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The integral involving the change of magnetic energy due to a deformation
of the form r = R+a coskz, k being the wave number of the disturbance
in the axial z direction, of the boundary of an infinitely long gravitating
cylinder of an incompressible, inviscid and infinitely conducting fluid in

the presence of an axial magnetic field varying as Hz~ (Rz—'r?)", for all

positive n’s, including n = 0, has been evaluated in the form of rapidly
convergent series. It is shown that, as the value of n increases, the value
of the root mean square magnetic ficld within the cylinder continuously in-
creases and that the expressions for z* and xm, the wave numbers of the
disturbance at which the gravitational instability first sets in and at which
it is maximum, have the same forms as the ones obtained by Chandrasekhar
and Fermi (1953) and Auluck and Kothari (1957).

INTRODUCTION
We consider a gravitating cylinder of infinite length and of radius R,
with a constant density p, the material of which being assumed to be in-
compressible, inviscid and infinitely conducting.
The components of the magnetic field are assumed to be given by
H, =0 L

Hy=0 (1)

H, =K (Rﬁ—f‘z)"}

It can be easily shown (Gandhi 1962b) that the field configuration given
by (1) satisfies the conditions of true equilibrium (namely the continuity of
the magnetic field and of the magnetic pressure at the boundary of the

cylinder) for all »’s except when n = 0.
The change in magnetic energy due to the deformation of the form

r= R+4a cos k2, .. .. .. 2
where the amplitude @ is small compared with R and % is the wave number
of the disturbance, given by (Gandhi 1962b)

Kootk [ ML) )] d ®)
= ——— W B2 PPler) +- Ii(kr) ] dr, .. ..
O |y en e
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where M = 2n and I,(x) denotes the Bessel function of purely imaginary
argument of order » which has no singularity at the origin and x is given by
the relation x = kR,.

The special cases of the field configuration with n = 0, n = 1 and » = §,
2 and 2 were discussed by Chandrasekhar and Fermi (1953), Auluck and
Kothari (1957) and Gandhi (1962b) respectively. The purpose of the present
note is to evaluate the integral (3) for all positive #’s and thus to combine
the results of the various authors. Now for the general values of =, the
above integral cannot be evaluated in closed form. We are interested in
the instability in the system ; the values of x which are of interest are of the
order unity. We expand I, (x) for those values of x and retain only the first
few terms in the series. It is found that the series converges rapidly for
z < 1. P
Since

I2(kr) +12(kr) = 14-3(kr) S (Fr)* 4 sy (k) + g o)+ @
and hence using (4) from (3) we get

K2k

AM ="5—
81%(x)

RO
f R~ rZJM[l +g(lcr)2 +2 (k)
0

+2§04( ) +73728(k1‘ + ]d?‘ . ‘e ‘e (5)

Since it can be proved that (see Appendix, (1.A))

" 2, gt

—I)(p~3)...
0

(6)

(2+1) ’
2T (M+1)(M+2). (M+P+l)

when p is an odd integer > 1, while for p = 1, we have

R, RZ(M+1)
2
f R —r ) dr = ST .. .. (D
Hence
KZa2a2R2M
= '——*-—“-%“ ) (8)
8(M +1)1%)
where = kR, and N(x) is defined by
=1+%. AL o A . a
M+2) 32 (M+2)(M+3) 768 (M +2)(M+3)( M+
4.9 63 a8 ©)
6144° (M+1)(M+3)(M+4)(M+5) h o
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Now the value of the root mean square magnetic field H,, within the cylinder
is given by

R
g2 _ 2K °© ., .y KR
RZ J’ [ R, —1r%] TETk .. ..o (10)
Using (10),-expression (8) becomes
2
M = —"—a%z2N(z). . . ..
SIf(x) a®x2N(x) .(11)

Since the change in gravitational energy per unit length of the cylinder is
given by
AQ = 202Gp2R a2} —Io(0)Ko(®)], .. .. .. (12)

hence the total change in energy becomes
2

"
AW = A.Q+AM-——[% To(2)Ko(z)+ ( )sz( )]az, a3
Hy/ Iix)

where H? = 16n2p2R2G.

AW vanishes for every value of the magnetic field on the axis.
If AW =0 for x = o*,
AW <0 forx < x*

and AW >0 forz > a*.

The cylinder is stable for a given value of the field, for all transverse deforma-

*
tions with & > = , i.e. for all modes of deformation with wave-length less than

R,
A = 2’;f° : (14)
The value of z* is given by the root of the equation
(Zﬂ)2 - L@ (@Ke@—-4}y (15)‘
H, x2 N(x)

From (15) we can easily calculate the values of (Hy,/H,) for different values
of #*, remembering that when M = 0 we have C. F. (1953) model while for
M — 2 we have A. K. (1957) model.

Tt is evident from (9) that, as the value of M increases, the value of N(x)
decreases and hence from (15) we find that the value of the root mean square
magnetic field inside the cylinder continuously increases with increasing
values of ».

It was shown by Gandhi (1962a) that the asymptotic expressions for the
wave numbers z* and z,,, at which gravitational instability first sets in and
at which it is maximum for an infinitely long gravitating cylinder of an
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inviscid, incompressible fluid of infinite electrical conductivity with prevalent
magnetic fields, are given by

x*=0~6811exp{—f(o)}i%7222f R 1)
zm=0.413lexp{—f(0)}_%_q”;>2 . oam

where f(z) is a function which appears in the characteristic equation and is
defined by

2
fa) SEm > Kym~3 .. .. .. (8)
H;
Comparing (18) with (15) we get
N(z) . a2
fla) =
If()
and hence
£(0) =2 R ¢ 1)
so that from (16) and (17) we have
a* = 0-6811e~2E~H® | .. (20)
and
Ty = 0-4131¢—2(Hn/Ha)® .. .. .. (21)
for all positive n’s.
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APPENDIX
We shall prove that
R, 2M+p+1
—=1)p-3)...2.R
J b (B2—12)" dr = (M)(p )p=3) 0 . (LA)
0

2 p+1
2% (M+1)(HM+2). .. (M+——2——)

» being an odd integer > 1 and
R, R(Z)M +2

(] 5 M _
fo r(R;~12) d’—-m. e - .. (1.B)
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Since
Ro R
J o f (s
... (Mﬂil)Rg(-—rz)M'1+(—r2)M] dr

g [ _(M) L (0 1 ()
=% [p+1 (1)p+3+ oo "V ) o] 19

p being an odd integer.
To prove (1.A) and (1.B) we shall prove that

1 _(M) 1 +(M)__l__ (_IM(M) 1
orn W st e ams TV ) rgear

o+l 1
= (p—1)(p—3)...2.2 * (M+1)...(M+]—)T_;—).. .. (LD)
p being an odd integer, while for p = 1 we have
M M mfMy 1 1
%—(1)i+(2)é...(—1) (‘M)(2M+2)_2(M+1)’ - (LE)
Since
(1-x)”=1_(ﬁ1)x+(g{)x2...(-1)“(%’1)351". A ¢ B )

¢-1
Multiply both sides of the identity (1.F) by x * and integrate with respect to

x to get

a2 xpzl M at:i);L3
1— T dr = —
;*’f( R Ty (1)(p+3)
s oM+ p+l
M a® w (M) Bzt
+(2)m(_1) (M)x .. (1L.G)

Integrate the left-hand side of (1.G) by parts successively and put x = 0 to
find the value of the constant. Then finally put « = 1 and we get the proof of
(L.D).

Similarly (1.E) can be proved.

Substituting (1.D) and (1.E) in (1.C), we get the proofs of (1.A) and (1B),
respectively.





