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A numerical solution for the equation for flexural vibrations of an isotropic
elastic plate according to Mindlin’s theory was worked out for square plates
in a previous paper (Tomar 1963). Here the numerical solutions of the same
equation for the case of a simply supported thin circular plate for various
ratios of thickness to the diameter are obtained and compared with the re-
sults of the classical plate theory.

INTRODUCTION

Mindlin (1951), starting from three-dimensional equations of elasticity and
including the rotatory inertia and shear effects, deduced an equation for
flexural vibration of plates.

A numerical solution for a square plate of this equation was given in a
previous paper (Tomar 1963).* Now a solution for the same vibration equa-
tion for an isotropic elastic simply supported thin circular plate is worked
out and the results are compared with the results for the classical plate theory.

TaE EguaTtioNn oF OUur PROBLEM

'The derivation of this equation as given by Mindlin (1951) was discussed
in outline in Paper I. It is again briefly summarized here for completeness.
The stress-equations of motion of three-dimensional elasticity theory are:
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Mindlin converted these equations to the following plate-stress equations
of motion in terms of the bending and twisting moments and the transverse

* Hereaftor reforred to as Paper 1.
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shearing forces, all per unit length, and ¢, the load per unit area, and assuming
that « and » are proportional to z, and w is independent of z.
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where .
U= 2pe(z, 4, t), v=2zdylx, u.t), w=w, y.t.
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h the thickness of the plate and p the density of the material. Further with
the relations:
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3 E . .
D= —15(11%:1;2_) , G = m . @ = k2@, kis a constant and 7'y, T'y, T', are the
plate-strain components. .. . T . . . (M

. \
The three plate-stress equations of motion (4), (5) and (6) may be expressed
in terms of the plate-displacement. components with the result
b dw) PR3 O,
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D od ow PR3 0%
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0 0 .
where ¢ = "b’+ l‘by and V2 is Laplace’s two-dimensional operator.

A single differential equation for w may be obtained by eliminating
Yz and ¢y from (8) and (9).
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Again eliminating ¢ between (10) and (11) we have the equation

p 02 Ph3 @ 02w D2 ph2 92
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(‘7 & atz)(DV D atz) wtbh g = (1 an tiee 8t2)q - 12)
which is the equation given by Mindlin.
For g = 0, the equation can be put as
12(1—%) p 32w
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We shall assume v = 0-3, and k2 = 0-85. The latter value is based on
the formula suggested by Mindlin.
Then,
10-92 p 02w 02w P2 ot

4p = — 229 2 9%
V4w - Eat2+396882EV 2B =T L (13)

Substituting w = W cos pt, where p is the frequency of vibration and W is the
amplitude of deflection, we get

PW_ , MW W _ p? {WW aZ_W}
"a’xT+2_axzay2+ 5 10- 92h2 (E/ )W 396882E/ ax2+ay=
2 2
278353(E/p)W .. (14)

Now multiplying throughout by % / to make the equation dimensionless, and

introducing M, the bending moment of the plate, as
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The equivalent finite difference equations are

{4 = = hooG) (55) s ()
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which we proceed to solve numerically for a circular plate.

SOLUTIONS

Let us consider the case of a simply supported, uniformly loaded thin
circular plate. In this case M and W are zero at the boundary and we can
solve the difference equation (16) in succession without any difficulty.

To illustrate the process of calculating
moments and deflections we make an
approximation for M and W by dividing
the plate into a number of small parts by

taking Az= Ay = g. It is evident from

symmetry that the calculations need be
extended over an area of one-eighth of the
plate only, as shown in Fig. 1. In this area
we have to make the calculations only for
the nine points 0, 1, 2, ... 8, for which M
“and W are different from zero. At the
remaining points 9, 10, 11, 12 these quanti- Fe. 1

ties are zero from the boundary conditions.

Denoting by M, and W, respectively, the moment and deflection at the
nth point of the portion under consideration, and considering the centre of the
plate, point 0, the difference equation (16) at the points 0, 1, 2, 3 .... 8
respectively are as follows:
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n =2
n =3
n=4
n=25
n=0
ne="1
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These equations -contain the values of M and W at the points » = 0, 1, 2,

. 8. Thus we have eighteen equations involving eighteen unknowns and so

can be solved successively. Our method of solving these equations is as
follows:

First of all, we give a particular value to W, then we give an arbitrary

242
value to M, and an approximate value to %;% given by the formula for

frequency corresponding to the fundamental mode. Starting with these three
parameters we successively solve these equations to get the values of M and
W at the points n = 0, 1, 2 ...8. As the number of terms contained in each
equation is not the same, we will not be able to get their absolute values
immediately but we can find them in terms of the moments and deflections at
the points with a higher suffix. Proceeding in this way we reach up to the
equations at n = 7. Here we get the numerical values of Mgand Wq. Putting
these values in the previous equations, we see that we are able to find the
values of all the moments and deflections. Having found these, the rest of the
equations can be solved in no time.

‘Having gone through the whole operation, we find that these values of
W, and M, do not exactly satisfy the last two equations, viz. the equations at
the point n = 8. We are left with the residuals ¥, and F,.

If we now keéep W, and %’—;ﬁ fixed and take a slightly different value of
o .

M, to start with and repeat the whole process as above, we get another set of
values of the residuals Fy, F,.

Again keeping W, and M, fixed and starting with a slightly different
value of %2—;5; we find yet another set of the values of the residuals ¥, F,.
With these three sets of values in which W, is always kept fixed and one

of the two parameters M, or E% i varied, we can’ find by interpolation new

E/

2
values of M, and %2—7% such that the final residuals become zero.
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The process is repeated several times with the improved values of M, o and

2
%2__7; till we get residuals ¥'; and ¥, which can be considered negligible.-
A numerical work for five different ratios of thickness to the diameter has
been worked out. The results are given in Tables 1, 2, 3, 4 and plotted in &

curve (Fig. 2).

TaBLE 1
h pRa®
a= 01 —E/P = 0-43365
Number of points M« values Wa values
0 9-63865 1-00000
1 8-77259 091318
2 7-93945 0-83093
3 6-41011 0-67478
4 5-66803 0-60565
5 3-63443 0-42050
6 3-19660 0-34357
7 2-50457 0-29215
8 1-16806 0-13789
F, = —0-06002 Fo= —0-04974
TABLE 2
h p2a?
= =0 £ =1
a 0-2 Tp 44326
Number of points My values Wa values
0 8:00132 0-25000
1 7-27513 0-22833
2 8-57450 0-20758
3 5-30041 0-16937
4 4-67100 0-15124
5 292091 0-10687
6 2-62729 0-08912
7 2-11390 0-07366
8 0-93428 0-03659

Fys= 1004327  Fy= —0-02552

Lt
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TABLE 3
h piat
a= 0-3 —E7; = 2-53474
Number of points Ma values Wa values
0 6-90112 0:12500
1 6-27143 0-11437
2 566314 0-10323
3 4:56050 0-08350
4 401765 0-07465
5 92-53845 0-05135
6 2-26039 0-04223
7 1-82058 0-03575
8 0-81526 0-01752
Fy= —0-02898 Fy= —0-01115
TaBLe 4
h p2a?
- =04 =—— = 3-49852
a 0 Elp 3
Number of points My values Ww values
0 9:50278 0-12500
1 8-83770 0-_11438
2 8-07910 0-10440
3 6-73603 0-08510
4 5-53871 0-07698
5 3-49336 0-05557
6 3-11737 0-04384
7 2:50733 0-03812
8 1-11423 0-01935
Fy= 4002532 Fy=—0-01610
2 i ; T 1
CLASSICAL PLATE  / |
THEORY ~—— !
/ ;

1+5¢

Qa !

5‘: )E -0 /' CLASSICAL PLATE
// THEORYSHEAR H
et //AND ROTATORY INERTIA

V CORRECTIONS
p ACCORDING TO MINDLIN'S
o THEORY

1
° J
0 [q] 02 03 04
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