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The transient state problem of combined radial and axial heat flow in the
finite hollow composite cylinder has been discussed. The cylinder has been
assumed to absorb flux at its inner boundary proportional to the difference of
temperature between the cylinder and the hot gas and radiating heat into the
atmosphere at the outer surface. The problem has been solved by the use of
Laplace and finite sine transforms and numerical results for a given case have
been exhibited graphically. The steady state temperature distribution has
been compared with that attained in the metallic hollow cylinder of the
same outer radius and under similar boundary conditions, and the minimum
thickness of the lining material required to keep the temperature at the inner
surface of the metallic cylinder below that attained at the interface of the
hollow composite cylinder has been given for a few values of the outer radii
of the cylinder.

INTRODUCTION

The study of heat flow in a hollow composite cylinder finds an application
in the problem of heat flow in the wall of liquid fuel rockets, where the hollow
metallic cylinders are lined at the inner surface by a heat resistant material to
avoid overheating and the consequent melting of the metallic cylinder.
Whereas the temperatures attained during the burning of the propellant in a
rocket are as high as 3,000° to 4,000°, the overheating can be avoided by taking
a sufficiently thick metallic cylinder so as to quickly dissipate the heat ab-
sorbed at the inner surface. This, however, involves a corresponding increase
in the motor weight and therefore an appreciable decrease in the mass-ratio.
A much thinner coating of the liner (which is much lighter than the metal)
suffices to prevent overheating.

The problem of combined radial and axial heat flow in hollow compozite cyl-
inders has not been dealt with earlier to the best of the knowledge of the author.
However, some problems concerning the heat flow in solid composite cylinders
and radial flow in hollow composite cylinders have been discussed earlier.
Jaeger (1941) obtained the solution for some cases of radial heat flow in hollow
and solid composite cylinders. Thiruvenkatachar and Ramakrishna (19562)
discussed a case of combined radial and axial heat flow in solid composite
cylinder. Schaaf (1946), Tranter (1947), Penner and Sherman (1947) and
Lowell (1953) also discussed some problems of radial heat flow in solid com-
posite cylinders. Kumar and Thiruvenkatachar (1961) have discussed the
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heat flow induced in a finite solid composite cylinder by harmonic surface
temperatures.

The present paper is divided into two parts. In the first part we discuss
the transient heat flow in a hollow composite cylinder of length ! and made up
of a cylinder of the lining material and of inner and outer radii @ and b res-
pectively, closely fitted into a concentric metallic cylinder of inner and outer
radiib and c. The cylinder is assumed to absorb heat at the inner surface
proportional to the difference of temperature between the burning, propellant
and that of the surface and radiating heat into the atmosphere of zero tem-
perature at the outer surface. The two plane surfaces of the cylinder have
been assumed to be at the atmospheric temperature. A numerical example
has been worked out to illustrate the procedure of calculations and the results
are exhibited graphically. In the second part, the steady temperature attained
at the internal surface of a cylinder made of steel only has been compared
with those of a composite cylinder of the same outer radius but lined at the
inner surface with a heat resistant material and the minimum thickness of the
liner, such that the temperature attained at the interface is equal to that
obtained at the inner surface of the metallic cylinder, has been obtained.

Papr I. Case or TRANSIENT RADIAL AND AX1AL
Hear Frow
Consider the hollow composite cylinder of length I, made up of two
materials one, a < r < b, of conductivity and diffusivity ¢, and k,, and another
closely fitting hollow cylinder, b < r < ¢, of conductivity e, and diffusivity k.

CONDUCTIVITY €,
4 DIFFUSIVITY Ky

MEDIUM 2 ’

: 7 =N\ _CONDUCTIVITY €,
(ME DIUM | DIFFUSIVITY K'
cl 4 &

Fie, 1. Finite hollow composite cylinder.

If 0,(r, 2, t) and 6,(r, 2, t) be the temperature functions in the two regions,
the differential equations that these functions satisfy are
220, 106, 6, 1036 a<r<b
T or e kot 0<z<l
9%, 100, 020, 13 0<r<c, o . .2
ot Tror, 92 kg dt 0<z<Cl

t>0 | B §)
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with the initial condition :

8y=0,=0 t=0 .. .. .. .. (1.3)
and the boundary conditions:
01=0;,=0 z=0 .. .. .. .. (1.4)
01=02=0 z==1 ’e . .o .o (1.5)
0, =6, r=b .. .. .. ..(16)
06, 06, _
GIE‘eEzE r=>b . .. . .o (1.7)
06 ,
- a—; = k' (6—0,),
i.e. 980'71_75'01 = —"hlag... r=a .. .. (1.8)

where 6, is temperature of the burning propellant and 4’ is the heat transfer
coefficient.
Also we have

802+h02=0 re=c .. .. .. .. (L9

where % is the outer conductivity of the metallic cylinder.

The Solution.—The above-stated boundary value problem has been
solved by the combined use of Laplace and finite sine transforms. If 8, be
the sine transform of 8 (Sneddon 1951) and 6, the Laplace transform of 6,, we
have

l

0n=j05in7£zdz.. S ¢ B (1)
. ]

9,.=j Ope~Pdt .. .. .. .. (1.11)
0

Applying these transforms to equations (1.1) and (1.2) and taking into
account the boundary and initial conditions stated in equations (1.3) to (1.9)
we can derive equations for 6,, and 83, to whose solutions we can apply the
appropriate inversion theorems: We thus obtain the following solutions:
b1(r, 2, £)[6; =

[gnele(Fz)fnao, ofén", £nb)+EnerNo(Fe)g Go, 1(£nrs €nb) ]
A ns 0

4ht | nwz
a_ﬂ' Z | sin —-l'—

i Dy, Lan) {Fs(D)g, Kolbaym)—Fo(E) ol } "

A, s

(1.12)
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Bel7, 2, t)[0; =

EnFa(D)g Ko(€nr)—EnFo(K)o(Enr) ]
é}iz éﬂs 0 v
SN i D&y, Eep)No(F) 0 A Foll) KofLer) —Fol E)Io(Layr) }
= Fx(K);UNo(Fﬂ;z]A Any
n=1305 .. (L13)
where
2 An] 2 2 An] 2
Cl_,=7c‘1‘+§,, 2]=7C;+§”
’ d ‘
n, An] dp& ", p p=An]
Any being the roots of the equation
Ap,p= EzfanﬂFe);ano(Fl);1”—€1§1nNo(F2);,_,"Nx(Fl);ln =0 .. (L14)
and
D(L,7, &p) = egly Kol Cljb)Nl(Fz); e, K (L 0N (I"z) .. (1.15)
where
No(Fy)g, = Io(Czb)I"z(K);Z—Ko(lzb)f"z(f);2 .. - (1.16)
Ny(Fa)g, = Ii({b) Fo(K)p + KaEb)Fo(D)y, .. .. (L17)
No(F1)g, = Io(Lad)Fy(K)y —Ko(LD)Fy(I)y, . - (118)
Ni(Fy)y = LEDFy (K +E(ED) ), - o (L19)
with
FI(I)C]_ = h'Io(Lla)—Clll(lla) .s .o .o . (1.20)
Fi(K)p, = K EKo(§10)+ 5K, (8ha) .- . .. (L2
FoDy, = hlo@e)+Lels(le0) .. - .. .. (122)
Fg(K)cz == hKo(lgC)——LgKI(LzG) .. R . .o (1.23)
where {; and {, have been written for ,, and {sq, and
Go=plk+é, G=nmtflt L =phetey .. .. (L24)
Gy a(@, y) = Im(m) K a()+(—1)" " Kn(@Ia(®) .. .. (1.25)

It has been verified that these expressions satisfy all the boundary and initial
conditions set at equations (1.3) to (1.9) and therefore represent the solution
of the problem.

Numerical example.—For numerical work, however, it is convenient to put
the transient part in the equatxons (1.12) and (1.13) in slightly different form.
For this purpose, let

Lin=ix fea=iy Lbh=iPyy Lec=1Py Pr=0bla Py=c¢la.
The relation between z and y can be written down from equations (1.24) as
yo e ot(x2—at®®) .. .. .. .. (126)
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where
62 = (’Cg—kl}/kl . .o .o . (1.27)

o=kfkg .. .. .. .. .. (L28)
with these transformations the equation Ay, =0 can be put in the form

o2z {Plysb olPey, P\y)+hbSg, oP1Y, Piy)}
P1y81, 1Py, Pey)+hbSy, o(P1¥, P2y)

- {xS,, 0T, Pyx)—haS,. o'Pr2, x)}
- xSl: I(PIx: x) —hla’Sla O(Plz! x)

(1.29)
where 0’2 = /ey .l .. .o .. (1.30)
Sm, n(z, y) = In(@) Y u(y)— Y (2} a(y) . .. (L31)

Equation (1.29) has real roots and may be solved by plotting both sides as
functions of z.
Ifz=ay; J=1,2,8,... n=1,3,35,... are the roots of (1.29), then
fija=isny Loy = 3P
where By = ot (a;; —a2£38") N ¢ 8- )
2 “;2;1
Also Ag =~k .+ ) - .. .. .. (1.33)

4

From these we can evaluate A in terms of ayy, Bss, otc.

n, An
The values of the various para,met{ars chosen for the example are as follow:
ky = 0-004 € = 0-0008 ky =01 €z =0-12
a=1 b=120" c=140 I=15
h = 0-035 R = 250

Equation (1.29) was solved graphically for these values of the parameters
and the first three roots for n = 1, 3, 5 were determined. These are tabulated
in Table I.

Tasie I
Values of any
n=
1 3 5
J e=

1 1-560 3:376 5-391
2 15-181 15172 15-142
3 30-748 30-749 30-749

The corresponding values of Bs; and As; were then calculated from
(1.32) and (1.33) respectively. The values of 6,/0, (where 6, is the tem-
perature at half the thickness of the insulating material) were then calculated
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for various values of the time and the results are shown graphically in Fig. 2
up to the value of £ = 20 seconds and z = 1/2

40
701
-6
504
claztllo
-]
® 40/
,
@
301
204
104
0 < 8 12 16 20
Kpt/a?

Fie, 2. Variation of transient temperature in the lining
of hollow compogite cylinder at z = /2.

ria=12)
-835 A
tia =125
ria =130
-
2 830
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Kz( ! ﬂz

Fro. 8. Variation of transient temperature in the metallic part
of the hollow composite cylinder at z = /2,
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The ratios of temperature at various radii in the metallic cylinder to 6,
for various values of ¢ and z = I/2 are exhibited graphically in Fig. 3.

Part II. ComparISON WITH METALLIC CYLINDER

In liquid filled rockets where the period of burning is above 30 seconds, it
has been seen from the calculations in the first section that the contribution of
the transient part is less than 0-5 per cent of the steady part after the period of
burning. Therefore the steady part in (1.13) was compared with correspond-
ing temperatures attained in a hollow finite cylinder made wholly of the metal
and with similar boundary conditions, i.e. the cylinder absorbing heat at the
inner face proportional to the difference of temperature between the cylinder
and the hot gases therein and radiating heat into the atmosphere of zero
temperature at the outer boundary. The steady temperature attained in
such a cylinder of internal and external radii @ and ¢ under the above-
mentioned boundary conditions is given by

01t = 45 Kolbor) (HLlgac) b)) Lt bor) (D Elar) £ o)),
"7 on 'n[ {W Io(€na) — £nI\(€n0) }{ En K1 (Enc)—hE o(Enc) } l
+ {hIo(fnC)+nt1(fnc) } {h'Ko(fna)‘l'anﬂfna) }

(2-1)

where %, &’ and £, stand for the same parameters as given earlier. The values
of 6/6, for various values of the outer radii were then plotted for z = 1/2 and for

6,/ 809

MW 120 130 10 150 160 170
Cla
Fia, 4. Comparison of temperature distribution in lined
and unlined cylinders with sawe outer radius.
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rla = 1, i.e. for the values at the internal surface where the maximum tem-
perature is to be expected. The valués of temperature in the metal of the
composite cylinder for various outer radii and various thicknesses of the
lining material were then obtained and plotted as shown in Fig. 4.

The intersection of these curves with that of the temperatures attained at
the internal surface of metallic cylinder for various outer thicknesses then
determines the minimum thickness of the lining material required to keep the
maximum temperatures attained in the lined cylinder below that attained
in the unlined cylinder for a cylinder of given outer and inner radii. In
Table Il are given a few values of the minimum thickness of the liner for
various values of ¢/a.

Tasre 11

(minimum thickness

: I
ratio ¢/a of the liner)/a
1125 0-05
1175 0-07
198 0-10
1-36 0-12
150 0-15
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