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The paper deals with the steady rotation of viscous and elastico-viscous
liquids contained between two co-axial right circular cylinders with suction
and injection. The rotational speed at a certain distance from the common
axis is shown to depend on the cross-flow Reynolds number R. The rota-
tional velocity decreases as R increases, On the contrary this velocity
increases if B is negative and then increases. In steady rotation the presence
of the elastic elements in the viscous liquid has been shown to have no
effect on the motion of the liquid if R vanishes. If R is non-zero, the elastic
elements further dampen or quicken the rotational speed according as R is
positive or negative,

1. In section 2 of this paper the steady rotation of a viscous liquid in
the annulus between two co-axial circular cylinders has been considered and
in section 3 the same problem has been applied to the case of an elastico-
viscous liquid. In both the problems it is assumed that the liquid is injected
at one boundary and withdrawn at the other, both at the same rate.

In both these problems, we choose cylindrical polar co-ordinate (r, 6, z)
with z-axis along the common axis of the eylinders. The velocity field in
both the cases is given by

w=ur), v =v(), w=0. e .. .. (1Y)

Since we consider the incompressible liquids in these two problems the
equation of continuity is
v ;=0

>

and, in order that the velocity field (1.1) is compatible with the continuity
condition, we must have
du  u
Ty
which on integration gives
ur = ¢, & constant. .. - .. .. (1L.2)
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The boundary conditions of the problems are

u=U atr=a . . . .. .. (L.3)
v=Laatr=a
=batr=>~
=V .. . .. . . . oo (14)

where ¢ and b are the radii of the inner and outer cylinders. ,, 2, are the
angular velocities of the inner and outer cylinders respectively.
From (1.2) and (1.3), we have

'M=T. . . .. . e (15)

2. In this section we consider the case of a viscous liquid only. It has
been proved (Ramsey 1947) that if the space between two co-axial circular
cylinders of radii ¢ and b is filled with a viscous liquid, and the cylinders
are made to rotate with angular velocities £, and £2;, then in steady rotation
the angular velocity of the fluid is given by

a%(b2—1r2)2, 4-b2(r2 ""“2)92
rE(bE—a%)

Q=

(2.1)

Now we shall apply injection of the fluid at one cylinder and suction at
the other to this problem. In the case of a viscous liquid, the stress-strain
rate law

= —pSAAARS F2d, .. L L. L (22)
together with the momentum equations
o' oy,
p{ 5+ vf} — 2+ (2.3)

and equation of continuity
v ;=0

define the flow pattern, where A,, u are the coefficients of the medium, v is
the velocity vector, p is the mean pressure and
2= v 40,
is the rate of flow tensor.
From eqgns. (2.2) and (2.3) we have
P{ du 02} - ap d'r +1’:— 'rg .

W e e
= or r

dr

(2.4)

dv ., w _op ) (2
{dr+ } aa"'dr"' e e e (25)
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From (1.5) and (2.4) we have
dp _ pg U2q2 3;_2}

ar 8 'y
and (2.5) gives the differential equation

d2
2 Er—g-l-(l_R)rZ—: —v(14+R)=0

where
r=2
1 4
Solving this equation, we get
t
v = ArR+1+§ .
r
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(2.6)

If 2 is the angular velocity at a distance r from the axis of the cylinders,

from (2.6)
2= ArR-I-g .
r

With the boundary conditions (1.4), we have

Qeb2— Qa2 a2b2(Q,b% — Q,a%)
A=rrmm_ gz ad B= —ig—i—.

Substitution of the values of 4 and B in (2.7) gives

1
R e LY N e ]

If there is no suction and injection R = 0, and we get

Qy(r2—a2)b24-Q, (b2 —i2)at
12(bE—al)

Q=
which is the relation (2.1).
If the inner cylinder be at rest and b = 1-2a, (2.8) gives

v _ 1-2a(rR+2—qR+2)
LA T

2.7

(2.8)

In Table 1 we have shown the values of 2 for different values of R and

vV

r. R =0 is the case of steady rotation of a viscous liquid without suction

and injection.

As B increases, being always positive for a certain value of r, % gradually

decreases. This shows, if the liquid is injected at the inner cylinder and
sucked out at the outer, the rotational velocity is damped. Hence, for

positive values of R, the tendency to separation is delayed.
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When the liquid is injected at the outer cylinder and sucked out at the
inner, R is negative. When R is negative from Table 1 it is seen, as R de-

. v .
creases, for a certain value of r, 7 gradually increases.

Hence the injection of the liquid at the outer cylinder and suction at
the inner quickens the onset of turbulence in the steady rotation.

TasLE 1
R —3 -2 —1 0 1 2 3

r r

a v
1-00 - 0-000 0-000 0-000 0,000 0-000 0-000 0-000
1-04 0-266 0-245 0-231 016 0-198 0-182 0-168
1-08 0-500 0-490 0-444 0-419 0-397 0-373 0-352
1-12 0-690 0-650 0-643 0-620 0-596 0-577 0-549
1-16 0-856 0-833 0-828 0-814 0-802 0-781 0-764
1-20 1-000 1-:000 1-000 1-000 1-000 1-000 1:000

If the inner cylinder is at rest, we have

dp  PVE2 [U2a2  (rR¥2—gR+2)2
P R £ TR Sy )

When there is no suction and injection the pressure gradient in the annulus

2
of the cylinders varies from zero to % But on the other hand, if the

liquid is injected at the inner cylinder and sucked out at the outer one, the
pressure gradient varies from
pU2 pV2 U2a?)
Tt"T{“"‘vzbzs -
This shows that there is an extra pressure gradient acting on the liquid due
to suction and injection. That is, for a particular r, the pressure gradient
increases with B. For the negative value of R also this conclusion is valid.
. 3. The equations governing the elastico-viscous liquid model consist of
stress-strain rate law
7;.+,\"";. = 2P-d;. BN - . . (3.1)
together with the momentum equations (2.3) and equation of continuity
v; =0
where .
or, .

[ AR K i K i i K
- — . o—— T P
?‘J 5 ;-'r]’ KV =TV =T K+"'J K
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is the rate of stress tensor,
2= 1+,
is the rate of flow tensor, v* is the velocity vector; p is the mean pressure,

A is the elastic parameter and p is the coefficient of viscosity.
From (3.1) the stress-strain rate relations are

a 1 4
T +)«{u 3 -2, du} = 2p.d

u
¥ ar 32)
r aT’O 2 dv ¥ dv v
70+A u—a;—‘l',a—; =de—’—; . .o (33)
79 d 2 2
4 ) o L) N L S it
1-0+/\{u or 2 9((11’ r) 7 9} I
-'rf = -r: = -'r: =
The momentum equations (2.3) give
d d .
PU(I("l—r (’Ul‘) = “i—r‘()z'ro)
or
’ vr<D
r0=PUa{ = } R )

where D is an arbitrary constant.
Substituting the value of 7, from (3.3) in the equation (3.2) and neglect-
ing the squares of A (considering A to be small), we have

d‘r’
dposthoniert )

With the help of (1.5) and (3.4), we get

2 AU%a? UaD
{Ui‘:" }dﬁ{ 73“+ +}+7‘_‘2 =0. .. .. (35)
Putting r = an, K -l'-’ dR-—-—ql—z , eqn. {3.5) takes the form

KR24+Rn?4n2 + RD*
NERi—%) | ' KR

=0
where D = aD*.
Integrating this linear differential equation with the boundary conditions

(1.4), we get
R+2 . R+2 Be .R_'t?.
(Q02—Qpb2)(KR2~72) ® 4 Qb2(KR2—1) * -.Ql'aﬁ(KRZ— ai) 2

o= B2 b2\ Kr2
a[(ma-l) 2 -—(KR’-— —E) 2 ]
a
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If the liquid is inelastic and viscous, putting K = 0 in this relation, we get

1
Q= SFE o) [ = ) 0y (57— at]

which is the relation (2.8).
If there is no suction and injection R = 0 and putting this in the same
relation we have
(b2 —rB)a4Qy(r2—a2)l2
- r2(b2 —a?2)

Q

which is the relation (2.1). This shows, if there is no suction and injection,
the presence of elasti¢ elements in the viscous liqnid has no effect on the
steady rotation of the liquid. This is because the non-dimensional elastic
parameter K disappears as R is put to be zero.
If the inner cylinder be at rest and b = 1-2a, we get
R+2 R+2
(KR2—1)T —(KR2—n2) 2

=12 Rtz R+ey
2| (KRE—1)F —(KR2—1.44) 7 |

<le

In Table 2, we have shown the values of %i for a particular value of

the elastic parameter K and different values of R and 7. R = 0 is the case
of steady rotation of an ordinary viscous liquid without suction and injection.

As R increases, being always positive for a certain value of 7, f[; gradually

decreases. This shows, if the liquid is injected at the inner cylinder and
sucked out at the outer, the rotational speed is damped. But, if the results
from Table 2 are compared with those of Table 1, it is seen that the rotational
speed is damped further and this is due to the presence of the elastic ele-
ments in the-viscous liquid.

For the negative values of R, that is; if the process of suction and in-
jection is reversed, then as R decreases for a certain value of 7, '12/ gradually

’

TaABLE 2
K = 01
PR -3 -2 -1 0 1 2 3
v
" 7
1-00 0-000 0-000 0-000 0-000 0-000 0-000 0-000
1-04 0-526 0-267 0-232 0-216 0-195 0-168 0116
108 0-759 0-493 0-447 0419 0-393 0-349 0-176
1-12 0-881 0-687 0-649 0-620 0-591 0-548 0-379
1-16 0-955 0-838 0-829 0-814 0-792 0-7656 0-634

1-20 1-000 1-000 ~* 1-000 1-000 1000 1-000 1-000
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increases.and the results of Table 2 show that due to the presence of elastic
elements the rotational speed increases further.

My warmest thanks are due to Professor. B. R. Seth and Professor P. L,
Bhatnagar, F.N.1., for their valuable suggestions and enc/()ura.gement. I also
thank Dr. R. S. Nanda for bringing my attention to the subject-matter of
section 3 of this paper.
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Note added in proof

It has come to the notice of the author that Kapur and Malik (1960) in
their paper on ‘ Laminar flow in an annulus with rotating porous walls’ have
studied the above problem only for a viscous liquid. But their discussions are
different from section 2 of the present paper. The author was unaware of their
work at the time when this paper was written.
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