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A method has been developed to calculate the aerodynamic forces on three-
dimensjonal wings oscillating harmonically with arbitrary frequencies in
compressible subgsonic flow. The method is an extension of Multhopp’s
subsonic lifting-surface theory of wings in slow pitching oscillations in com-
presaible flow. For slow oscillating wings Multhopp’s steady subsonic lifting-
surface theory was easy to adapt. But for arbitrary frequencies in compres-
sible flow certain mathematical difficulties complicate matters. In order to
remove these difficulties we have indicated the procedure of splitting the
range of integration. The further up-stream this splitting is done the more
accurate will be the value of the chordwise integrals, but at the same time the
numerical integration of the second integral will be lengthier. For most cases
the limits of integration could be optimized with experience. As regards the
routine application of the method, the only serious difficulty is the evaluation
of a large number of integrals by mechanical methods. It must be emphasized
in this connection that for these unsteady problems with arbitrary frequencies
(specially for low-aspect-ratio wings) two chordwise stations are definitely
ingufficient in view of the highly oscillatory nature of the boundary condition.
This would then further increase the number of man-hours in arriving at the
final result. But considering that automatic electronic digital computers are
now in widespread use in the aeronautical industry and in research, they
could be used with advantage for the evaluation of a large number of integrals
and for the inversion of matrices,

InTRODUCTION

The development of methods for calculating the aerodynamic forces
acting on an oscillating wing of finite span in an inviscid incompressible flow
has occupied the attention of several investigators (Jones 1945a, b, 1952,
Reissner 1947, Voss and Hassig 1952). The theory for finite wings oscillating
in compressible subsonic flow is in a less satisfactory position. W. P. Jones
(1951) considered the problem of estimating the flutter and stability deri-
vatives for wings of finite span describing simple harmonic oscillations in
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compressible subsonic flow. His method consists in reducing the compres-
sible flow problem to a similar one for an equivalent wing in incompressible
flow. The lateral dimensions of the equivalent wing are reduced by the
factor /1—M?2 and the frequency of the oscillation is increased by the factor
1/(1—M2), where M is the Mach number of the free stream. The mode of
oscillation is different but related to that of the original wing and leads to
a more complicated boundary condition at the surface of the wing. Jones
(1951) suggested that sufficient accuracy might be given by an approximate
method in which the downwash distribution is represented to first order only
in frequency. Several other investigators have considered the case of a
finite wing oscillating in compressible flow with a sufficiently small reduced
frequency @. ,

If the oscillation is slow enough and the Mach number not too near
unity, Garner (1952) has shown that the governing differential equation of
the complex amplitude of the enthalpy can be approximately reduced to
Laplace’s equation. By making another approximation in the boundary
condition, which is valid to first order in frequency, they have solved the
problem of oscillating wings in slow pitching motion in compressible flow.
Mention should also be made of Miles’ (1950) compressibility correction and
the lifting-line techniques of Dengler and Goland (1952).

If the frequency of the oscillating wing is not low and the Mach number
not too near unity (this restriction is necessary as the equations of motion
have been linearized), the acceleration potential satisfies the homogeneous
form of Helmholtz’s differential equation. Starting with a particular solution
of this differential equation, which represents an outward radiating disturb-
ance, the problem of the calculation of the oscillating aerodynamic forces
reduces to the solution of a complicated integral equation in the complex
amplitude of the enthalpy, which has to be determined from the known
boundary conditions. This integral equation has been earlier derived by
Voss and Hassig (1952). The method of derivation is also implicit in W. P.
Jones’ investigations carried out more or less simultaneously. However,
as far as can be ascertained from the available references, the solution of the
integral equation, without any restriction on the reduced frequency, has not
been attempted so far. The presence of the exponential term in the chord-
wise integrals together with the infinite limit of integration complicates
matters. By splitting up the range of integration it is known in the present
paper that the integral equation can be solved for arbitrary frequencies by
Multhopp’s method (Multhopp 1950, Garner 1952).

ForMULATION OF THE PROBLEM

Let «, y, z be an orthogonal system of axes so that the z-axis coincides

with the horizontal direction of undisturbed flow relative to the wing, the
4B
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y-axis points to starboard and the z-axis upwards. The origin is conveniently
chosen on the centre-line of the wing, which is assumed symmetrical about
the axis. The wing is assumed to have zero thickness and the local velocity
to have components (U+u, v, w), where U is the undisturbed velocity and
the ratios (u/U)2, (v/U)?, (w/U)? are negligible compared with (»/U), (v/U),
(w/U). This implies that the wing has small camber and twist and oscillates
with small amplitude.
Then, in the absence of viscous forces and heat transfer, Euler’s equations
of motion may be expressed in their linearized form in the vector notation
g
Ez
where § = (u, v, w) is the perturbation velocity vector.
The equation of continuity in the linearized form is
ap
ot
In the absence of shock-waves, the isentropic relation between the
pressure and the density

+Udiv§+;lagradp=0, . .. Y

op .
+U%+Pdlvq—0. . .. .. . (2)

D _
<5 = const.

is assumed, and the speed of sound, g, is given by

az=22

On writing the differential dp/p of Euler’s equations as the differential of the
enthalpy I, we have

[—[, =2"P=. @3
P
Thus the equations of motion are transformed into
%?+Udivq+gra.dl=0 . . .o o 4
and the equation of continuity into
1 (o 0 -
Ry ot — =0, . .. . 5
2 (at+U 63;)I+dw g (5)

where a2 is a constant, and the operator (gt +U 5%) is identified with the

linearized form of differentiation along a streamline. By applying this
operator to equation (5) and substituting the value of %? +U div g from (4), it
follows that

ol O O ( 1 a+M£)ZI, e e (®

wtaptas = o, a

where M = Ula,_ is the free-stream Mach number.
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If I is periodic of frequency w, (6) becomes the real part of a complex
equation, which may be divided throughout by the factor e to give a
differential equation for the complex amplitude of I. To avoid complex
terms in this equation, let

I(x,y, 2, t) = R[I(z, y, 2) exp {iw(t+Az)}], .. )]
where A remains to be chosen.
By choosing
M M2

’\=am(1—M?)=U(1—M2) N ()

the complex amplitude is given by the real differential equation

021 621 o2l
2] =0, .. . .. 9
™ f+a AFE: —+f 9)
where ‘
T, ==z, y1=‘\/1—.M2y, zl=‘\/1—Mzz .. .. (10)
and
oM oM

= U(1—M2) ~ §(1—M2) (1)

with ¢ = %6 as the reduced frequency referred to some mean chord c.

A particular solution of (9) which represents an outward radiating distur-
bance is
e-ifrl

?

1
where

n= N/x‘f+yf+zf .

By the use of Green’s theorem it may be shown that the general solution
of oscillatory motion is given by

- 1 = —ifr
Iz, y,2) = Z;ff(AI)%<£T) do’ dy’, e (12)
s
where ]
12 = (x—2')2 4 (1= M2) {(y—y")2+22}, . .o (13)
Ai = j(x’) y"+0) -I(xly ?/',"'0) = -"‘;‘PUS[(;C’, y,)y o . (14)

{ being the complex amplitude of the non-dimensional loading given by a
relation similar to (7). &8 is the wing planform area projected on z = 0 plane.
It follows from (12), (13) and (14) that

Iz, y, z) = _Uﬁzﬁ?-J'J'(rs r2) i, y)de'dy’, .. .. (1)
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where
B2 = 1-—-M2,

The geometry of the wing and its motion are brought into the problem
by specifying the downwash velocity, i.e. the z-component, w, of the pertur-
bation velocity from equation (4). On writing

w=ﬁ,[ﬁexp{iw(t+%%[;)}] R T

gimilar to (7) with the value of A from (8); differentiation along a stream-

line gives :
ad 0 ol . xr M2
(30 gefe =R~ Fempdio (e 55

By substituting the value of w from (16) and cancelling the common
factor, we have

oW iw _ 0l
since
M2 1
By integrating (17) along lines ¥ = const., z = 0, we have
. 17 dl(z,y.0) i@ (2g—7)
w(z, y, 0) = — _ﬁf—m 2 exp Ug dzg. .. (18)

From (15) and (18) we obtain the integral equation to determine l:

Yi x " . - fw(x, —x)
’_‘_’@_’U_ﬁ’/zﬂ = g.;f [ [f (!5 + Z‘é) e Uz, y') dz’dy’] e"zj%z“ drg, .. (19)

o "o

where

12 = (Xg—z')2+BAy—y')2. . .. .. (20)
By putting f = 0 in (19) we obtain the particular result of Multhopp and
Garner for limiting frequency [eqn. (19) of Garner (1952)]. '

Boundary Condition.—Let the equation of the oscillating wing surface be
given by

z-—:ﬁ»[F(x,y)e’“]. e e .. ..o (21
The linearized form of the boundary condition is
v 0z 0z

oF(x, S
=ﬂ/[{in(x,y)+U g;y)}e‘”‘]. S (22)
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By combining (16) and (21), we obtain

W |w OF(z, y)| ymx
ﬁ_[ﬁF(x’y)-'-——a—x—]e .. .. .. (23)V

[?_F_%zl_) cos ({M2)+5 F(a, y) sin (fM“)]

0F(z, y)
ozr

+i [f;i F(z, y) cos (fMz)— sin ( fo)] (2
Then the problem is to solve the integral equation (19) for { when %/U is given
by (24).

METHOD OF SOLUTION OF THE INTEGRAL EQUATION .

In order to apply Multhopp’s method (1950) for the solution of the
integral equation (19), it is essential to concentrate the chordwise loadings
into some influence functions so that equation (19) may be written in the
form

ﬁ(z’ y) == J‘s Zl-ﬂ(y’)Kl(xi y’ y’) dyl .. .. .. (25)

U (y—y')?
where [, are the complex chordwise loadings and K, are the corresponding
influence functions. s is the semi-span of the wing.

Chordwise Integrations.—Due to the presence of the infinite limit in the

chordwise integrals [eqn. (19)] it is not possible to integrate by parts to obtain
the above form given by (25). We, therefore, split the integra.tiqn into two

parts
f’ =r‘x+r e . (28)

such that ' > (x—2’) throughout the planform S.
If z is chosen large enough, lengths (x—=z') and B(y—y’) in r, [eqn. (20)]

become secondary compared with (z,—z); then asymptotically [cf. Appendix I
of Garner (1952)]

{3+t s
s o To
T 1 if ~if(a. -5 '
”[(xo—x i+ o )2] e )” U, o) ' dy

=sC*-L[ I ]"f('o"'), e e @

(zo—2)3 " (zo—z)?

where O is the complex amplitude of the 1ift coefficient.
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Therefore the first part of the right-hand side of equation (26) contributes
—4 (-’Co—x)} dxg

to w(z, ¥) an amount
UB2SC, 1 if L1
f o [(xo—x)s (= x)z] P {’f )]

(28)

y) = -

i’o(z- s

U 4+iByC,
where 4 and B are non-dimensional real quantities given by
€08 oF —(%a2+af)0i(oi':)] l

sin oF
-3

o)
sin oZ —(%02—af) si (oF)
.. (30)

cos oX
-

-s{(-5) =

with
Sgg-dt ; 8i(x) =—f Eﬂl—!:dt

The functions

are extensively tabulated in Lowan (1940) and Jahnke and Emde (1945)
[The notation used is that of Jahnke and Emde (1945).]
Having disposed of the infinite limit we can now write

—(E) }de:

207 1] Gor e e b

w'(z, y) _

S

By &

=T

(wif ]

where
xfr
exp{ L (xo"'”)} dxg

Consider first the integral

oefl5
)

'~exp(
} -w.,exp{ i (xn—-x)}dzo], (33)

Integrating by parts, we have
_ 1 T=x _ify T—E=T _if
1T By—y)® [{ r P
:l:o—x' _
7

—if f :_;{ o

2 = (x—F—2')2+B2y—Yy)*

(mo—2)?
(34)

where
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Again, since

1__ 1 _ (@=a)? .. .. @
r Bz(y_y/)z[l rg ]’ ) - (39)

we obtain by substituting (33) and (35) into (31), after changing the order of
integration:

wxzy 1 ) Li(x, 9, 4 +ifL2 z, Y Y )d 26
where
TE ) o e
Lyx, 9, y') = J‘ (=, y,)[x—;x e Ur— x—-a;—-x exp {—-zf (1’+§—1)} do’, .. (37)
LE -

TE 9

Lo(@, 3, y')=J U e, 1) (1= 57 ) Vo exp i f comnf | . 39
x-%LY LE

The abbreviations LE and TE stand for the leading edge and trailing edge
at the spanwise station y'.

As in Multhopp (1950) the chordwise loading at each section y’ is ex-
pressed as a series, which includes as many terms as there are boundary
conditions at each pivotal station. If there are p chordwise points their best
distribution is given by Multhopp (1950).

'.]5 _Q———-ﬁ n=1,2 e Py

where
co8 ¢ = (l-—- -2—:5)
c

Only such load functions which disappear towards the trailing edge are
admitted to satisfy the Kutta-Joukowaski condition. In order to illustrate
* the present method, the number of terms is restricted to two for convenience
(generalization to any number of terms follows without difficulty), so that we
write [Garner (1952)]

I, y) = 8‘2—(7@%—) cot ;¢+3—2:—("y—f§’—’(cot =28 4), .. .. (39)

where
= z,(y')+3c(y’)(1 —cos ¢) . e .. (40)

with =’ = x;(y') as the equation of the leading edge, so that ¢ = 0 é.nd ¢=u
correspond to the leading and trailing edges. #(y’) and a(y’) are the complex
amplitudes of the non-dimensional local lift and pitching moment given by

7=E’ i1=-_-.v (33 .. .o .o (41)
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Putting

z—z(y’) y = Bu=y) _Z—x(y)
ey) Coy) T o)
and substituting the value of I(z", ¥') from (39), the first chordwise integral L,

(eqn. 37) becomes

LiX, Y, y) = 437(y')[i,(x, Y, k)—ifX—X, Y, k) exp (—1%2)]

(42)

o
where
= foly) = @M )
’L_-fc(y)_-lg2 3 .. .. .- .. (44)
is a non-dimensional parameter and '
WX, Y, k) =7_17f GuX, Y, b, §)(1+cos p)dd .. .. (45)
0
WX Y h =] f Gy(X, Y, k, $){cos 2¢+cos $)dd, .. .. (46)
f 0
with
GoX, ¥ b §) = e BI85 /[T —d(1—cos 4121 72},

T VI{X—f(1—cos )} 2+ Y2
‘ (47)
(X —X, Y, k) and jf(X—X, k) are obtained from (45) and (46) by replacing
X by X—X, where X is a constant.
Similarly, putting

‘ Io—-’i;(y')

c(y’)
the second chordwise integral L, (eqn. 38) becomes
LyX, Y, y') = 4sc(y )y MAX, Y, k, k/ M)

0=

+4sc(y)aW )X, Y, kb B/M), .. .. (48)
where if we write
9(Xo, ¥, k) = i‘f Go(Xg, Y, k, ¢)(14cos $)dd, .. .. (49)
0
MXg, Y, k)= ;—_J. Go(Xy, Y, k, $)(cos 2¢+cos ¢)dd, . (50)
0
with
Go(Xy, Y, k, $)
= Xo—$(1—cos ¢) - — I
=|1l- xp { —ik X;—4(1—cos ¢) }2+7
[ M,\/{XO-%(I—cos $ 12+ yz] expa? ,\/{ o—% ! )

(61)
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the influence functions I, J; are given by

* k
IjX, Y, k&, k/M) = J' _ X T.h) exp{ijf(xo—X)}dXo, .. (62
-X

X
Ji(X, ¥, k, k| M) .—_J. KXo, Y, k) exp {ij—’; (XO—X)} dX,. .. (53)
X-X

Spanwise Integrations.—Having concentrated the chordwise loadings
into influence functions, it is now easy to pass to the spanwise integrations
by the technique of interpolation used in Multhopp’s treatment (1950) of the
¢ lifting-line’ theory.

Introducing the non-dimensional co-ordinates,

E=uzfs, n=yls, B =y'fs .. - .. (54)

and substituting the values of the chordwise integrals from equations (28), (43)
and (48) in the integral equation (19), we have

Y 2 —
a(€,n) = t_v_(_f(}_'q_)_ = g;r (A+:iB)Cy,

k
1 J~1 77(11’)K(”(§, 7,7, k,ﬂ)(-m( NK®@(&, 9, 7', k,M)
1

= .. 5
+5- —_ dy', .. (55)
where
_K(l)(f) 7 77,: k) k/M) = if(£3 s 7],’ k)—ij(f—f, n, 77’) k) eXP (_i%x)
— k2 1t 0, o ), L (56)
Lk
—KOE, m, 0, b, kIM) = (&, n, o', B)=j(~X, n, 7', k) exp (-z E,—X)
—it D g, e kD, (5T
Writing
AeJ' D' . e e .. (58)

where A& is the aspect-ratio of the wing, we represent the functions 7(7'),
[y. K®] and [g.K®] in eqn. (55) by means of Multhopp’s interpolation
formulae. If the angular co-ordinate range 0 < 8 < =, (# = cos™! 7), is sub-
divided into m equal parts, where m is always an odd integer to include the

span centre 0 = g as one of the stations, the integral equation (19) is replaced
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by the system of 2m complex linear equations to determine 7, i at the 2m
pivotal points on the wing (Multhopp 1950):

m-1

2
~ BB (A+iB) Z _ nar
oy = . ¥n COS ;n-:*:i

8 m+1

2
-1

2

+7’WK(1)bW z bvanm Yn

+ﬁvag)bw - z bV"szn)ﬁ‘n’

v=0, £1, iz,...,i-”%l, .. (59)

where the complex amplitude of the incidence, ,, is given by (24) and X', E®
denote the inclusion of the correction term due to the presence of the logarith-
mic singularity in the expansion of the influence functions at the inducing
station 7 = 7" (Mangler and Spencer 1952). X’ denotes that the value n =
is not included in the summation. The term &, and b,, which depend
only on the choice of the number of spanwise stations for a particular station,
are given by Multhopp (1950) as

m+1

bw=4_T) . . T - (60)
cOS;;_*_—l
Ccos e
- m+1 Jv—nl=1,3,5,.... .. (61)
7 1) |sin T —sin T ]2
(m+1) m-}-l-—S m+1

Separating the real and imaginary terms, we can write the system of complex
simultaneous equations (59) in the matrix form:

{aW4ia®} = [T ]{ 7 } +i[T ]{ym}
Uizw 2la@

or

y(1)
{;(1)} =11 {2V},

@
{:(2)} — [Ty (&2},
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where the curly brackets denote column matrices and the square brackets

square matrices and (1, @, z@ and E® are now real quantities.
Aerodynamic Forces and Moments.—Knowing 7, i the oscillating load on

the wing can be readily found. The oscillating load on the wing is given by

4 3 ifMx i
y)l'[}—ér.ﬂ[w”’e"‘],.. ce (62

where [ is given by eqn. (39).
If I, is the lift per unit span at station v, the contribution of the first
load function in egn. (3) is

— __--_syv f exp [if M {a1,+4c,(1—cos $)}J(1+oos $)dp, .. (63)
o ,
where ¢, = ¢(y,) and z; is the chordwise co-ordinate of the leading edge at
the spanwise station y,.

Since

oA 0 = J ()42 Z (—3)"Tn(A) cos 6,
n=1

where J,() is the Bessel functién of the first kind of order n, we obtain
from (63) _
l,,.e—‘wt = 4'?;- €xp {ifM(xlv+ %cv) }[Jo(échv) —iJ'l( éf‘M'cv)]' "t (64)

Similarly we can find the contributions of the other load functions.

Evaluation of the Influence Functions—For arbitrary values of k& and
k/M the influence functions have to be evaluated numerically or graphically.
The i-, jr~ functions depend upon three parameters X, Y, ¥ and the I, J;-
functions on four parameters X, Y, k, k/M. It would, therefore, be almost
impossible to tabulate them for the range of the variables of practical interest.
Even for the simplest case where there are 7 spanwise and 2 chordwise pivotal
stations, the tabulation of the functions becomes far too laborious. Each
specific case then has to be dealt with numerically. Some cases of interest
are under investigation.

ACKNOWLEDGEMENT

The author wishes to thank Professor P. L. Bhatnagar, F.N.IL., for many
valuable helpful discussions.

REFERENCES

Dengler, M. A., and Goland, Martin (1952). J. ageron. Sci., 19 (11).

Garner, H. C. (1952). Rep. Memor., aero. Res. Coun., Lond., No. 2885,

Jahnke, E., and Emde, F. (1945). Tables of Functions. Fourth Edition, Dover Publications,
New York,

Jones, R. T. (1940). N.A4.C.A4. Rep., 681.



AERODYNAMIC FORCES ON THREE-DIMENSIONAL WINGS 451

Jones, W, P. (1845a). Rep. Memor., aero. Res. Coun., Lond., No. 2026.
(1945b), Ibid., No. 2117,
(1951). Ibid., No. 2885.
(1952). Ibid., No. 2470.
Lamb, H. (1924). Hydrodynemics. Cambridge Univ. Press.
Lawrence, H. R., and Gerber, E, H. (1952). J. aero. Sci., 19 (11).
Lowan, Arnold N. (1940). Tables of Sine, Cosine and Exponential Integrals. Bureau of
Standards, Wash.
Mangler, K. W., and Spencer, B. F. R. (1952). Rep. Memor., aero. Res. Coun., Lond., No. 2926,
Miles, J. W. (1850). J. aero. Sci., R.F., 17 (3).
Multhopp, H. (1950). Rep. Memor., aero. Res. Coun., Lond., No. 2884.
Reissner, E. (1947). N.A.C.A. tech. Note, 1194.
Voss, Herbert M., and Hassig, Hermann J. (1852). Introductory Study of Flutter of Low-aspect-
ratio Wings at Subsonic Speeds. Massachusetts Institute of Technology, Contract No.
NOQa(8) 51-108-C for the Bureau of Aeronautics, U.S. Navy.





