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Explicit expressions are given for the transformations of the wave function
when a relativistic conformal transformation of the co-ordinates is made. The
possibility of antiliriear transformations, which mix the original and the charge
conjugate wave functions, is taken into account.

1. INTRODUCTION

Vachaspati (1960a) has examined the infinitesimal continuous transfor-
mations under which the Dirac wave equation

yh=t =0 .. .. .. .. .. (1)

(p=0,1,2,3; spg=u0=ct; ;yg=—2f; i =1, 2, 3)

is invariant. He found that the most general co-ordinate transformation
under which it is invariant is the group of relativistic conformal transforma-
tions, and he gave the explicit expressions for the infinitesimal transformation
of the wave function . In this paper the transformation properties of the
wave function are investigated under the finite restricted conformal co-ordinate
- transformations,

‘ Tp— %0,

= 1—(ax)+}a2e2

(02 = auu® ; (az) = agx®).

)

Results of similar investigations have been reported earlier by Ogievetskii
and Polubarinov (1960) and Calogero (1961); the work below includes the
possibility of mixing/ the charge conjugate wave function, ¢°, with ¢ (anti-
linear transformations), and is therefore more general.

2. Wave EQuaTioNs IN THE NEW C0-ORDINATE SYSTEM

We suppose that if we made the co-ordinate transformation (2), the wave
function transforms as .
b =S +T@W, .. .. .. .. (@3
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where § and 7 are 4 X 4 matrices which may be functions of . The charge
conjugate wave function, #°, is related to the complex conjugate wave function

$ by

Pe=0"1 .. .. .. . R 3

and obeys the wave equation
e ~
‘)”"'5;';:0. . .e .. .. (5)

Here € may be taken as iy2 or 7y%ly3 in the representation of the y-matrices
taken by Vachaspati. However, we shall not make use of these explicit
expressions for C.

One might like not to exclude non-linear transformations of ¢ also. How-
ever, from (1) and (5) it follows that ¢ and ¢¢ obey the second order equations

D% =0, [j2€ = 0,

It can then be proved, in 2 manner analogous to that employed by Vachaspati
(1960b), that only linear transformations of the wave functions are allowed.
Except for a possible addition of non-homogeneous term, no further generaliza-
tion of (3) is, therefore, possible.

Differentiating (3) with respect to x*, multiplying it from the left by »#,
and substituting in (1), we get

o B e e a8, T .

~1

In order that the equations (1) and (5) may be invariant, we must have in
the primed system

a W
yrats=0 and pto—o0. .. .. (8)
Multiplying these by the Lagrange multipljers P and @, which may be 4x 4
matrices, and subtracting the result from (7), we get the following equations

to determine S, T, P and Q:

oxv’
‘)/"S’a—zF—P'yv-——-O, .. .e .. )]
oz’
‘y"Tm _.Q-yl’ = O, . . . . (gl))
o8
‘)/"5‘277“—_-() . . .. . (QC)

and
oT
— .. .. .. .. {9
”"axn 0. (9d)
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’

. . or
The transformation co-efficients .a_g are

x
oz, 1 (A — iy + 2,0y + @ pit (ax)— da2z, )~ brla,a,) (10)
w =71—§ W (Liad 4 pAY f ad 4 it d (Lt A ..
where
A= 1—(az)+ ta?22. .. .. .. .. (I

It should be noticed that the relations (9b) and (94) for T' and @ are the same
as the relations (9a) and (9¢) for § and P. Therefore T and @ will be essen-
tially the same expressions as S and P.

3. DETERMINATION OF S AND P

If we multiply (9a) by 7, from the right, we get

»

p l“Sva:vv
= 1Y 'yw. . . . .o (12)

Putting it back in the equation (9a) we obtain

P aso Pq. o o,
['ySS“-—&ySy'y“]w=O. .. .. .. (13)
We write
S = 3+3ay°‘+sa5+y[°¢ﬁ]+is;y4y°‘+s'y4. .. .o (14)
The matrices ¥* obey the commutation rules
yhy"ytyl = 2gm¥,
and in (14) we have used the notation
.},4 = __1:),0),1),2),3 = ,},4*’
(* denotes hermitian conjugate)
Y = J(yby? —yryh).

The undetermined co-efficients s, s, 8 8z and s’ may be functions of z; s,g is
taken as antisymmetric.

Using (14) in (13) and employing the relations,
(Y42 =1, ytyr4yhyt =0,

da/lpv] — Jd — _i P
yiyll = ylwly 5" Vipap

yhylaf] = gioyB—guBy 4 jendBoydy,

_ VBV = G, — G t-8 (g1~ 8Vt ie” g, v4— dep, " ¥ e,
and
0128 = 1,
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we get the following equations :
' wpe oz,
[.sa(3g°"’8:+ g"PSZ—gWSﬁ )45 P]a—x: =0,
, - , oz
[sa(3g°‘P3#+ %Eapﬁye ?Fﬂy)-*-saeaoP"‘] a—x—g = 0,
’ oq” o
[(R5e™PY — sagBg™) (437855 — 878355 + 838,86 — he 7y e )

, oz
— 8agPgo18E 35,970 ] 5o =0

. oz,
[(sgpa + 23P¢)(3SZgak+8:g¢#—Sgg#k) +- e; i (5, 3€P‘1ﬂ7 +is'g")] Tx: =0,

a s o ., 9z
L. i (39P%+26P%)~ (38p9yk+ 8:-‘77,;"‘ srgph)(safi‘mﬁy'*'w 9] -aﬁ, =0.

Determination of sy and sg.

After some manipulations, we get from the equations (15a-c)

SaMa B = 0’
where

M* = [9°B{10—10(ax) +(az)2+}a222 } +%aP{5(az)—4}
+2Pa®{(ax)+4} —3a22"2F — 322a%ah).

The determinant of the matrix M* is not zero. It follows therefore that

S = 0.
Similarly we can conclude from (15b) that
8; = 0.
Determination of s, s' and s, p.

From the equations (15d) and (15¢) we obtain

o,
(897 +25°*) (287 gucn+28 Gt — 8,9t 7= =0,
., ox
(syﬂepyﬁd_*_w gPd)(28:g¢k+ 23:901;;-3;9,‘1;) 5;;! =0,
[(sgpa+28pa) (3:9ak-—3,;'ga,‘)+ey‘_’#k (saﬂepaﬂy+ is’gﬂ)]g_zg =0,

., oz
L (00" +25™) ~ Bms—8501) (50 +i6'")] 2 = 0.

. (15a)

. (15b)

. (15¢)

(15d)

(15¢)

(16)

(17)

.. (18a)

. (18b)

.. (18¢)

. (18d)
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Since 8,4 is antisymmetric in « and 8 and the only vectors at our disposal are
z, and a,, we can write

S4B =f(x)(xaaﬁ—a;ﬁaa), . .. .. .. (19
where f(z) is some function of  which we shall evaluate below.
When (19) is used in (18a), we get

s = —2{2—(az)}flx). .. .. .. .. 20)
When (19) is used in (18b), we obtain
,9’[9#,‘{(12902—((13:)2} +2(ax){a#xk+xyak} —2a2x,txk-—2x2a#ak] =0, .. (21)

This shows that, whenever the quantity in the square bracket is non-zero,
s’ vanishes. On the other hand, the expression in the square bracket can
vanish for arbitrary «, only if ¢, = 0. Hence we find
§ = =C8auo -~ o .. .. (22
where (' is an arbitrary function of x and
1if g =0
Sa;u 0= { .
0 if a, #0
It can be easily seen that the equations (18¢, d) are identically satisfied by (19)
and (22).

(23)

Determination of f and C’ of equations (19) and (22).
When (16), (17), (19), (20) and (22) are used in the expression for § in
equation (14), we get
8 = fo) —2{2—(a2) } + (vang— 2420y [*F] ~C'8 4y, o2, . (24)

Substituting this in (9¢) and equating the co-efficients of yA and y4y, to zero,
we find

[ x){ —(ax))dt +(a;aa5—:vpaa ( qP“—S:gMB)}] =0 .. (25a)
and
s @) gt —agia) = OB o = 0. .. (25D
(25a) gives
0 0
—{2~(az)} a‘{;+(a)‘xa—a¢x)) 5{;+4a“f = 0. .. .. (26)

To determine f from this, we remark that the only scalar functions of z that
we can construct from z, and a, are 22 and (ax). Therefore, we can express f
as a function of 22 and (az):

f=f@ (@2). .. .. .. .. @)

o _, 9 o
3 = 2502 N gz

Hence
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When this is used in (26), we find the following two equations for f by equating
the co-efficients of z, and «a, to zero:

of oo o _,

5 Baz) ~ - (28a)
9 0
{(azx)—1} f)-~l-'1r'2 f+2f 0. .. .. .. (28h)
If we write
p=12?,; q=(ax), .. .. .. .o (29)
the equations (28a, ) take the form
of _,, ¥ ,
/1561—._/ and /,16_7;*_2f S .. .. (30)
where A= l4p—yg. e .. .. o3
"These cquations satisfv the integrability condition
()= )
ap \oq aq \op] -
Now
_f af R S
af A
or 7 = =2 T
This equation can be integrated at once and yields
C
f==% (32)
where C is an integration constant. This determines (32).
From (25b) it follows that
E =0 33
am =0 33
So that (' is a constant.
Final expression for S.
Using (32) in (24), we find
c ’
S = T [—2{2—(az)} + (vang—xgaa)yl=Bl]—C"day, oy. o (34

Here C and (' are constants; ' may depend on a,. If we require that S
reduces to unity when @, = 0, we find

Lt €= —} and (" =0,

a-—>0

®
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Ezxpression for P.

The expression for P can be found out by substituting (34) in (12). The
result is

P = /—% [—2{2—(ax)} +(xaaﬁ—xﬁaa)y[dﬁl]+0’8a,,, oY .. (35)

4. T AND

Because the equations (9b) and (9d) for T' and @ are the same as the
equations (92) and (9¢) for § and P, it follows that

T= }11‘{5 [—2{2—(ax)} +(xaaﬁ—xﬁaa)y[dﬁl]——K’Sa#, oyt .. (36)
and
K
Q= i [—2{2—(a2)} +(xaaﬁ—xﬁaa)y[aﬁl]+1{’8a#, oyt .. (37)

where K and K’ are some constants (cf. (34) and (35)).

5. SUMMARY AND CONCLUSION

We have found out the transformation of the wave function under the
restricted conformal transformations (2). The results are

G=SEETYE, 3
8= 7% [~2{2—(a)} + (@aag~2gaay) (=81~ C"8,, qv*, 3
7=X[-2{2 1] _ K75 oyt

=-l— -—(aa;)}+(x¢aﬂ—-aaxﬁ)y ]—K oy, OY2. .. (36)

The expression for § agrees with the infinitesimal transformations of Vachas-
pati when C is taken as —}. His 7' was completely independent of the
parameter of the co-ordinate transformations. This could possibly happen if
we had supposed s,5 in (19) to contain terms independent of a, also; the a,
dependent terms (36) could then be omitted if we assumed that the constant K
is of order a2 or higher so that the term involving it does not contribute
anything to the infinitesimal transformations.
The results for P and @ are

P= /% [—2{2—(aw)} + (zarg—gac)y 1B +C8a, oyt .. (36)

Q= ,% —2{2—(ax)} +(zang—agaa)yoB]+ K'Bay, oys. .. (37)
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