fluoride is only 0-7 per cent. This means
that the 6 values will agree to within 0-35 per cent. The agreement in the
case of lower moments deteriorates progressively and the value of u_, in the
case of LiF is off by nearly 10 per cent.

From the above results, one can deduce the following criterion for the
applicability of Houston’s method in the case of face-centred cubic polyatomic
lattices. If the value of 6, calculated on Houston’s method agrees well with
the value found either from the specific heat data or from the elastic constant
data using, for example, the Tables compiled by DeLaunay (1959), then
Houston’s method can be confidently expected to reproduce such thermo-
dynamic properties of the crystal which depend on an integration over the
entire vibration spectrum.

As a practical application of the above-mentioned criterion, the case of
calcium fluoride (Ganesan and Srinivasan 1962) may be cited. Since the
unit cell contains three atoms, the secular determinant is of order mine. The
application of Blackman’s method will involve the golution of thousands of
such secular determinants of order 9x 9. On the other hand along the (100),
(111) and (110) directions, the determinant factorizes out into sub-deter-
minants of order 3x 3 and they are easy to solve. Using the elastic con-
stants (Huffman and Norwood 1960) of this crystal, the parameter 7 comes
out to be 0-6. The value of 6, calculated by the uncorrected three-term
Houston method is 511° K, which is in excellent agreement with the
value of 513° K obtained fromn the elastic constants and DeLaunay’s Tables.
In all such cases, the three-term Houston method can be employed to

calculate the thermodynamic properties, thus saving a lot of computational
labour.
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