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Starting from the Appleton-Hartree formulae, analytical expressions for re-
fractive and absorption indices and for the ratio of the amplitudes of the
normal to the abnormal components of the magnetic vector of the radio-wave
and the phase-difference between them have been obtained. It has been
shown that for radio-wave of frequency equal to or greater than 1 Mc/s, the
amplitude-ratio and the phase-difference at the limiting polarization region
of the ionosphere are only slightly affected by collisions,

1. ANALYTICAL EXPRESSIONS FOR THE REFRACTIVE AND ABSORPTION
INDICES IN THE PRESENCE OF COLLISION AND EARTH’S MAGNETIC

F1eLD
The well-known Appleton-Hartree (1927, 1929) formulae are written as:
M2 = (p—jxp2 =1+ 1 : "
(+78)— T R P S
B~ St ™ W Fatiprt
and
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R =Tyl [ ‘e
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where the notations have their usual significance.
The symbols used in this paper and the corresponding symbols recom-
mended by the URSI are given below:

Symbols used in the paper : URSI-symbols:
pg = 47 Ne2[m wfv = 411562
H
Py = %—c wy = poHoe/m
eH cos 0

wr = (koHoe/m) cos 6 | -

VOL. 29, A, No. 4.



.BANERJEE & KHASTGIR: REFRACTIVE AND ABSORPTION INDICES, ETC. 465

Symbols used in the paper : URSI-symbols :
_eHsin b .
Pr = — wr = (K,H e/m) sm()

H, = earth’s magnetic field in
vacuum

po = magnetic permeability

« = —Plg; X = b fu
Y = ppu(py Y = wlw
Yy == PPy CO8 0/}% Yo = wifw
Y1 = ppg sin 0/]7?) Y7 = wrfw
B = pv/pzo 7 = v/w
S p=2uf w = 2af
Let us now put
—
_‘——T_d == j¢ . .. ..
,\/4(1 +a+j3;2+7'i 8¢’ (3)
and
2
Y7 1%
— T A .. .. .. e 4
SFati®) @)
From eqn. (4) we get
2
YT
24/ (1 a2+ 62
and
¢2=t.an‘1[—(lf_a)] O ()]

Also from eqns. (3) and (4)

1 = ..—‘;—_——-
4(14-«+jB2
Separating the real and imaginary parts

Sze%é +‘)'12_ = K2c¥és +‘)'12_

S2 cos 2¢; = K2 cos 2¢2+‘)’i .. .. ... (M
and
82 gin 2¢, = K%5sin 2¢g .. .. .. .. (8
From eqns. (7) and (8)
K2 sin 24,
= } tan~1l| —————"— .. . .9
$1=1}tan [K2 = %2“2]

and
84 = K447} +2K27] cos 24, O ¢ 1)
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Following now the usual convention to associate the upper positive sign
before the radical in egn. (1) with the extraordinary mode and the lower nega-
tive sign with the ordinary mode, and using eqns. (1), (3) and (4), we can write

1

2= (g—i¥)2 = L b
M2 = (p—jx) 1+a+jb . (11)
where for the O-mode, we have
H=Ho, X =X,
@ =ap=0~—{8 cos ¢,+K cos ¢y .. .. .. (12
b= by = B—.8 sin ¢;+ K sin ¢, . .. .. (13)
and for the X-mode
b= py, X =Xx
¢=agx=a+Scos -+ K cos ¢y .. .. .. (14)
b=by=p+Ssing,+Ksing, .. .. .. (1)
From eqn. (11), it can be shown
142a , a
pe =13 [A/1+ 2+b2+(1T 2+b2)] B ¢ )
and
_ 142a a
yE = [A/ 412 ( a2+b2)] . .oam

The values of @ and b can be obtained from the values of «, 8, 8, K, ¢;
and ¢,. These equations are identical with those given earlier by Murty and
Khastgir (1963).

2. ANALYTICAL EXPRESSIONS FOR POLARIZATION

Similarly for polarization, it can be shown from eqns. (2), (3) and (4)

Ry = éje—](é “*x) = pxetx .. . .. (18a)
t YL .
and
Ro="4o/ (E+do) _ poeito .. ..(sy
YL
where for the X-mode
Ax = A/ (K cos ¢g+8 cos ¢y)2+ (X sin g+ Ssin ;)2 .. .. (19a)
and
, Ksin¢2+Ssin¢1]
= 1 . - . . s ..
T e (20
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and for the O-mode
Ao = /(8 cos p1—K cos ¢y)2+ (S sin g, — K sin pg)2 .. .. (198)

4 - Ssin ¢ I_K sin ¢2
= 1
$o = tan [S cos ¢y —K cos ¢y
In eqns. (18a) and (18b), (px, po) represent the ratio of the amplitudes of the
normal to the abnormal components of the magnetic vector of the radio-wave
and (¢x, ¢,) represent the phase-difference between the two components
‘for the X-mode and the O-mode respectively and we have put:

.. (200)

qu=—’§’+¢;r N ¢4 1)

¢0=§+¢3, O 4 1)\

so that <;l>;. and <;l>; represent changes in the phase-difference introduced

due to the electron collisional frequency for the X-mode and the O-mode
respectively. ‘

3. APPLICATION OF THE ANALYTICAL EXPRESSIONS

(a) Phase-difference ¢ between the normal and the abnormal components of
the magnetic veclor of the radio-wave at the limiting polarization level of the
ionosphere.

Since & = —p? /pf) and 8 = pv/pg , where pg = 47 Ne2/m, eqn. (6) can be written
as

tan¢2= 5 . .o . .. (6“)

whence

2pv(p2—73)

§in 2y = —— e (6¢)
P () e
Using eqns. (5), (9), (6b), and (6c), :
2
tan 2¢, = i ) (22)
1= 1 2\2 A
(pz—Pf;)z—pzv%szz [(p2 =25y +p57]
in®
where v, = gg:o]:—ﬁg = critical collisional frequency.

At the limiting polarization level, I /p® < 1; hence from egn. (22)

2pv .. (22a
(P2422)* B )
2

c

[tan %‘Jpg/pz <1 z.pz-v2+
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It was shown by Budden (1952) that for theé exploring wave of frequency
1 Me/s, the height of the limiting polarization level is nearly 90 km at which
the collisional frequency is 5 x 105/sec. From eqn. (6a)

1 4

[tan ‘1’2]];(2)/},: <lm§ .. .. .. .. (6d)
For the exploring wave of frequency 1 Mec/s, p = 6-28 X 108/sec and » =
5x105/sec. Hence from (6d), we get
=~ 008, ie. o 4°
[tan ¢,] 2/ <1 ie [¢2]pﬁ/p3<l 476

For frequencles higher than 1 Mec/s, ¢, will be smaller than 4°-6. Since
P> v, eqn. (22a) can be written as

~ 20v/p)
[tan 2¢] 2 . (22b)
1 / 2 <& 1 l+1—:’§2
vl:
and eqn. (10) as
Se [Ke4y? L (100

Substituting the value of S from eqn. (10a), the value of K from eqn. (5) in

eqn. (20a), we get forv <L p
T T J 145

[tandy] , (21¢)
< 2
/ < [COS¢2] 2/ <1 [ ¢l] 2/ <1J1+%
Now for p> v, eqn. (6d) is reduced to
[Sm ¢2] 2/p2 < 5 (66)
and eqn. (22b) can be written as
~ vip ) 5
[sin ¢4] 2/p2<1 1+3_’; .. .. .. (22¢)
Hence from edns. (21c¢), (6e) and (22¢), for » L p
[tangy] 2 PSRN A— . (214)
P21

Thus for » < 5X 105/sec, p > 6-28 X 108/sec, .4, which is the change in
the limiting phase-difference for the X-mode is equal to or less than 4°-6.
The same conclusion can also be drawn for the O-mode.
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(b)-Ratio of the amplitudes of the normal to the abnormal components of
the magnetic vector of the radio-wave af the limiting polarization region of the
sonosphere.

Under the condition v < p, we have from eqns. (18a) and (19a)
Pxr=[pPx] ,

/p=<1—[ ]g/p”<l

o [7-,1,—_ vV (KE+482+4(K sin ¢o+ 8 sin ¢1)2] .. (18¢)
Pp/PF <€ 1
Using eqns. (5), (10a), (6e), (22¢) and (18c)

7\ 2 0 2 2
(%J' A/ 1+v0) S (18
PxL = — — — — .. ..
p ) Pt Jor i

For zero collisional frequency (i.e. v = 0)

(Pwa=0_—+J1+— .. . - . (186)

Eqgn. (18d) shows that the effect of collision is to increase slightly the limiting
ratio of the amplitudes of the normal to the abnormal components of radio-
wave for the X-mode for v € p. Similarly it can be shown for the O-mode
(using eqns. (5), (6e), (10a), (18b), (19b) and (22¢)).

v 2 vt ?
Por = 145 — ‘:e) —li--2=] .. .. (a8
OL (/ +p2 P +p4 ( Jp2+vf ( f)

Thus for v € p, the amplitude-ratio for the O-mode at the limiting polari-
zation level of the ionosphere is slightly affected by collisions. Without
taking the usual Appleton-Hartree formulae, Baker and Green (1933) came to
the same conclusion for the particular case py = 2p = 20v = 107/sec.
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