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A uniformly accelerated charged particle is peculiar in that it gives rise, at any
given space-time point, either to a retarded or to an advanced electromagnetic
field, but not to both. On general grounds one expects both kinds of fields to
exist at all spaco-time points. The mathematical reason why only one kind
of field exists in the case of uniform acceleration is pointed out and a limiting
procedure is introduced to overcome the difficulty. It is them possible to
obtain both kinds of fields at all points excepting the boundaries of some
regions. The field at these boundaries can be determined by requiring that it
should eliminate the presence of any unphysical charges. The solutions at
these boundaries are not unique. Explicit expressions for the potentials and
the fields are given. Our results partly confirm those of Bondi and Gold
(1955).

1. INTRODUCTION

The question whether, according to the classical theory, a charged particle
in uniformly accelerated motion emits electromagnetic radiation or not, has
aroused considerable controversy in the last fifty years (Born 1909 ; Pauli
1918, 1958; von Laue 1919; Schott 1915; Milner 1921; Drukey 1949; Bondi and
Gold 1955 ; Fulton and Rohrlich 1960). To examine this question systemati-
cally, Vachaspati and Bali (1961a, b) recently put the definition of uniform
acceleration in a convenient form and examined some of its transformation
properties. In this paper we use that definition to give neat expressions for
the retarded and the advanced electromagnetic potentials and field strength.

2. DEFINITION OF UNIFORM ACCELERATION

A particle is said to be in uniformly accelerated motion if the time rate of
change of its acceleration, measured in an instantaneous rest system, vanishes

s N oo dZ
identically. In a system in which the particle is moving with velocity ¥ = Yl—j ,

we then get (Hill 1947)
(1—ud)@"+3@Uw) =0, .. . . NG
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where the primes indicate differentiation with regard to the time . This defi-

nition can be put in a more convenient form by introducing the proper time
7, of the particle:

dr = Vl—uzdzo(zo =1).
Instead of (1) we then get* (Vachaspati and Bali 1961a, )
Bu=20u .. .. . e e (@

where X is a constant (we treat it as real) giving the four-dimensional magni-
tude of the acceleration:

A2 = —¢2,
The equation (2) can be solved immediately and gives
Uy == 0, eAT e~ AT . .. .. . (3)
and
zy = A" o, eAT—Be-T], .. .. .. RN (3]
where
a2 =0, f2 =0, .. .. . o (D)

2aB)=1, .. v e e .. (B
and we have omitted a constant of integration in (4).

If one assumes that the particle is at rest (i.e. % = 0) at £ = 0, one can
write

1 >
(BO,E)=——2(10: ——a), .o e e .. (7
4o
where «, and B, are always positive and, according to (5),
w=|2, B=If. .. . . L ®
From (4), (5) and (6) it easily follows that v2 = 1 and
1
22=—ﬁ' .o . .a s (9)

If one likes, one can write = in terms of 2, and hence express Z as a funo-
tion of the latter. The explicit unique relationships are

T = %log [E];; {VA225+41050+A20}] .o .e . (10)

* Notation.—GCreek suffixes tako values 0, 1, 2, 3; Latin suffixes run from 1 to 3 only. Con-
travariant quantities are denoted by lower suffixes and covariant ones by upper suffixes. The
metric used is gH¥ with g9 == 1; g11 = ¢22'= 38 = — 1; g*¥ = 0 (u ¥ »). Speed of light is taken
as uﬁit-y. Co-ordinates of the particle are zu; the field points are later denoted Ly zu. Some-
timest is written for z,, but never for zy. Arrows are used for three.dimensional vectors and square
brackets sometimes denote their vector product. Round brackets indicate four-dimensional
scalar products.

18]
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T=AV2, .. L L L

A=afeg,w=1. .. .. .. .. (12)

Here, as in future, we shall always understand by square root sign the
positive value associated with it; thus, whether or not & is positive, \/ a?
shall always represent the value |a).

3. RETARDED AND ADVANCED FIELDS
The electromagnetic potential produced by a point charge ¢ moving with
velocity v,(r) is given at any space-time point z, by

Ayx) = g’vﬂ) R ¢ £ )

where
8 = Ty—2y. . . . .o (14)
The right-hand expression in (13) is evaluated at that instant, -, at which the
following two conditions are satisfied :—
1st condition., =0 . . .. - .. (15)
2nd condition. This depends on whether we want (13) to be the retarded
or the advanced potential. For (13) to be the retarded potential, the condi-
tion is

sq>0; .. .e .. .. .. (16)
for it to be the advanced potential, we require
86<0. .. .. e e ..o(D

The first condition expresses the fact that light travels with unit speed.
The inequality (16) is often referred to as the ‘ causality condition’, and we can
call (17) the ‘ anti-causality condition’. These two conditions are sufficient to
eliminate = and hence z, from (13) by using (4). The sign in (13) is positive
for the retarded and negative for the advanced potential.

The field strength, F,,, can be obtained from (13) by using the definition

94, 94,
=94 _ R ¢ -
Fp= ot — 2, (18)

We get the retarded or the advanced fields, depending on whether we use
the retarded or the advanced potentials in (18).

4. EXPLANATION OF THE DIFFICULTY PECULIAR TO UNIFORM ACCELERATION
CONNECTED WITH THE USE oF THE CONDITION §% = 0

We can write the condition (15) as
22z 22 =0. .. .. .. .. (19)
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When the motion of the particle is given, z, is known as a function of the
proper time = and this equation, being quadratic in z,, can, in general, be
solved: to give two values of = (or, equivalently, of z,) for any point . One of
these values satisfies the causality condition (16) and therefore corresponds to
the retarded values of the field quantities at that point; the other satisfies the
anti-causality condition (17) and therefore corresponds to the advanced values
at the same point. Thus we get both the retarded and the advanced fields for
all points z. '

However, in the particular case of uniform acceleration, we have the
relation (9) for 22 which makes (19) a linear equation in z:

22 —2(xz)—A"2 = 0. .. .. .. .. (200

Therefore, we get only one value of = (or, equivalently, of z;) for a given
point z. Since we have now only one value of =, it can satisfy either the
causality condition (16) or the anti-causality condition (17). For some points
x, it will satisfy the causality condition and we shall get the retarded field
there ; but we shall not be able to find the advanced field there. For other
z-regions, it will satisfy the anti-causality condition; there we shall be able to
calculate the advanced field but shall be unable to obtain the retarded field.
Thus we have the peculiar situation that for some regions we are able to find
the retarded field but have no knowledge of the advanced field; for other
regions we get the advanced field but have no information about the retarded
field.

To remedy this situation and to be able to find both the retarded and the
advanced fields at all points #, we must restore the 22 term in (20). This
implies that we must not use the relation 22 = — A~2 till the end. We recall
that this relation results from the expression (4) for z, on using «2 = 0, 2 = 0
and 2 (xB) = 1 [see (5) and (6)]. It is, in fact, the use of the first two rela-
tions that results in the elimination of the highest powers of eA”. Hence the
use of the relations (5) should be relegated to the. end of the calculations.
- Therefore we shall introduce the limiting process

2> 40,82 40. .. . .. .. (21

The reason why we approach these limiting values from the positive side will
be clear later (see end of section 6).

5. SoLUTION OF THE EQUATION 82 == 0

We are now in a position to solve the equation (19). On using (4) and (6)
in it, we get '
@2e2AT — 2x (o) eA” 4 X222~ 1 + 2A(Bx)e A+ B2~ AT = 0. .. .. (22
This equation for eA” has, in general, four roots. If we set a2 = 0, g2 = 0, two
of them disappear and we are left with the quadratic equation o

—2Moz)eNT 4 (A2%22 — 1) +-2A(Br) = 0. .. .. .. (23)
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This gives two finite solutions which we label as , and 7,:

At =
1 4,\( ( +¢ .. .. .. .. (24a)
or
N L (c—¢&) (24b)
T ;.. .. .. ..
and
ao 1
eV = (ax)( -& .. .. .. .. (25a)
or
xr 1
e = F) (a+£), .. .. .. (25b)
where
¢ = \222—1, and o = V/£2+16X%(azx)(Bx). .. .. (26)

It will be shown in the next section that o% is always positive; therefore ¢ is
real and positive (cf. remarks at end of section 2).

To obtain the other two solutions of (22), we remark that one of the two
roots of (22) will be such that e becomes infinite as «2 — 0, and the other will
be such that e-3" becomes infinite as 82 - 0. We call the latter value of r as
r3 and the former as 7,. Since eA"s - 0, the equation (22) now approximately
becomes

Ax2—142)(Br)e V3482 NI =0, .. .. .. (20

This is a quadratic equation in e=A"s and can be solved at once. Retaining
only that root which becomes infinite as 52 — 0, we get for finite (Bz)

., B
=~
-0 .. .- .. .. .. .. .. (28a)

+terms of order p* and higher

and

-y 2)(Bz) [ |
e~AT3 = — 1——
B> 4 A%(Bz)2

and higher .. .. .o .. .. (28b)

] + terms of order 82

It should be noticed that the expression for e-"s is ill-defined if (8z) = 0.
In fact, one can see from (27) that, if we put (Bz) = 0 before letting 52— 0,
we get

e=¥7s = 4/ (1—-A%2)/B2 .
On the other hand, if we let 82— 0 before putting (Bz) =0, we may get

cither (28b) or
¢~ ATy = (1—A222)/[27(Bx)].
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Therefore we stipulate (fz) # 0 until section 9, and, in later sections, we take
account of (fz) = 0 in a different way. Similar remarks apply to the fourth
‘solution below.

We can solve in the same way for the root =, for which eX™s — 0 as a2 — 0.
The equation corresponding to (27) in the case is.

o222\ (oT)eAT 4 A222 1 = 0 .. .. .. (29
which gives
o . oy (%) a? \2z%—1 st
e = 2,\-01—2 [1— T m] +terms of order «2 and higher .. (30a)
and
2 ,
e M= -2;(‘?)+terms of order «4 and higher - 0. . .. (300)

6. CONDITIONS IMPOSED BY THE REALITY OF =

We now examine the restrictions on the values that z can take in order

that the solutions =, 74, 73 and 7, which we have obtained above are real.
We first show that

o2 = £2416A2(azx)(fz) > 0 .. .. .. (31
so that i

o is real and positive. .. .. .. .. (32)
This can be done most simply by using (7). Then from (26) and (12),
4(az)(Bz) = 7g—(iZ)2.

If zg_(ﬁ;)ﬁ >0, o2 is obviously positive. The only case where there can
be doubt is when 22 (77)2 < 0. However, one can then write

of = ($=—2)2+2422[ 7, 212+ M7, T4
where

$= A2{(ﬁ§)2—z§}+l.

The above expression for o2 is obviously positive. Hence the statements (31)
and (32) are true,

We now take up the four solutions one by one.

Solution 1.

It is clear from (24a) that 7, will be real if

ot¢ & \/(A%2—1)2416)2(ax)(zf) +ATz2—1
> 0 when (a£) >0

< 0 when {(az) < 0 . .. .. (33)
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If A222-—1> 0, the left side is necessarily positive and therefore it follows
that (xx) cannot be negative in this case. On the other hand, if A222—1 < 0,
the left side is positive if (ax)(Bz).> 0 and negative if (xz)(8r) < 0. Com-
paring this with the right-hand side of (33), we get the result that (8z) must be
positive, but (xx) may or not be so. Thus reality of =, requires that
(i) in case A2zx2—1> 0, we must also have (az)> 0. There is no
restriction on the sign of (Bz).
(i) in case A?22—1 < 0, we must also have (8z) > 0. There is no
restriction on the sign of (xz).
Solution 2.

A similar analysis can be carried out for 7, We get the result that for
75 10 be real the conditions are:
(1) in case A%222—1 > 0, we must also have (Br) < 0. There is no
restriction on the sign of (zz).
(i) in case A222—1 < 0, we must also have (xz) < 0. There is no
restriction on the sign of (8z).
Solution 3.

It is clear from a glance at (28a, b) that, provided g2 — - 0, r3 will be real
if (Bz) < 0.

Solution 4.

From (39a, b) we see at once that, provided a3— + 0, 7, will be real if
(xz) > 0.
We can summarize the results of this section in the following table:

TABLE 1

This table gives the possible solutions which are valid in different x-regions when it is stipulated
that v must be real. The solutions 1, 2, 3, 4 are given by the equations (24a, b), (25a, b),
(28a, b) and (302, b) respectively

Serial Sign of Sign of Sign of ) .
No. (o) (Br) A2z21 Possible solutions

(1)
(ii)
(i)
{iv)
v)
(vi)
(vii)
(viid)
The reason why we have labelled the cases (iii) and (v) as impossible is the
following: If we use (7), we can write

Hox)(Bz)—2t = (3, Z]*

1and 4
land 4
Impossible (see reason below)
3and 4
Impossible (see reason below)
1and 2
2and 3
2and 3

+
+

P ++4++
P4+
P+ 1+t 41+
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Since the right-hand side is positive, #2 is always less than 4 (ax) (Bz). It
follows that, if 4 (axx) (Bz) is negative, A222—1 cannot be positive. Thus the
signs of (ax), (Br) and A%2x2—1 are inconsistent in the cases (iii) and (v) and
therefore these cases are impossible.

It should be remarked that if we let a2 and g2 approach their limiting
value, 0, from the negative direction, there is no possible solution in case (iv)

and too many solutions (four) in case (vii). Therefore this possibility must be
rejected.

7. SIGN OF s

We notice from Table 1 that, in each space-time region, we must have
two possible solutions. We have now to find out which of them corresponds
to the retarded field variables and which to the advanced ones. To do this
we have to determine the sign of s, (cf. section 3, second condition). We
discuss the various solutions one by one.

Solution 1.
Here s(()l) =g —zf)l) = o —A"1(zpeA"1 — BpeA"y)
[see (4)].
On using (7), (24a, b) and the definitions
7= 22—(R %)% p2 = [, Z]%, % = afao .. .. (34)
we get after some simplification
‘3’——(A+B) N 1)
where
A = xo(n+r2+A"2), .. .. .. .. (36a)
B = —@%)[(g—pr2z=22f+ax-2q]t. .. .. .. (36b)
Now
A2—B2 = g [(n4A-2) 4 p2(p2 42224 25+ 2(7E)7)]. .. .. (37)

The expression within the square brackets is always positive. Therefore the
sign of A2— B2 depends on that of 4; in fact

if 5 > 0, then | 4| > | B|
ifn <O, then |B|>]4]. .. .. .. .. (38)
Consider first » > 0. Since 4 exceeds B in magnitude, the sign of A+ B
depends entirely on the sign of 4. But the quantities in the round brackets

in (36a) are all positive, therefore 4 has the same sign as x,. Therefore
A+B is positive for positive z, and negative for negative z,. Hence (35)
ghows that

m>0for:co>0

if 5 > 0, then e
8, < 0 for 7y < 0.

(39)
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‘Next, if n < 0, B exceeds 4 in magnitude and the sign of 4+ B depends
entirely on the sign of B. From (36b) it is clear that B is positive if (7%) is
negative and vice versa. Therefore (35) now shows that

¥ > 0 for (#%).> 0

40
m<0for (m')<0 (40)

if < 0, then {

Let us now consult Table 1. The solution 1 holds in cases (i), (ii) and
(vi) there. Remembering that (az) = «, [z,~(%z)] and (Bz) = By(%,+(7z),
we see that in cases (i) and (ii)
Multiplying these two inequalities together, we find that 5> 0. Also, on
addition of the two inequalities, we see that z, > 0. Hence (39) shows that
8" > 0 in cases (i) and (ii) of Table 1.

In case (vi)

zg—(A2) < 0, xo+(nZ) > 0.

Multiplying these, we find 9 < 0. Also, by subtracting the first inequality
from the second, we get (#z) < 0. Therefore (40) shows that s{) is positive
in case (vi) of Table 1.

Thus s((,l) is positive in all the three cases where it occurs in Table 1
and therefore corresponds to the retarded solution.

Solution 2.

Similar considerations in this case lead to the result that s( %) is negative
in all the three cases, (vi), (vii) and (viii), of Table 1; it therefore corresponds
to the advanced solution.

Solution 3.

In this case

(3)

(3)
o)

_ @)
xo-‘zo

%

R = ﬁ eMs Ry — ,ﬁo;ﬁﬁ).

[see (286)]
Since B2+ -+0, we see that the sign of 3(3) is opposite to that of (Bz).
But Table 1 shows that, whenever this solution holds, (Bz) is negative. Hence
( Vs positive in all the three cases, (iv), (vii) and (viii), of Table 1; therefore

1t corresponds to the retarded solution.

Solution 4.

In the same way, sg‘) is negative in all the three cases, (i), (ii) and (iv), of
Table 1. Therefore it corresponds to the advanced solution.
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Combining these results with Table 1, we can summarize the situation by
means of the following diagram (Fig. 1). We have taken

Xy

<ty >0
retarded sollution : |
advanced sol

ution ; 2

e <o @< () >0, (> 8

retarded solution : 3 retarded solution : |

advanced solution : 2 advanced solution : 4

Bx)< 0

retarded soflution : 3

advanced so

lution : 4

F1e,1. Retarded and advanced solutions in the various regions. The solutions 1, 2, 8 and 4
refer to the values of the proper time, 7 given in (24a, b), (25a, b), (284, b), and (30a, b). For
simplicity of drawiug we have taken (xx) = wy(ro—z3) and (Br) = Bo(re+23).

there 7 = z/zy = (0, 0, 1) for simplicity of drawing the figure. Notice that
we have a retarded and an advanced solution for all points . It is true that
= is infinite in cases 3 and 4; we shall see that this does not imply that the
potentials or the field strengths are infinite.

8. POTENTIALS

It is now easy to find out the potentials (13) on substituting the ex-
pressions (24a, b), (25a, b), (28a, b) and (30a, b) in (3) and (4). Remembering
that the sign in (13) is positive for retarded potential and negative for ad-
vanced potential, we get (see also Fig. 1)

Ag’ = -;- (pl;+§ qF) [retarded potential for (8z) > 0] .. .. (4
3 .

A:f’ =—3 (p“-— f—’q,.) [advanced potential for (ax) < 0] .. (42)

A'(f’ = — &% [retarded potential for (Bz) < 0] .. .o (43)

“w _ G i
AF = @) [advanced potential for (ax) > 0], .. . o (#4)



A UHARGED PARTICLE IN UNIFORMLY ACCELERATED MOTION 511

where ¢ and ¢ are defined in (26) and

Lp ﬁn — % Bu
Pu= (az)+ ﬁz) s qu= (m) (ﬁx) ‘e . ' (45)

We can combine (41) with (43) and (42) with (44) to give

A:‘z) =Ag’o((px))+A;f’a(—(pz)), .. ce .. (46a)
A7 (2) = AD0(—(@@) +AP0((@z), .. .. .. (46b)

where
) lify>0
) = { :
0ify<O.
The potentials are arbitrary to within a gauge transformation. We can,
therefore, add to (46a) a term .

9
5 [6(—(B2) Tog (—(82))]
and obtain an alternative expression for the retarded potential:

A A”’H((Bx)) —Bylog [(B2)18((Bz)).
From this it appears that A( ) contributes only at those points for
which (fz) = 0. Actually it W111 turn out that A(s’ and A“) do not con-
tribute to the field strengths even at the points for whlch (,B:c) =0 and (az)

== 0 respectively (see next section), so that we shall be able to omit them
altogether.

(47)

9. FIeELD STRENGTHS

The field strengths can be obtained from (46a, b) on differentiation [see
(18)]. The results are

Fi() = Fub((B) +(BAY ~B,Al5((B2)) .. .. o)
F;:v(x) = F,,,,,O(—(ax))+(aFA:2)—a..A:f))8((—a.:c_)), . .. (49)
where
8AZe y
pr(z) = - ”;'3_- [g(apﬁv_a‘vﬁp)"‘2A2(u)(ﬂx)(‘tpq;:—-lv(],u)] .. (BY)

From (41) and (45) we see that
€

VA(U ”A(l) az)( +§)(¢I,ﬁy"¢vﬁl‘)

But ¢/o— —1 as (Bz)—> 0. Therefore the above expression vanishes when
confronted with 3 ((8z)) and (48) reduces to
Fm(:z:) Fub((Bz)). -.. .. .. .. (bla)
Similarly
F'(@) = Fub(—@). .. .. .. .. (51
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Notice that AI(LB) and Ag’) do not contribute to these expressions at all. These

expressions for the fields are illustrated in Fig. 2.
*3

both retarded and} advanced non-zerc )
\ ty<ofip>0 y
” T
1

»

Y

H
o 2
5 8
,;; o
-
T <
) 5
57 i
% 28
§v N s I
F ¥
< 0 N v E
g y ° %
> o
3 / 3
= 2
_‘g / =) > 6] (g <0 s

o
8 'u both retarded 3ndf advanced zero
[
4 J/’

F1e. 2. Horizontal lines show the space-time regions where the retarded field is non-zero; verti.
cal lines show the regions where the advanced field is non-zero. Both are non-zero in
the upper cone and vanish in the lower come. For simplicity we have taken (xx) =
to(@o=—T3)s (BT) = Bo(Tota).

We shall show in the next section that these fields have to be modified for

points satisfying (Bz) = 0 and (xx) = 0 respectively (cf. remarks in section 5).

10. PuaysicaL aAND UNrHYSICAL CHARGES

To satisfy ourselves that the expressions (51a, b) for the retarded and
the advanced fields are right, we have to see whether they satisfy the wave
equation

ret, adv ~
Gl =dnj., .. .. . .. (52)
ox, B
where
= o
Jla)=e [ vul7)8 (2 —2(7)) dr ,
or i
Jol@) = ed3(z—3(xo)) .. .. ie .. (53a)
and

.7(37) =€ [E;]zo = xg 88(5"'; (zo))
- e_”'"t’l__z 8(F—%zg) .. .. .. .. (53b)
V1 +A%z) (of. sec. 2)
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We have therefore first to determine the singularities of F,, and F.
Their positions are found out by equating the denominator in F,, to zero:

o=0. - .. .. .. .. (b4)
Taking 7 = (0, 0, 1) for simplicity, it is easy to see that (54) gives

21 =12%23=0, .. . . ..(55a)
and

rs=£VZHNZ. .. .. .. .. (55b)

If we take the negative sign before the square root, we find that z; 4 «,
is always negative. For these regions, however, F:,t and F:,i,v vanish because
of the presence of the 6-functions. Therefore only the positive sign in (55b) is
significant. It correctly describes the position of the particle at any instant
x4 [ef. (11)].
It can be shown now that
Fy, . ~
~a—1$—0((ﬁz)) =dmj,. .. .. .. .. (56)
However, (51a) gives, on using (56),

ret

az’:’"=4njﬂ+ﬁ"F,_,,8((ﬂx)) .. .. .. (87)

The second term in the right-hand side is undesirable, because it corre-
sponds to the presence of unphysical charges in the field. We must remove it
in order that our solution of the wave equation may be correct. Similar
remarks apply to the advanced solution.

11. ReMovaL oF UNPHYSICAL CHARGES

We recall that the expression for the retarded field strengths is ill-defined
at (Br) = 0 (see section 5). Let us therefore add a term f::,t 3((Bx)) to (51a):

Fi@) = Fub(B2))+foy 8((B2). .. .. .. (38)

We shall arrange f::f in such a way that the unphysical term in (57) cancels on
its account. Writing

oFs! )
aa::, = daj,, .. .. .. .. (59)
we see that f;f,t must satisfy the relation
16 A d = .. . .. (60
(et 2 gl | s(an) = o, (60)

wherein we have replaced

&'((8=)) by —3((Bx))/(Bx).
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Now, f:: must be of the form

f:vt = (Bur— o)+ (e — sy )f U 1+ (auBy— B, )f ), .- (8]

where f, f1), f& are some scalar functions which we shall presently determine.
When we use (61) in (60), we get on using ‘the fact that o — —¢ as (Bz) —+ 0.

I P 3f@ BF)
[ﬁ"F,,,+ oz; f(’;‘sx)] 3((B=)) = [“ﬂ {Bv %‘:+2fﬂ)+% :ér-v}

{ 4)\2% af(Z) 1 j(Z) af

ora 1 fu)
+x,,{ ™ éfx 2{,3—1:) ¥ oz, }] L Bx)) . .. (62)

This must equal zero for (59) to be satisfied. Because of the occurrence
of 1/(Bx) with f® and f®, we must take the latter as proportional to (Bx).
But (Bz) 8 (Br) = 0; we might therefore as well put f® = f@ = 0. The
coefficients of 8, and z, equated to zero then give

o o 42 =4y (63)
and
8, :f; e e (e

Since the only scalars at our disposal are #2, (xx) and (Bz), we can write f
as a function of these three:

f=f(z2 (ax), (Bz)). .. .. .. .. (65)
Then

9> v of L o Of o Of
a5, 2 32 5y TF Ba)

and (64) gives in the limit (Bz) - 0

g _o.

Noz) (66)

Therefore f does not depend on (zz). The equation (63) gives

4
, 2f+2x2 f+ﬁ )a(é;) (A=x2:1)2' ..

Since the right-hand side is independent of (Bx), the left-hand side must also
be independent of it. Therefore f must be of the form

f=g+hlogBr), .. .. .. .. (88

(67)
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where g and % are some functions of 22 only. Using (68) in (67) we eagily find
the following equations for g and A:

2 dg 4)2¢
2 +2g+h _—_(/\29:2—1)2
and
:t2 o +h 0.

These equations can be integrated at once and give

h=Cy/z2 .. .. .. .. .. (69a)
and
_ log (x%) 2e Cy
g = '—01 o2 T$2(1—1\2$2)+EL’—2 s e .o .e (69b)

where C; and C, are integration constants. Thus
fo=Bu—=Bauf, - . .. .. (10)

where f is given by (68) and g and % that occur in it are given above.
A similar treatment of the advanced field yields the result

| F'@) = F 0(—(ax)+f5, 8(— (=), ce .. (1)
where F, is already given in (50), .
j’:‘:v = (auZp—a2)f’, . .. . .. (72)
and
[ =g+hloglaz). .. .. .. . .. (73)

It may be remarked that the integration constants C; and 02 that occur in
the retarded field need not necessarily be the same in the advanced field.

12. TBE MoDIFIED POTENTIALS

We now ask the question: What are the potentlals whose curl leads to
the field strengths (58) and (71) with fi, and f5," given by (70) and (72)
respectively ? We have already seen in sectlon 9 that it is only A(l and
Aff) which are effective in obtaining the field strengths so that we can put
Aﬁ” and Aﬁ" equal to zero. We therefore write [cf. (46a, b)]

A7) = A0 ((Bz)) +a); 5((Bx)) S 23]

and
A" (@) = AP0 (— (o)) +ay "8 (— (). e e (T)

Tet

Consider the retarded potential. Taking its curl and equating it to ¥,
we get the following equation for ay,:

aaf;* aa"t

rety _ gret e .. (78
W ok (ﬂz)(ﬁ“ —P) = fuw - 78
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Now a:ft must have the form
at = ﬁ,,a+a,‘a(1)+x al®, .. .. .. (7D

Using this in (76) we easﬂy see that aV) and a® must be zero and @ should
obey

o fret
Buzm —Pram =T

As in (65), we can put a as a function of 22, (ax) and (Bz) and easily
convince ourselves that @ does not depend on (ax),

agg 2) is arbitrary, and must obey the equation
aa
255=1
Because f has the form given in (68), we put
6 = a;+a;log (Bx), .. .. .. .. (78)
where a, and a, are functions of 22 only and obey the differential equations
day _ log (22) e Cy
Tz = T T T ey T o
and
sy _ Oy
do? = 2%
which give on integration
= — = [log (22)]2 4 (e+3C2) log (22) —elog (1 —A222) 4Oy .. (79a)
Gy
Qg == [—E lOg (22)+C4:|, . .o . .o .o .. (79b)
where U3 and C, are new integration constants.
Thus
a:ft=ﬁya; .. .. .. .. .. (80

when this is used in (74), we get the result for the retarded potential.
A similar treatment of the advanced potential gives the result

A7 (@) = ADG(~(o)) +a S~ (o)), .. .. .. (8)

where _
a:dv =a,0; .. .. .. .. (82)
a' = a1+ay log (az). .. . . .. (83)

One can easily verify that both the retarded and the advanced potentials
fulfil the Lorentz condition,
04, _

0z, =0
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13. SumMMARY OF TEE REsSuLTs AND CoNCLUDING REMARKS

We have succeeded in obtaining the expressions for the retarded and the
advanced field quantities produced by a charge in uniformly accelerated
motion (see section 2 for definition). The field strengths are

Fio(@) = Fub((B)+fy8(B)). .. .. .. (68)
and
B (@) = Fu(— (@) +£,78(—(az)), (T
where
B 8)2e e .
=y [f(“uﬁv—“vﬁy-)'*'zA (m)(ﬁx)(quv'”xvqp.)_l .- .. (80)
£ = )22—1, o0 = \/E2+16A%ax)(Bz) .. .. . .. (26)
= _ B 45
= To) " TBa)” o
f;;‘ = (Buty—Bwtu)f .. . . .. (70)
f;fv = (aty—owxy) f .. .. .. .. (72)
f=g+h log ((Bx)) , f' = g+h log ((az)) , .. (68),(73)
_ . log (x2) C 2e
g = —C1—53 +5§+x2(1_a2x2) . .. (690)
b= %1, (€', Uy are arbitrary integration constants), .. (69a)
) lify>0 47
vr= {u ify < 0. 47)
The potentials which give rise to these \tields according to the relation
04, 94, . :
et — e =Fw, . .. L (8)
are
ALt @) = Afj) 0((Be)+a, 8(Bo) . .. .. (74)
and
4" @) = AP0 (—e)+ai" 3 (—@) . .. .. (1)
where .
PTCJNNCY RIS J NPT DY P (41), (42)
S T\t o) 4 T T\ BT %) 0 B
% P ee .. (45
2, (ax)+(ﬂx)’ .. .. (45)
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w=B,0,0  =aa, ce .. (80), (82)
@ =ay+aylog ((Bz)) , ' = az+as log ((@2), ..  (78), (83)

C
a = —f [1og @®)*+ (e+% 02) log (22)4-C3—e log (1—22x2) , .. (79a)
Ay = %’1 log (22)4-C4(Cs, C4 are arbitrary integration constants). (79b)

If one likes, one can perform a gauge transformation on the potentials

and reduce both Aﬁ) and Aff) effectively to the same expression, namely
W 4@

A# A A# b

If one chooses Cy = — 2¢, 0y = 3 = C,; = 0, one obtains essentially the

retarded potential and field strength found by Bondi and Gold (1955). How-

ever, contrary to the assertion made by Fulton and Rohrlich (1960), we see

that these expressions are not unique because of the arbitrary constants that

occur in them. The solution found by Born (our ¥, essentially) was shown

by Milner (1921) to describe the retarded field of a particle of charge e per-

forming the motion
Z () = 3J:v§+z\"“
together with the advanced field of another particle of charge e performing

the motion
Zeo) = ~it /2512

[cf. (55b)]. As we discussed in section 10, this is not the case with our expres-
sions because of the #-factors in front of F. In fact, our expressions are so
arranged that there are no extraneous charges anywhere in the field.

The question whether or not radiation is emitted by a uniformly accel-
erated charged particle has not been answered here.
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