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A method for the simulation of the general third order linear systems using
only one operational amplifier is described. Two basic circuits each employ-
ing one operational amplifier, three capacitors and seven resistors are pre-
sented. The circuits are analysed and the conditions of physical realizability
discussed and obtained. The design formulae are also given.

INTRODUCTION

In the earlier communications (Wadhwa 1962a, b, ¢, 1963a, b; Wadhwa
and Rao 1963) on this subject certain particular types of the general third
order systems were considered for simulation by a single operational amplifier
and two-terminal impedances consisting of capacitors and resistors only.
The purpose of this paper is to consider the simulation of the general third
order systems, that is systems characterized by a transfer function of the form

bo(b282+6,5+1)
a8+ ayS2+aS+1°

F(S)y= — (1)

where a’s and b’s are non-zero positive real constants.

Of the various possible circuits, each employing three capacitors and
seven resistors only two will be presented here, and their design formulae and
the conditions of physical realizability will also be discussed and obtained.

THIRD ORDER SYSTEM SIMULATION

A network for the simulation of third order systems is shown in Fig. 1
and its transfer function has been shown (Wadhwa 1963b) to be

By Y, Y;¥s
By " Yo(Y1+ Yo+ Y)Y+ Y+ Y5+ Yr)+ Y Yo(Y 4+ Y5+ Yr)+
Y Yo Y1+ Yo+ Y+ Yg)+ Y ¥s¥s .. (2)

Simulation of the system of eqn. (1) with the network of Fig. 1 is possible
if the admittances (Y’s) are properly chosen; and, furthermore, it should be
obvious from eqn. (2) that at least three of the appropriate admittances will be
required to be capacitative. Six basic circuits each employing three capacitors
and seven resistors are possible.
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F1¢. 1. Network for the simulation of third order systems.

Each basic circuit can have ten parameters and as the number of con-
stants in the system represented by eqgn. (1) is six, the choice of resistor values
is required to be made so as to reduce the number of circuit parameters to the
number of constants in eqn. (1). This requirement offers considerable lati-
tude in the choice of the intended design values of the resistors as a result of
which a number of circuits are possible which are essentially a variation of the
basic circuit employing three capacitors and seven resistors. Each circuit,
for its physical realizability, will require satisfaction of a set of conditions
which will be different for every circuit.

For obvious reasons and other practical congiderations two of the six
basic circuits with a certain arbitrary choice of resistor values will be pre-
sented here. The other four basic circuits will be presented in Part II and
Part III of the papers on this subject.
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(@) Yy, Y3 and Y4 capacitative

A possible circuit for simulating the system of eqn. (1) is shown in
Fig. 2 (a), in which

1
(Sol'l' ) ; Y= (Sos'l'l—z) ; Ye= SOB?‘

1 1
ZR Y4=Y7=ﬁ?, Y5=‘y-‘—R J’
Substituting eqn. (3) into eqn. (2) and simplifying

(———9"3—~)[R2016'352+R<01+03>s+1]

By_ _ __ \oatpy2
By By a(B+By+2y) v
R R8C103083+ [——~—.——( St D) R2C, Cy+
(2B +aBy+20y+2By) o, ] [ x («+B)
Catht) Ol mrprn Bt arar POt
(x+2)(B+By+2y)+a(B+2y)
2aTB+9) RC ]S+1 oo @)
Eqns. (1) and (4) will be identical if
L
bo=mrgrm e e ()
b1=T1+T3.. .. .« .. . .. .. .. . (6)
be =TTy .. v v e e e LD
o {«+B) (e+2)(B4-By+2y)+a(B+2y)
= T+ Tyt
“=Garfre) TRt @ath+2) To (8
__a(B4By+2y) (B +aBy+-2ay+2By)
Qg = —(2d+ﬁ+2) T1T6+ (2a+ﬁ+2) TBTG feo (9)
___afy
(l3 = ""‘“—‘—(2“+B+2) T1T3T6 .}. .o .o . «. .. P (10)
where
Tp=RCp ..  «v  ev ei e e

Now, simulation of the system of eqn. (1) with the network of Fig. 2(a) is
possible only if the values of a, 8, y, T'y, T's, T'¢ obtained as the solution of
eqns. (5) through (10) are positive and real. It is required to determine
therefore, in terms of the given positive real o’s and b’s, the values of «, 8, y,
T,, T3, T¢ and find the conditions, if any, under which these can be positive
and real.

It is obvious from eqn. (5), that

B = 2bo(e+1)

(@—bo) 12)
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and B can be real positive, if « is real and

d>b0. .e . . e . (13)
From eqgns. (6) and (7)

T1=§[bl;|:,/bf—4b2] ce L (14a)

T3=§[b1=|=./bf—4b2] ce ... (14D)

and these will be real positive, if

v > 4b,. .. .. .. .. .. (15)

Elimination of 8, y, Ty, T; and T4 from eqns. (5) through (10) gives a
cubic

Py3—Pya2+Pya—8agTs =0, .. .. .. (16)

which has at least one real root that will be positive and corresponding to

which, as shown in Appendix I, positive real 7'y and y exist provided that a

set of conditions listed under any one of the four cases mentioned below is
satisfied,

Either
(—Bz+\/2’f2) > —Bl+\/m l
. 4, A o
2 1
[y )
or
(—Bl+\/_A_) > Bz+\/A2 l
A
! p (18)
1 2
175, (
(ii) Ay >0; A3<0, By > 0.
‘ As>0 )
and ("‘Bz“\/ﬁz) S (*B1+\/A1) S (—Bz'i'\/Ag)) (19)
4, 4 ’
(i) 4, <0, By>0; Ag>0.
‘ A1 >0
and ("‘Br‘\/Al) > (—-Bz'i'\/Az) > (‘—Bl+\/_A—l) (20)
Al Ag Al
(IV) A1<O,B1>O; A2<0, Bz>0
A‘>?} . 21
Ag>D s .. .. (21
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and
str (S8 (PR - (FPY8) - (2
.. (21a)
o (B5)- (55 (B4 (B85

where
Py= b2(4a,+bf)-—2b,(a,b2+w3) ;
Py = 2(a,b1bg+ @by +4a5T'3) +bob1be(T1—T'g)—8aghs ;
Py = 4(aghy—4a3T3) ; Ay = 2a1bobg—(423+2a3by+bob1by) ; } (22)
Ay = aghoby—aghy(14by) ; By = boby{2a,+bo(T1—T3)} —2a3(2+bg) 5
B = bo(aghy—2a3Ts) ; Ay = (B}+841bbsTs); Ag= (B?3+8A2“3boTs)

For the design of the network, circuit component values are required to
be determined. The proper procedure for design would be first to check and
see if the inequality of expression (15) is satisfied and then solve (Uspensky
1948) the cubic of eqn. (16) to see if its real root(s) is/are greater than b,—thus
satisfying the inequality of expression (13). Thereafter we compute the values
of A,, A,, B;, B, with the aid of eqn. {22) and find if any one of the four cases
mentioned above is applicable; and then check and see if the set of conditions
listed under the relevant case is satisfied. The satisfaction of these condi-
tions signifies that the circuit of Fig. 2(a) for the simulation of the system of
eqn. (1) is physically realizable. The circuit component values may then be
obtained by substituting the positive real and larger than b, value of « into
eqn. (12) and obtain 8; T, and T'; may be obtained from eqns. (14e) and (14b).
T and ¥y may then be obtained from eqns. (1.11) and (7). Having thus deter-
mined T, Ts, T¢ and choosing arbitrarily a convenient value for any one of
the capacitors, the values for the resistors and the remaining capacitors can
then be determined with the aid of eqn. (11).

(b) Y,, Y5 and Yq capacitative
Another possible circuit for simulating the system of eqn. (1) with

1 1

(23)
1 1 1

i Yo=gps Ye=2

Y2=Y4= BR,

l .
. R ’
is shown in Fig. 2(b).

Y3=-‘
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Substituting eqn. (23) into eqn. (2) and simplifying

By
(2+af+2ay+y)

By [
—t ___ R3C,CCeS?
(o4 aB+2ay ) 10065+

[R2CCs824+ R(C1+C5)S+1]

)

R2C,O5+

By _
2=

L AN
(a+af+2ay+y)

y(e+208+B)

Bla+2ay+y)
(etaf+ 20y +vy)

Hrlet +aB+2ay+y)

R2050.,] sz+[ i

(atay+y)(a+2af4B)+ay(a+aB+B) RC
BOa+ a(ataf+2ay+y)

Js+.

Eqns. (1) and (24) will be identical if

bo = By
07 (atoB+2ay+y)
by =T1+T;
b2 = TITE
_ oy (e Fay+y)at2a8+ B) 4 ap( a+aﬂ+ﬁ
0= (a4 20y +7y) T1+Ts+ a(ataf 420y +y)
- ay vet20B+B) o Blat2ayty)
%= Gt ap 2y iy) L5 et aprayty) L 0T et oBt2ay+y) > 0
By
—_— _ _T.T.T
= (atoaf+2ay+y) TiTels
where
T" = RC,,.

The solution of eqns. (26) and (27) gives

= [bik B~ tb,] - ..
7, = 4fox [

and these will be positive real, if
b5 > 4b,.

(a+af+2ay+y)

RO+

(24)

(32a)

. (320)

(33)

Elimination of «, ¥, T, T and T’y from eqns. (26) through (30) gives &

quartic ]
P14+ Py Pyft+Pf+Ps = 0,

(34)
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where

Py= asboby Ay +2a3boT5(ashy —2aghy) ~ a2l ~b2(aghy — 2aghy )2

- Py = agboT1A1+agboby A +4agboT + 2abeTs(aghy — 2aghy ) (1 —2b,)
+26(asT1+bobg) azbs — 2ashy) —2asbeTs(asTy +bob) — 26%(aghy— 2aghy )2

Py = agby(T'1Ay+b145)+ 45X (asT'1+bob2) (asbs — 2aghy)
~0 {(azbz—2a3bl)2+(a3T1+bobg)2} ~daZpiT?
—2agboT's(a5T1+ boby)(1—2bg) —dagh>Ts(agbs — 2azhs)

Py = agho(T1A5+b144) +4agbTe(agTy +bob?)
+255(a5T1+bob3) { (agby — 205b1) ~ (25T +b0b5)} (35)

Py = aghyTy 4, —bY(agT; +bgh)? |

Ay = bobybg(a; ~Tg)—agh;(2+8b)

Ag = agTg+4bobg(2y—Ts) b1+ T1)—a3(2T 1+ 35Ty +b; +boby)
—bo(@sby—2agb;) —b2b1b5T

Ag = bobeT1(a1—1T'5)+bo(agTy +bobZ) —2a5bgT's—agT1(1+by)
—bo(@gbg—2aghy )~ by T1(by+T1)

Ay = bo(asTy +bobg) —~bbeTy . , )

Now, eqn. (34) will have at least one positive real root corresponding to
which, as shown in Appendix II, a set of positive real a, ¥, T exists provided

that

agT
a§<4a3b,(1+b—252é) e (36)
2

and a set of conditions listed under any one of the eight cases mentioned below

is satisfied

(i) 4, >0, 4, >0; B; >0,

Either

A>0 }
(37)

B; > Vaghebi 4,
or
A<O
A3 >0
A3>0

B, >/ agbob1d;

.. (37a)



604 L. K. WADHWA

or

aAa<o
and either A3<0
or A< O
43> 0}
and either Ap > My
or Ag > My > Ag (
/ aghobi4; > B,}
or H1>Ag
B, >4/ “sboblAl} /

(i) 43, >0,4,<0; B; >0.

Either
A >0

1‘0>F’1 }

Vv asboby4; > B,

or ! >Ap }

B, > v agbeb 4,

A<O

and either

or

and either ——
\/asboblAl > B,

A >H

v asbobl.Al > Bl

A3 >t > A

' or
vV a3b0b1A1 > B]I ’ B] >V aaboblAl

(iu) A1<0,A4>0, B1>O.

Either
A >O}
A >m)°

or
A<O

Ag >I‘1}

and either Ag>0 ..
or A <0

o

I\3>I‘1 }
, or

#1 > Ag

B, > '\/asboblAl

}, or Az >F’1>A1, or

B> A

|

L

(37b)

.o .. (38)
or

Y .. (38a)

oo .. (39)

.. (39a)
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or

and either
or

A<O
4;>0
A3 <O
Ay >y
Ag > Hy > Ag

(IV) A1<0,A4<0,Bl>0

and either

or

(V) A1>0,A4>0;B]<O,Bz>0, A1>0.

Az > By >Ag
A3>0 |

A2<O}
Ag >0

A<O \'

and either

or

and either
or

(Vl) A1>O,A’<O,Bl<0,Bg>0, A1>0

A<O
A3< 0
A <0
A3>0}
Be > A > 1y
Bo > A3 > 4

Either

or

and either

or

or

and either
or
or

(vil) 4,<0,4,>0;B;<0,B;>0, A; >0.

A>O0
F2>Ro>l"1}
A<O
I"2>A3>F’1}
43 >0
Ag<0(
A3 <0

A<O
Ay <0
As>0
Ag > e > X > 1y
My > Ag > iy > A
Ko >A3>F’1

Either

A>0 }
By > A > 1y

605

. (39b)

. (40)

(41)

(42)

.. (42qa)

. (42b)

(43)
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A<O
.”'g>l\s>l-’-1}
A3 >0 )
Ay < 0
<ol

or

and either
or

A<O
4;>0
A3 <O
By > A > By
Az > By > Ag > 1y
Bg > A3 > By > Ay )

or

and either
or

or

(Viii)A1<O,A4<O;B1<0,Bg>0, A, >0,

A <O
and either Ag >0
or A <0
asof
and either Az > Mg > g > 14y
or Bo > A3 > Hy > A,

where
By = agboby—a3(2bob1+T's) ; By = bo[ashy—3agT'; —bobs];

By = By+4boBi (05T +boby) ; A = 4p8+27¢2;

pds V(A2 Ay Asdg 2 [As\3
P=7 "3\a) 177, 342 27(‘41 ’
e YA+ VB A_z). =i, [&a
Yo=VA+VE 3(A1 A=+ /108’
_=1_ [a,
B=— J108'
( -
2 [ oot -} (42)
(Ag, Ag, Ay) = o ) !
Ao > A -2 [=P E__)_l(i)
Az > As > A < J3 008(3 3 33,
:7.7 ” ¢ 1 Az)
-2 [ AR i D i
«/3 cos 3"'3) 3(41
al=v-—-aA —By4+4/ A4 ~B,
¢ = tan’ [ q\/ﬁ } 1 ( 2Bl 2

. (43a)

. (43b)

(44)

(45)
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To summarize, if the inequalities of expressions (33) and (36) together
with any one relevant set of conditions listed under any one of the eight cases
mentioned above is satisfied then at least one positive real set of «, 8, y, 7'1,
T, and T exists for which the circuit of Fig. 2(d) is physically realizable. The
circuit component values may be determined with the aid of eqns. (32a),
(32b), (34), (2.10), (2.11), (30) and (31).
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ArpENDIX 1

CONDITIONS UNDER WHICH THE CmRcurr OF Fig. 2(a) 1s PHYSICALLY
REArIZABLE

Simulation of the system represented by eqn. (1) with the network of
Fig. 2(a) is possible only if the values of «, 8,7, T';, T and 7'g obtained as the
solution of equations

af

L. .. .. .. .. .. .. .. (11

b= Bt BFD (LD

by=T+Ts .. . .. .. . . . .. (L2
_ a v @+B) . (@+2)(B+By+2y)+a(f+2y) 14
_ BBy +2) g (@B+afy+20y+2By) L5

Qg = (2¢+ﬁ+2) 1To+ (2G+B+2) T3T6 .. .. . ( . )
_ By s

a8 = G AT T,TsTe .. .. (1.6)

are positive and real, where a’s and b’s are non-zero positive real constants.

Tt is therefore required to determine the conditions under which «, 8, ¥,
T, Ts, Ts can be positive real, and graphical methods may be perhaps a
convenient means of obtaining these.
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Simplification and rearrangement of eqn. (1.1) gives
2bg(at1)

B~ (1.7)
from which it is obvious that g can be real positive, if « is real and
a>by .. . - . .. (1.8)

The solution of eqns. (1.2) and (1.3) gives

_5[b1i,/bf—4b2] e ... (19)

= }[bﬁﬁ/bf—zibz] C ... (19)
from which it is evident that T'; and 7T will be pos;itive real, if
b2 > 4b,. e e . (1.10)

Elimination of g, ¥, T, and T'; from eqns. (1.1), (1.2), (1.3) (1.4), (1.5) and
(1.1), (1.2), (1.3), (1.5), (1.6) give the following two equations

A2+ Bia—2b2b, Ty

— .. (1.11
¢ 4bZbo(a41)2 .
2 -
7y = Ag ;—Bza 2agboT 5 . . .. (1.12)
b0b1b2¢(1+ 1)

The intersection of the curves of eqns. (1.11) and (1.12) in the first quad-
rant of the a-Tg plane will give both « and 7' positive real. Since g, 7', and
Ty will be positive real subject to the restrictions of expressions (1.8) and
(1.10), therefore the corresponding y, as is obvious from eqn. (1.6), will also
be positive real. It should be clear therefore that only the portion of the
curves lying on the right of the T's-axis are of interest.

Now the function of (1.11) has a double pole at @ = —1, a point on the left
of the T¢-axis, and two zeros the values of which may be obtained by equating
its numerator to zero and solving the resulting quadratic

A2+ Bia—252bs Ty = 0, Y 0 O &)
The roots of eqn. (1.13) are
—B Al
%4, B) = (———%‘1—/—9—‘) R B 1Y)

both of which will be real and one of which will be positive and the other
negative, if

A1>0} . (L15)
B, 20
But, if

A4, <0

B,>0} R ¢ B 1)

then both the roots of edn. (1.13) will be positive real.
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Similarly, the function of éqn. (1.12) has two simple poles one at & = 0
and the other at « = —1, and two zeros whose x-coordinates are

—Byt ‘\/A—z)

e, Q) = ( 24,

both of which will be real and one of which will be positive and the other
negative, if

. (117

Az >0) 1

By20f . .. . .. (L18)
But, if

4, <0

B2>O} (1.19)

D=0

then both roots of eqn. (1.17) will be positive real.

Therefore, if the inequalities of either expressions (1.15) or (1.16) and
either (1.18) or (1.19) are satisfied then it is possible for a portion of each curve
to exist in the first quadrant of the «-7'g plane and sketches of the curves for
positive & are shown in Fig. 1.1. Now, the curves can intersect each other

Fie, 1.1. Sketches of the curves for positive a.

A

)/ / \

o
—

41>0,B, 30 A1 <0,B;>0, A;>0

il 4

[] /P — [) P Q\Q

43>0,B, 3 0 A3 <0,B;>0, Ag>0
Ayo3 -+ Byo— 2620, T

I - Agl"’-B’u-—zﬂabnTg
Ligba(e+1)”

I Te=
¢ * bZbsba(a+1)
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at at least one point in the first quadrant if a set of conditions listed under
any one of the four cases mentioned below is satisfied.

(1) 43 >0; 45> 0.

For very large values of « (i.e. a—>c0), the values of 7, as seen from eqns.
(1.11) and (1.12), are respectively given by

g{ - 141
6 4boh,
T” A 2

6 2
1] §
boblbz

and therefore

Either
(—Bz+\/_A§) (—Bl+\/"A—1)
>
1, R
ie. OP>04 \ .. (120)
4y, 4,
and b_1->T
or
(—Bl'l"'\/_A_l) (""Bz+\/z-;)
4 = 4,
! (1.21)
4, 4,
and _4__>.l_);_
(i) 43 >0, 45 <0, By > 0.
Ay >0 )
and (-—Bz—\/l"z) > (—Blwm S (-B2+«/2\:):r o (122)
4, 4 4 /)
ie. 0Q >04 >0P
N1 >0
(—BI—VZ’I) (—Bz+\/“a‘2) (—Bl+x/'a“1) -+ (123)
and > >
4, 4, 4,
ie. OB>O0OP> 0A.
(IV) A1<O,Bl >0;A2<O,Bg>0.
Aq >O} 124
Ae>0f" .o (1.24)
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and
. ”Bz—\/z;) (—Bl—\/'&'l (-—BZ+\/X;) (—Bl+x/ZI)
either ( 4, > 4, ) > 4, > A,
(1.240)
—Bl—\/KQ) (—Bz—\/zg) (—BJ+\/E) (—Bz+VE)
or ( , ' > 4, > A ~> 4, (1.240)

where
A] = 2(11()062 (4a3+2a3bo+bob1b2) Ag azbobz—(l3l)1(1+bo) 3
By = bgha{2a;+bo(T1—T3)} —2a5(2+bo); Bp = bolaghy—2asTs); (1.25)
Dy = B 484,6%,T5; Ao = Bi+845a5hTs
To summarize, if the inequalities of expressions (1.8) and (1.10) together
with a set of conditions listed under any one of the four cases mentioned

above are satisfied then a set of positive real a, 8, v, T, T'3 and T exists; and
it is possible to simulate the system of eqn. (1) with the circuit of Fig. 2(a).

ArrENDIX 11

CoNDITIONS UNDER WHICH THE CIRCUIT OF Fie. 2(b) 1s PHYSICALLY
REALIZABLE

It is possible to simulate the system represented by eqn. (1) with the
circuit of Fig. 2(b) only if the values of «, B, v, T, T's and T'¢ obtained as the
solution of equations

b= —BY_ @
o (e+aB+2ay+y) : (2.1
by =T;+Ty .. .. .. .. .. .. .. .. .. (2.2
by = T\ T .. .. .. .. .. .. .. . .. (2.3)
_ ay (atay+y)a+20f+8)+ay a+¢ﬁ+ﬁ)T 94
“= et tayty) A TTST «(a+af+2ay+y) 24)
ay y(a+2284B) Bla+2ay+y)
- P LITEEETE pop g EETEVTN
“ =GBt o ty) oY Bt 2ayty) Lo ataBt2ayty) “(
.. (25)
oy T\TTs . o e e e (28)

8 = lat af+2ay17)

are positive and real.
The solution of egns. (2.2) and (2.3) gives

T,=1}[b,:b be-z;b,] e .. .. (27a)

To=ifhF -] .. .. . . 2.78)
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from which it is evident that 7'; and 7'y will be positive real, if
Wi>dby. .. .. .. .. .. (28)
Elimination of ¥, T'5 and T4 from eqns. (2.1), (2.2), (2.3), (2.4), (2.6) and
(2.1), (2.2), (2.3), (2.5), (2.6) give the following two equations

1 _ Aif+ A2+ AsB+ 4, (2.9)
e e P 2

_ B2+ BoB—bg (23T +bob§) (2.10
= asboﬁ(b1ﬁ+T1) . .. .. 10)

The intersection of the curves of eqns. (2.9) and (2.10) in the first quadrant

R -

of the B—é plane will give both « and g positive real. In order to see if the

corresponding ¥ and 7'y will also be positive real let us eliminate « from eqns.
(2.1) and (2.10) and obtain the relation between B and ¥ in the form

1 aghB2—aghobef +bo(asT' +bob§) @11)
Y azbof(bsB+T1) . o o '

Now, the function of eqn. (2.11) has two simple poles one at g = 0 and

T . ips
the other at B = — Tfl and two zeros both of which may be positive real or
1

complex depending on whether the discriminant A g of the quadratic obtained
by equating to zero the numerator of eqn. (2.11) is positive or negative.
Hence, if
Ag = aZbiba—4agboby(asTy +beb}) < 0,
ie. af<daghy (1420}, .. .. .. (21
bob?
then for all positive real 8 the corresponding v is positive real, and if T'y, T's, «

are also positive real then 7'y, as evident from eqn. (2.6), is necessarily posi-
tive real.
It is evident from the function of eqn. (2.9) that it has three zeros which
are given by
A3t AgfetAsBH+A, =0 .. .. .. (213)
one of which is real and the other two may be real or complex depending on

whether its discriminant
A =4p3427g2 .. . . o (2.14)

is negative or positive. The nature of the function of eqn. (2.9) under various
possible conditions wherein a portion of the curve can exist in the first quad-

rant of the f— é plane isssketched in Fig. 2.1.



SIMULATION OF THE GENERAL THIRD ORDER SYSTEMS

Fic. 2.1, Sketches of al—g ~ AP+ AP+ AP+ 4,

o

S
==

(a) Either 1 or 3 negative real
Toots, ie. A;>0, 4,>0,
and either A >0 or 4, > 0,
43>0, 0 <0,

!

2y~

|
"

(¢) 1 positive real and either 0 or
2 negative real roots, i.e.
A;>0, 4, <0, and either
A >0 or A <0, and either
A3>0, 432 0 or 4, <0,
Ag < 0.

T

~-

aghof(b1B-+T4) for positive f.

n

a5

[~

<

(b) 2 positive and 1 negative real
roots, A; > 0, 4, > 0, A < 0,
and either 4,2 0, A, <0
or dg < 0, 44> 0,

4

o

o=

(@) 3 positive real roots, i.e.
4;>0, A,<0, 4,<0,
A3 >0,A <0,

s

N

{e) 1 positive real and either,
0 or 2 negative real roots, i.e,
A; <0, 44> 0, and either
A >0 or A <0, and either
A3 @ 0, 43 >0 or 43 <0,
Ay < 0.

° \—/"’P

(f) 3 positive "real roots, i.e.
4, <0, A4, >0, A4;>0,
A3 <0, A <0.

613
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(9) 2 positive and 1 negative real
roots, ie. A4y <0, Ag << 0
A <0, and either 43> 0,

Az B 0or 43< 0, 43> 0.

The function of eqn. (2.10) has two real zeros given by

By B2 4By —bo(asT+behl) = 0 (2.15)
one of which will be positive and the other negative, if
B, >0
e } C 218
B, &0
- or both of these will be positive, if
B, <0
By >0 (2.17)

Ly = [B§+4boBl(asT1 +bob§)] 20

Sketches of the function of eqn. (2.10) for positive g and wherein a portion of
it can exist in the first quadrant are shown in Fig. 2.2,

Byf8+ By bo(asTs-+boby)
for positive 8.

1
Fia. 2.2. Sketches of a= a3baB oA+ T1)
g 1
i
’ —r / ~—

@ By>0,By 30 (%) By <0,B3>0, Ay >0

Now, it is possible for the curves of eqns. (2.9) and (2.10) to intersect
each other at at least one point in the first quadrant if a set of conditions
listed under any one of the eight cases mentioned below is satisfied.

2B
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(i) 4,>0,4,>0; B; >0.

Under this case the function of eqn. (2.9) will have one negative real
zero if A is positive. But if A is negative then all the three zeros will
either be negative real or two positive and one negative real. When 8 is very
large (i.e. B—c0) then the value of the function tends to

1, 4
ai a3b061 )

Similarly, when B; > 0and B, £ 0 the function of eqn. (2.10) will have two
real zeros one of which will be positive and the other negative. The value of
the function for very large g tends to

1., 5
%o agbeb;

Now, if
Either A >0 . .. e . . . .. (2.18)
or A<O
Ag>0- .. (20
Ag>0]

then the real zeros of eqn. (2.9) will be negative and the sketch of the curve is
shown in Fig. 2.1(a). The sketch of the curve of eqn. (2.10), when

B
1> O} (2.20)

By % 0
is shown in Fig. 2.2(a). The curves of eqns. (2.9) and (2.10) can intersect each

other in the first quadrant if the final values of the function (i.e. 8+ o) of
eqn. (2.10) is greater than that of eqn. (2.9).

That is, if
By > Vagbohi4,. .. .. .. (2.21)
And if

A<O

and either 4, 20
Ag < O} (2.22)

or Ag < 0}
Ag>0

then the function of eqn. (2.9) has two positive real zeros (A;, Ag) and one
negative real zero (A;); such that
Ag>Ag >0
A<O
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and the sketch of the curve is shown in Fig. 2.1(3). It will be possible for the
curves of Fig. 2.1(a) and Fig. 2.2(a) to intersect each other in the first quad-
rant, if

either A, >y .. . .. .. v (2.23a)
or As > “"1 > AZ
g . @23
agbob14; > By
or p,l > AS } ‘
By > Vagheh 4, .. (2.23¢)

where p, is the positive real zero of eqn. (2.10).

(i) 4, >0, 4,<0; B, >0.

Under this case the function of eqn. (2.9) has either one positive real zero

(Ao), if

A>0
or one positive (Ag) and two negative (A, Ap) real zeros, if
A<O
and either Aeg >0
o)
or Ay <0
Ag < O}

and the sketch of the curve is shown in Fig. 2.1(c). It will be possible for the
curves of Fig. 2.1(c) and Fig. 2.2(a) to intersect each other in the first quad-
rant, if

Either
A >0

and either Ag > 1y 1
Vagdr >BySY .. .. L L (2.24)

or >
BoVW%

or
A<O

and either A >y )
Vagebidy > B S} .. .. .. .. .. (2.24a)

or 1> Ag
B, > \/asboblAl}

A <O
4; <0
A3>0

But, if
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then the function of eqn. (2.9) has three positive real zeros (A;, Az, Ag) and its

sketch is shown in Fig. 2.1(d). The curves of Fig. 2.1(d) and Fig. 2.2(a) can
intersect each other in the first quadrant if

either AL >y

By > 4/ agbeb 14, F

or Ag >y >N

or Ag > By > X } .. .. .. . .. {(2.25)

\/m > B, F

or B1>Ag

By > Vaghih 4y )

(iii) A4, <0, A3 >0; B; >0.

If either A>0
or

A <O
and either Ay 20
Ag > 0}
or 4 <0)
43<0f
then the function of eqn. (2.9) has one positive and either none or two negative

real zeros, and if
A< Ol

A3 >0
45 <0)
then the function has three real zeros all of which are positive and the sketches

are shown in Figs. 2.1(¢) and (f). The curve of Fig. 2.2(a) can intersect with
the curves of either Fig. 2.1(e) or Fig. 2.1(f) in the first quadrant provided that

either Ao > Iy
0 Ag> M
r Sk (2.26)
or A >
or Ag > By > As

(iV) A1<0. A4< 0, Bl >O.

Under this case positive real zeros are possible only when

A <O
and either- — Ag>0
A320}
or A< 0
A3>0}
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and the sketch of the function is shown in Fig. 2.1(g). The curves of
Fig. 2.1(g) and Fig. 2.2(a) can intersect each other in the first quadrant, if
Ag > By > g,
(v) 43 >0,4,>0; Bi<0, By >0, A;>0.
Under this case the function of eqn. (2.10) has two positive real zeros p,,

and p,, as sketched in Fig. 2.2(b); and it is possible for this curve to intersect
with that of Fig. 2.1(b) in the first quadrant provided that

A<O
and either Mo > Ag > Mg - .. .. .. .. A |
or l‘*g>l\3>.“'1}

_l\?
(£
N
e

(Vi) A1>0’A4<09 B1<0. Bz>0, Al >O

The curve of Fig. 2.2(b) can intersect with that of either Figs. 2.1(c) or (d)
in the first quadrant, if ‘

either Bo > Ag > 1y
or F'2>A3>F' i
oL L (228
or Ag > P > Ay > By
or #2>z\2>#1>,\1}

(vii) 4, <0, 4,>0; B, <0,B,>0. A;>0.

This relates to the case wherein the functions of egns. (2.9) and (2.10)
can be described by the sketches of Figs. 2.1(e), (f) and 2.2(b) respectively.
The intersection of the curve of Fig. 2.2(b) with that of either Figs. 2.1(e) or (f)
is possible in the first quadrant, if

either Be > Ag > Ky

or o> Ay > 1y

or He > 21 > 1y .. .. .. .. o {(2.29)
or N T

or Bo > A > By > Ag

(V'iii) A1<0. A4<0, B1<0,B2>0,A1>().

This describes the sketches of Fig. 2.1(g) and Fig. 2.2(b) which can inter-
sect each other in the first quadrant, if

either Ag > Ho > Ao > #4y

or f"2>/\3>f"1>/\2$

To summarize, if the inequalities of expressions (2.8) and (2.12) together
with a set of conditions listed under any one of the eight cases mentioned
above is satisfied then at least one set of positive real a, 8, 7, T, T and T
exists for which the circuit of Fig. 2(b), simulating the system of eqn. (1),
is physically realizable.

(2.30)





