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The motion of viscous liqmd in a curved pipe of elliptic section has been
considered. The solution has been obtamed m terms of Mathieu functions,
and some of the effects of curvature are deduced from an approximate
solution obtained by reteining a sufficient number of terms of the series
representing the Mathiet functions involved The corresponding problem
for circular section was solved by Dean and Hurst (1959)

IxTRODUCTION

It is known from experiments that in the stream-line motion of viscous
liquid in a curved pipe the primary motion along the line of the pipe is
accompanied by a secondary motion in the plane of the cross-section. The
secondary motion decreases the rate of flow produced by a given pressure
gradient and causes an outward movement of the region where the primary
motion is greatest. Though it is very difficult to deduce these experimental
results from exact equations of motion, Dean and Hurst (1959) have deduced
some of these by assuming a uniform stream as the secondary motion. They
have taken the pipe bent in the form of a circle and considered circular and
rectangular cross-sections of the pipe.

The object of this paper is to consider the motion of viscous liquid in a
curved pipe of elliptic section, using similar assumptions and approximations
as done by Dean and Hurst. The solution has been obtained in terms of
Mathieu functions and some of the effects of curvature have been deduced
from an approximate solution obtained by retaining & sufficient number of
terms of the series representing the Mathieu functions involved.

1. Assuming that the velocity components (U, ¥V, W) referred to
cylindrical co-ordinates (&, 4, z) are independent of ¢ and the time ¢, the exact

equations of motion and continuity are

oU v 1P 1 0 1 o
UtV "B‘"“ﬁa-+"(awz+‘~“a‘,:,—zi+‘é;z)"
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and

We consider the boundary of the curved pipe as the surface obtained by
rotating an ellipse about the z-axis. We then assume that the major axis
of the ellipse lies in the plane of curvature of the pipe and semi-major axis a
is small compared with the radius R of the circle traced out by the centre
of the ellipse. Then from the above exact equations we get the following
simplified approximate equations :

aU ou pe 1o0P ot o2
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av oV 1 oP
U‘a—6+WFz— = PR a¢ (a 2-'-?12)" ‘e . . (2)
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N

Fra. 1.

From eqns. (1), (2) and (3) the pressure P may be written in the form
P=—CRe+9(a,2) -. . . . (B)

where the constant C is equal to the space-rate of decrease in pressure along

the central line of the pipe.

By virtue of (4) we write

W=, .. .. .. co S8

then equation (2) gives

ot _C (o¥ o P o i
(R I LR



MOTION OF VISCOUS LIQUID IN A CURVED PIPE OF ELLIPTIC SECTION 653

and elimination of P from (1) and (3) gives

(_a=;+_a_s)’¥,__g_za_lg (a_u_rf o ¥ 9)\(ozw ooy 8
Natea) ' =7t \ee %% /et az) ®

As in the approximate eqns. (7) and (8) the co-ordinates @ and z appear
0
only in the operators 565 and 3, » 80y point in the meridian plane, conven-

iently the centre of the elliptic section, may be taken as origin and (;Y , Y)
can be used for the corresponding co-ordinates (Fig. 1). Non-dimensional forms
of the equations in terms of X, ¥ can now be obtained by writing

Y=wX=az, Y=ay, V=Vyp .. .. o (9)
where,
Ca?
Vo=4r: (b=
These equations are
2, op 8 o a)
V= 4+(az w_amwt - - - (0
and
,av a3 a)
V=K (%@'ay 5 Vi . .. ..y
where 2 2
° 2 92
vlgéﬁ-‘-?ﬁé’
and the non-dimensional constant K’ is defined by
= aVo
K R(y) e 1)

If the pipe is straight K’ = 0; and a solution of (11) is then ¥ = 0 and
(10) becomes

Vo= —d4, O £

which is the known equation for flow of viscous liquid under a constant
pressure gradient in a straight pipe.
If the cross-section of the pipe is an ellipse given by

¥
w=L
ie.

:c2+ =1

l—e1

where e, is the eccentricity of the ellipse, then the appropriate solution of

(13) is \
ve= A=) J—zt- L),
2—-e§ l-—ef
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2. Now we assume after Dean and Hurst (1959) a uniform stream in
the z-direction in place of actual secondary motion, i.e. we write

= —2K1y

where K, is a constant. This assumed secondary motion, of course, does
not satisfy the boundary condition at the surface of the pipe.
Thus now (10) gives

% 0% o

52-,'.5-{-5375: —4+2K1-é-£. .. . .o (14)
Substituting

e K.x
V= -E+ue 1
in (14) we have

o0%u  0%u

_a.?r..é-{-?g—z- = Kf?l, . . . .. (15)

Now we introduce elliptic co-ordinates £, # defined by

gty = h cosh (£-+in)
where h = ¢, and x = h cosh £ cos 4, ¥ = A sinh ¢ sin .
In these co-ordinates equation (15) transforms to

0%u | 0%
aT;:JraT,z —2K2(cosh 26—cos 2p)u =0 .. .. .. (16)
where

K2 = }K2h2 = ¢ (say).

The appropriate general solution of (16) is
w= > OnCenlt, —g)cem(n, —q)
m=0
where Ce,(n, —q) is the Mathieu function of the first kind of order m and
Cem(é, —q) is the modified Mathieu function of the first kind and of order m.

Therefore

2
= R_Z‘;ooshg 008 teft s £y > CoCen(f, —gloemln, —g). (1)
1 m=0
If ¢ = £, be the boundary of our elliptic section we have the boundary
condition
v == 0 when ¢ = §,,

ie,  hcosh £ycos . e~2Kcoshfgcosny — %1 . Z CnCem(éo, —q)cem(n, —q). (18)
m=10
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Now (McLachlan 1947, p. 209)

@ (2n)
cosh (2K sin ¢ sinn) = 2 Z ——ﬂ———cez,,(-f, g)cean(n, )
"0 66271(0’ q)
and
o penty
sinh (2K sin £ sinn) = 2K , seont1(€5 9)seansi(n, q)
n=0 882n+1 O’ q

Changing the sign of ¢ (McLachlan 1947, p. 21) and writing i¢ for £
@® A(Zn)

cosh (2K cosh £ cos n) = 2 )Cezn(f, ~q)cegn(n, —q)

ne0 662"(0, q

@ (2n41)
and  sinh (2K cosh £cosn) = 2K > — 2 Cegpyy(€, —q)cronsa(n, —q).

n=0882n+1( )
Therefore

e‘ZK coshfcos'l; = Z Dmcem(f, —‘])Cem('fh —(j)

m=0

where
2A(()2n)
ce,, (0, g) ,
agpey [T O LR

D2n+1 = =

86;"+1 (O’ q)

Differentiating both sides with respect to ¢ and putting ¢ = &,

@®

Z DuCe, (€o. —q)com(n —q).

m=0

—2K sinh £, cosq ¢~ 2Kcosh focosT =

Therefore for the boundary condition (18) to be satisfied we must have

d 2 < .
CmCem(€o, —=q)ctm(n, —q) = —5——— > DypCe (&5, —q)crm(n. —q)
"ZO momee " K>tanh & ,,Zn mee "
so that
2DCe (£o, —
= g nifo, —9) L (m=0.1.2. ),
K tanh £yCem(Eo. —q)
i.e.
o 445Ce, (£9. —9)
2 —_—
" K? tanh £gceqn(0, g)Cean(£o. —9)
sty (=012 ..) .. (19)
Co ~2hB """ ' Cey, (€0, —q)
ntl1 =

Kl tanh 5083;,,4;](05 9)0321»-(-1(50’ —q)
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At the centre of the ellipse ¢ = 0, 3 ==’—21 and therefore v, the value of v at

the centre of the elliptic section, is given by

v = Z CmCom(0, —g)cem(m/2, —q)

i 114 A" Cey, (£0, —q)ezn(0, —q)
=, Kz tanh £o('egn(€o. —9)

since (McLachlan 1947, p. 21)
cezn(w/2, —q) = (—1)"cesn(0, g)
and ceonyr(n/2, —q) =

The total rate of flow through the pipe is given by the integral of ¥
taken over the area of the cross-section. So

F= f f Vizdy =V, f f (%flwelﬁ:) dedy

{o ©
= %Vohzj J [ z EpCem(€, —q)cem(n. —q)
0o vo Ltm=0

[

X z CmCem(€, —q)cem(, -—q)](oosh 2¢—cos 27) dndf,

m=90
where
Eza = Dzn D)
(n=0,1,2,....)
E2ﬁ+l = "'DZ'H-I.;

Therefore, by -orthogonality relations and the result given by McLachlan
(1947, p. 264),

© ¢
F= 1”%‘_’9 > EaCm f "0 (€, —q). [cosh 2~Oplde. .. (21)
m=0

0

This F may be evaluated by a numerical process (McLachlan 1947,

p. 262, Art. 14.22).
3. When g is sufficiently small (McLachlan 1947, pp. 15 and 185)

ceol, —q) = AG(1+4q 008 2{+5g® 008 48)
cey (€, —q) =¢ cos £+ 3q cos 3¢

cc(€, —q) == 008 2£ +q(§ cos 4€ —2)

cea(€, —g) = 008 3¢ +0(q)

cey(, —q) < 008 4£-40(q)
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and
( ~ l
,AoO) ~ - 40(¢?)

(because normalization is involved in the calculation)
A = dg+0(g?)

(2n) qﬂ
40" ™ a1z |

B 2 1+0(g2)
BY =< q+0(g3).

Then the value of v at any point (z, y) of the elliptic section correct up to
second power of K, is given by

2(1—e? 2 2(1—é” 1—c°)K>
( el)(l—aﬂ— yz)[l ( 821)K ( el) 1

Lo
2—¢ 4-32 " 3(8—82+)

2 2

6—e] 20—3e] . ¥ ) 29

x 2 3 — 4 3 g o l 25 e (u )
—e; —3e; —e

v

R

1--—e1

Therefore v, (the value of v at the centre) correct up to second power of K, is

_1-d) [1 (1—cyx? ,6—6?]

32— | 3(8—8+c) 2—4F

Yo

For this approximation v, is a decreasing function of K; and as K, tends

to ‘zero’
A=)

2 b
2—e;

Vo

so that the velocity
Ca2 l—ef
V=Vwg=—

’ p)
n 2—e

gives the correct value at the centre of the elliptic section for a straight pipe.
The approximate expression for F correct up to second power of K, is
obtained by taking the value of v given in (22) and is found to be

¥ 1—c2)t 9(1 —e3)?

el (10 [1— (=) Kf], L (23)
dp  2—€ 3(2—e)(a—3¢)

giving the correct value of the rate of flow for a straight pipe when K, = 0 as

5, o Ot (1=4)
ST 4p (2—ey)
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The coefficient of Kf in (23) being positive, for this approximation the rate
of flow is decreased by the secondary motion.

o.a L ! 1 1 1 1 1 L L

-0 ~08 -~06 -04 ~-02 00 02 04 o6 o8 10
X
¥16.8.

4. In Fig. 2, the values of F/Fs (the ratio of the rate of flow through the
curved pipe to the corresponding rate through the straight pipe of elliptic
section) are plotted against the values of K,, F being calculated from the
approximate expression (23). These curves show the effect of secondary
motion in reducing the rate of flow for different elliptic sections. Eoccentri-
cities of the elliptic sections are taken as 0-3, 0-5, 0-7 and the range of the
values of K, is determined from the condition for approximation which



MOTION OF VISCOUS LIQUID IN A CURVED PIPE OF ELLIPTIC SECTION 659

demands }¢:K: to be sufficiently small. The reduction is greater when
ecoentricity is less.

In Fig. 3, curves show the reduced velocity v calculated from the
approximate expression (22) for values —1 <z =< 1, ¥ = 0 for the section of

16

K =1 K

15

14

1"/‘, 5—'-

eccentricity 0-5. The curves correspond to the values of K, = 0-0, 0-5, 1-0,
15 and give the outward movement of the region of maximum velocity as
K, increases within the admissible range of values.

Table 1 gives the values of x on the major-axis of the section (eccentri-
city 0-5) where the reduced velocity » is maximum for different values of
K, and also the corresponding maximum values of v.

TaBLE 1
€y == 0‘5

K, = 00 0-5 10 15
z=00000 01187 02526 0-3894
vmaz = 0-8571  0-8472  0-8236 0-8023

Curves in Fig. 4 show the values of g (the ratio of the reduced velocity
& .

for a curved pipe to the corresponding velocity for the straight pipe) for
K, = 1-0 along the major-axis of a section. The curves correspond to the
sections of eccentricities ¢; = 0:3, 0-5, and 0-7.
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5. TRANSITION TO CIROULAR SECTION

When the cross-sectional ellipse tends to a circle 4 = e, tends to ‘zero’
and by results given by McLachlan (1947, pp. 367-369) we have
Cegn(€, —q) ——> D'2nlan(Kyr)
Cegni1(€, —¢) —> S'enyalonsr(Kyr)
Cegn(€o, —q) ——> P'2nlsn(K;)
Ceanya(fo) —9) — 8'gnyalons1(K;)
(the radius of the circular section being unity)
and
Ce'gn(€0, —q9) — > D'anK11'sn(K))
Ce'any1(€o, =) —> 8'2n41 K11 2nq3(Ky)
cem(n, —q) —> c08 mn = co8s mB(m = 1)

1
—q) > A9 = —
ceo("?, 9) 0 \/2
where

P'sn = (—1)"cegn(0, g)cean(m/2, 9)/‘4(20”)

S'anp1 = (—1)"s€'2n41(0, q)8esny1(7/2, q)/K1By2*+D),
Then

2I'9n(K
ConCegn(§, —q)cean(n, —q) > I:Z(K:)) Ion(Kyr) cos 208

21" K
Cony10¢sn41(€,— q)Cania(n,—q) > — I,:':I(K:)) I3441(Kyr) co8 (2n+1)0

(n21)

and
o0 I(Ky)
oCes(é, —q)ceo(n, —q) —>I—o(—f610(1fxr)-

Therefore, for a circular section we get

-]

Ug == Z ol (K 1) 008 M6,

m=0
i.e.
217 ]
vo = o eKT ,..Zo omIm(Kyr) 008 mB
where
I(Ky) L(Ky)
P g, d = -] ) . m 3
%= IE), ¢ =20y mE D

which is same as the result obtained by Dean and Hurst (1959).
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Again, mn the case of transition to a circular section (McLachlan 1947,
Art. 9.12)

cosh 26d¢ — 2 cosh ¢ smh ¢ == ‘—'d—r
and
Op—>0
So that
1 & ()
7 1 (2 877 an\ 1 2 .
~ EgyC, Ce
2n-2n J‘U (’Zn(f Q)L‘v‘)bh ZE @2ﬁ]d£ - Kl Izn(A ) JU zn(Alr)d' 3

¢,
ﬂ}bz 1 P 2 . 8 n ( )
> E2n+102n+1{ Oty (€, —leosh 26 —Bgpy |dE —» — A—’: I:,.:(Ki)

0

1
X f ;l;”+l(K11)ri?'
0

and
fo P 1
TTIL Y 2 1. 17 ‘lo(A 1) 2, 5
oc J OCU(f. —q)LUOSh .’:é‘-—@ojdf - -I—{; m I'IO(IX. 1/ )dl'.
0 0

Therefore for a circular section the total rate of flow through the pipe

Vodw < f -
om } L (Kq)d
2 o |

m=

which also agrees with the result obtained by Dean and Hurst (1959).

Jac =
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