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The first and the second derivatives of the density, the pressure, the velocity
and the magnetic field vector behind the shock, in the case of steady flow of
conducting gases in the absence of viscosity and heat conduction, have been
determined. Consequently, the curvatures and torsions of the streamlines
and the magnetic lines of force, the current density and the vorticity behind
the shock have been found.

1. INTRODUCTION

A shock divides the flow in two regions. If the flow in front of the shock
is known, the flow immediately behind the shock can be determined with the
help of usual conservation laws and the transport equations. If the co-ordi-
nates of a point be z*, then on the surface a* = z*{y*)t, where y* are the sur-
face parameters. With the help of usual tensor notations, conservation laws
and the transport equations, in the case. of three-dimensional steady flow of
conducting gases, can be written as (Cowling 1957, Kanwal 1960)

1) —ug g Hy4 H;, jus+ Hyug, s = 0
(2) Hy ;=0

1
(3) Puy, juj+p:.—~ Z;Hi’ Hi=0
(4) PygttytPuy, s = 0
(5) N, §Ug = 0

and the equation of the state of a gas with constant specific heat as (Courant

and Friedrichs 1948)
(6) p = exp (n/JCy)p”

Tn the above expressions, H; stands for the components of magnetic

. H2
field, u; for the velocity components, p* for the expression P P for the
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pressure, p for the density,  for the specific entropy of the fluid and y for the
ratio of specific heats at constant pressure and constant volume. A comma
following & Latin index denotes partial differentiation with respect to z’s.

If f and f;; denote the quantities behind and in front of the shock- res-
pectively, then the difference of the two is given by

(7) Ul1=F=fy
Let X; be unit normal vector to the shock surface and 2’ * the projection
vector on the tangent plane. Let us put

(8) wns = X, uyny = uyiXs, Hyy = HiXy, Hyny = HypXi, ua = w5, u* = g%ug

>

Ha—Hzx @ H* -g°‘BHﬁ

where g*f is the reciprocal of the first fundamental tensor of the surface.
The shock conditions, in the case of three-dimensional steady flow of the
conductlng ggses, are given by (Kanwal 1960, Lust 1953)

9) P1jutgn) == Plin) =
(10) Hypj= Hayy
1
(11) P1/u1n/[ui] = "‘[P*]Xt‘l'z‘”Hm/[Hi]
(12) [Hiunj] = Hypj[us)
2 it
(13) Pl/uln/[%'l-ﬁ‘l'm] —[Hu]Hypy =0

where & is the specific enthalpy.

2. Frow PARAMETERS, VELOCITY AND MaAGNETIC FIELD VECTORS

Let us define a quantity & by
(14) [P] = 8py

By virtue of (14) and (9), we get
-3
(15) (] = T tam

If we multiply (11) by X; and make use of (10), we get
(16) Pl=q +8 Uyn)
In consequence of (11), (12) and (15), we get

damSH ynpurn Xi—2{ HS, (1 +8) ~2mmBuyn} Hyp
Hy, (1+8) —dmmitay)

7 [H]=

* Comma following & Greek index denotes partial differentiation with respect to surface
parameters.
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and

18) ]

_ 41rmu1n,-—8Hf”I Xt_HW/ H'in,(1+8)—21rm8um, H
HE, (14-8) —dmm(L4-8)uyn 2 | HY (148)—dmmugy § 1

The value of the specific enthalpy is equal to ;1«1% If we substitute

values of quantities of the region two from the above equations in (13), an
equation in 3 is obtained. Thus it is obvious that the velocity, the density
and the magnetic field vector behind the shock are completely known, if the
flow in front of the shock is known.

3. DIFFERENTIATION OF THE SHOCK RELATIONS

/
Differentiating (14), (18), (17) and (18) along the surface, we get
19) P =P, & P =4y
L i m8 s B
{20) p,ix,u—"pll,iz,a-l- mulnl ,a— o
: , damH niym X —2(Hy, 1 +8—2mmd)H i )
21 H; o = Hyy 2 =C,
( ) K 158, « 143 ’a+ { H?nl(1+8)_47"mu1”/ j,m ”

(dmmuyy—8HZ, ymduyn)

H, (1+8) —4mmun/(1+38)

Hy, (# ?n/i—'l—'—B"%msuln)H i =Dy
27 Hf”l(l +8) ~dmmuy, « *

(22) g, 4%, = g, jxfa+ {

In the above equations, Weingarten equation, Xf = —daﬁgf’yxfy (d,p being

the second fundamental tensor of the surface), has been used.

Before proceeding to determine derivatives, we shall put equations of
motion in proper forms. During this process, the following additional results
are required :

(23) Uy = u,./X¢+u“zfa

24) H, = HyX+H,

. If we multiply (1) by xfa and apply (23), (24), (21) and (22) suceessively, we get
(25) e Hog 1 o Xt 7 X = D o PO ot Hoty = 0

Again, if we multiply (3) by a', and apply (23), (24), (20), (21) and (22) success-
ively, we get

T R
i H '] (3 {I__ 1 —
©26)  punis 17 o Xi— o Ho 7 o XytpuPDighlq = 2 O aF Ba =0
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From (25) and (26), solving for ui,,xf X7 and Hy & X, We get
(27) |
4w(PH,,/uB—mHB)Din +(4wuB—Hn/HB)C¢Bx +4n(Hyy By+mHyu 1)

1

H o Xi=
+ o = H -—417mu,,/
(28)
u,’,j-’l?fan _ (4wmuB_H,,/HI3)D,~3xfa+(Hn/uB_un,Hﬁ)O'.ﬁxfa+4w(Hn/Ba+mHauk’ o)

Hf,-—4wmu,,/
Again, if we multiply (1) by X; and make use of (23), (24), (27) and (28)
successively, we get
(29) —Hoypus, 1 X Xy+un Hy y Xo Xy H*{(4mub — H, HP) Dy’ ,
+(Hn,uﬂ—umﬂﬁ)oiﬂx"a+4numBa+HmHauk,k}
o+ Ho (H o — 4t 1 = O

To get aﬁother equation in u;,;X,X;, H; ;X,X; we shall take help of (3),
(4), (5) and (6). Differentiating (6) and using (5), we get

(30) 4 D, iUy = Oﬁp, 1Ug
In consequence of (4), (30) gives
(31) Ds gty = —YPU, ¢

Multiplying (3) by %; and eliminating p, ;u; between the resultant and the
equation (31) and applying (23), (24), (21), (22), (27) and (28) successively, we
get , '

(32) - us, 3 X¢X; = By P%+CygQP+ DygRE+ Sus

(i) P* = 1 {““—Hn/un/u“}

Mg (| He—dmmaty,

where

B, Bly,— H ) —u®HBr (H“Hﬁ—-‘lan“uB)
(i) @; = lrp— {u (ug—Hy)—w*HPY 4u i,
sy B 1 { :
i) RY = %rrBoi o BIEZ
(iii) p mun,’(Hi/_‘lﬂmum) uyH H T =M (Hn/— 411mu,,/)Xi
—2uuPpHl n/xfa'_ ) Hp H “uﬁxf ac}
(iv) § = — B mm Mol

mu,,/(Hﬁl—thmu,,,)
Again, in consequence of (29) and (32), we get
(33) Hy, XXy = BoU+CigVP+ DgWP+ Yuy,
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where

G) U% = L{H,,,pa_.%(."‘_ﬂM}
! H” —-411‘7)7/1[,,,

(i) V8 = Li( Hy _ HH(HppP— g HP) —u(dmmuP —H,,,Hﬁ)
Yl H? —dmmay T
(iii) Wﬁ -‘l—{ﬂn/Rﬁ He( 4nmuﬂ_H,,/Hﬁ)+4,,uu(mﬂﬂ_pﬂmuﬁ)
Y] H | — 4w %a

iv) Y= ul {(S_I)Hn/— Hn/HaH“+4mnu°‘Ha}
n/

Z
H, —dmmun

4, PARTIAL DERIVATIVES OF #; AND H;
Let us define quantities Lj. by
(34) L= xfa, L, =X,
If ' L;: [,= L # 0, then we can define quantities M; by
(35) ML =38, ML,=38;

Hence, quantities M;: are given by

1 .
(36) M =7 e pX* and M} = e“ﬁeaﬁXi
where e stands for lemX,-xf qxf g- In the above expressions e is having
values .
(1) -1 when jk form an even permutation of 123,
(2) —1 when jk form an odd permutation of 123, and
(3) 0 when ik are not all different.
and B

(1) +1 whena =1, f=2,

(2) =1 whena=2,8=1, and

(3) Owhena=§
Again, let ys define quantities K;; and Ng by
(37) Ky=Hy, mLiL]
and

(38) Nyj=uy, mLiL;'n
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Equations (37) and (38) with the help of (34), (21), (22), (27), (28), (32) and
(33) give

(39) Kop= C’iﬁzju

4n(pH ,uf—mHP)D g’ o+ (dnmuP—H, HP)C g’ | 4 dn(H Bt mHous, 1) ,

2
H"/—47rmu,,/

(40) Kup =
(41) Kgu = CiuX;

(42) Kg3= BmU“+C'iﬁVf’+Dwa+ Yug,
43) Nyg=Dyg,

) Naye (4mmuP—H o HP)D g’ , +(HouP — HP)C g’ + 4ty By +mHou 1
ag =

H§/—4wmun/
(45) Naa - DiGXi
(46) Ngg = BaP*+C,pQB+DgRE4-Suy 4

" In consequence of (35), (37) and (35), (38), we get

(47) Hyy = KijM;‘MJT'n
and
(48) utym = NyM'M,

By virtue of (2), (47) and (48), we get

(49) i = = [(Hy—dmmun)Cyp] MM+ {dm{pH P —mEF) Dy,
+(4mmuP — Hy HP)C g+ 4 H p Bat (L — bt ) Cua X MM
+ (U + dmmn,))(BaU™+ C,g VB + D gwB) 13047} | | [¢rmHo 0t 1}
+ Y (H — 4mmu)) My

From the above equations it is obvious that quantities K; and Ny
are completely determined in terms of the flow in front of the shock. Hence,
(47) and (48) give partial derivatives of magnetic field and velocity vector
respectively. With the help of (47) and (48), the current density and the
vorticity behind the shock are given by
(50) Ji= Zl; KM M
and

(61) Wi= enNimM y}
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- 5. GRADIENTS OF THE DENSITY AND THE PRESSURE
By virtue of (4), (19) and (23), we get;
(52) ' P, Xy = —(u®Ag+Pu, i) [un
Now, let us define quantities Z; by Z, =p, ,Lﬁ . Hence, we have

(53) D = Ay, By = — 20 FPU &
o /u”/
Hence P =ZM,
From (3), (47) and (48), we get
_ H:IKlm ! gt ?
(54) Py i = =g M M —pHy Ny MM
where
(55) 2y = dy—dx

6. CURVATURES OF STREAMLINES AND MagNETIc LineEs or Forcr

If wt and #¢ be the principal normal and tangent vectors to a curve, then
from Frenet’s formula, we have

(56) Ku' = difds
where K is the curvature and s is the arc length. Putting ¢; = ui/g,g =Y ;_
s q oY
_Hid _H; 9 . . .
and f; = '@~ 7l o, for streamlines and lines of force and applying (47) and
{(48), we get
NimM " wup M,
(57) KIL1=—-I—1’L—2*J—’{M£_ zkz k}
‘ g g

and

KimMH; | HH M,
(58) Kpy= ——F— {Mﬁ—— lH’ k

7. SECOND PARTIAL DERIVATIVES OF u%; AND H;

In the preceding sections we have determined the first partial derivatives
of u, p, H; and p completely. The knowledge of the first derivatives can be
applied to the determination of the second ones.

If we differentiate (1) with respect to =™ and apply (23) and (24), we get

(59)  —Hnpua, jn Xgo+nHy, 10Xy = HPuy n%’ g—uPH, g g— Hotg xu—H, 1%, n
+ug sHy, n~Hy ptig, x = 0

* g is the magnitude of the velocity vector.
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In the above equations all the terms of the right-hand side are known except
the first three. As regards the determination of the first two terms, it can be

effected by differentiating (47) and (48) with respect to yh. Because of
symmetry in j and n, we have

= H %, m—x’

(60)  Hypud g

B (Kth M ) and Ug, jniLJﬂ = Ug, M.Z‘ B

= —(N,,,,M‘M’")
Hence, all the terms except the third are known. Let the right-hand side of

(59) be denoted by A:.”—-Hmk, kn-  Multiplying (59) by x‘a and X, respectively,
we get

(61) —Hyppuy, mzf X1+ Un i, 1nxf A7 = A;”mfa—ﬁauk, kn
and
(62) — Hupug, jnXi Xy Hy nXiXg = A, Xy=Hppug, kn

To determine u, ,,,,xfan, H; ,,,xfan and w 1n XXy, H; ;nX:X;, we must
have two more similar equations. They can be obtained from (3) by eliminat-
ing p°; in two different ways. We know that p"; = p .+ H,Hy i/4n. Therefore,
we can say that the first partial derivative of p* is known. Let it be ¢.

Hence, we have

o 4 = 9%
(63) p; p lz , & ayd

Differentiating (3) with respect to z®, multiplying it by &' » Substituting for
‘,,x’a (¢ and n being symmetric) from (63) and applying (23) and (24), we get

1 H i . Hﬂ i : i .
(64) Plafis, nT o X5— 1—:4/ Hy, g’ ( Xy = ' Hy, ! axj B—puﬁui’ in® axf P
0
g o, = 11, i, =
o

Applymg (60) we see that the right-hand side has got an allowa.ble
determination. Let it be denoted by ¢ ,. Hence, we have
i H i
(65) MUy, gn an—- Zf H; j,,a:’aX:, = iy
From (61) and (65), we get
(66)  Hy o' Xy = {4W(H,,,¢na-m4 o ) = dmmH oy, ,c,.} / (4mmun —HZ)

and
dmunpug+H n/A " o ~Hy Hatg, kn

41r_mu,,/—H"I

67) gt Xy =
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By virtue of (4), (30) gives
(68) D, KU = —YPUk, k
If we differentiate (3) with respect to 2™ and multiply by u;, we get an equation
containing the second derivatives of pressure. So, now, if we differentiate

(68) with respect to «®, eliminate the second derivative of pressure between
these equations and apply (23) and (24), we get

() H*— Hpu®)

Loyl
Uﬁutui,jﬂ, 8

(69) uynXiX; = —u“ui,jnxfan - A mity, H, ’”xf “Xj— u?
n/
_( ﬂ-HB) H; ;H
W Py, n , YD, 2l & i, 14, nlUs
A S x
pr—— Hy, g g+

MUy MUy dTmity,

_Hiy oHy ot wqug gUy, 0 Pl juguy P

dmmity) ui/ MUy My,

Uk, kn

In the right-hand side of (69), the first and the second terms are known with
the help of (67) and (66), the third and the fourth with the help of (60).
The rest of the terms except the last, being in terms of the first derivatives,
are known., Excluding the last terms, let the right-hand side be denoted by
¢,. Hence (69) becomes

(70) ug, W XiXj = €n— Lty
Up|
With the help of (70), (62) gives
. = Hu * x)— Hul (LP_ \
(71) Hyn XXy = ™ (¢n+4,,X) iy mum+1)uk,lm

Now, let us define quantities K, and ¥, by

(72) K., =H, anéL;”L: (symmetric in j, k)
and
(73) N;jk = uy, ,,mLfL;”LZ (symmetrice in j, k)

By virtue of (72), (34), (66), (71), (59) and (73), (34), (59), (67), (70), we get

’

d £ % ¢S 4
(74) o = gn (KM M) LLT

: . 417ZH winatmd, 2 )X n—drmHoX nux, kn
(75) Koss = =

41r’mun/——Hi/

’

(76) K333 {(‘f”""A Xi)Xn (lf“‘l'F 1) X nug, kn}
n
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and

(77) Ny = 53-— (NuM M, )LLT

s) N = drfpaXp+Hud, 2 X, zﬂmﬂaxnuk, n
dmmty—H,,

(79) Ny = €nXn— ﬁ;uk,knxn

Quantities K, and N, are known, if K, N, and K;ﬁ, N'.j3 are known.
Because of symmetry in the last two indices K;j?, and N;j3 are equivalent to

Ky and N, To determine these quantities, we should determine K, and

’

N, But all these quantities are known from (74), (75), (76), (77), (78) and
(79).
From (72) and (73), we get
(80) Hy, g = K, MMM,
and
(81) wymn = N, MMM

Differentiating (2) with respect to z*, multiplying it by X, and applying
- (74), (75) and (76), we get an equation in uy ;,X,, whence it can be evaluated.
8. SECOND PARTIAL DERIVATIVES OF p AND p
We have seen in section 5 that the gradients of density are given by
(82) Py =ZiM,
Differentiating partially with respect to y*, we get

m 0 3
(83) P inly = Py = oz (ZM)
If we differentiate (4) partially with respect to ™ and apply (23), we get

(84) P, im&Xi = —u®P, yn¥ =P iy m=P, mUi, 1= PUs, tm

The first and the last terms are known from (83) and the last portion of the
discussion of section 5. The rest of the terms, being in terms of the first
partial derivatives, are also known. Now, let us define quantities Z;J. by

(85) Z:.J. =p 1,,,L5L;" (symmetric in %))
With the help of (85), (34), (83) and (84), we get
. ) b
(86) Zy=55 (Zym;) L,
and

(87) 2;3 = —u%p, szmxfa-—-P’ U, mXm—P, m¥4, imXm—Pi, tnXm
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Quantities Z:.J. are completely determined, for their determination is equivalent
to the determination of Z;, and Z;, (because of symmetry in i and j). Hence,
we have

(88) P, im = ZyM,M’,
Differentiating (3) with respect to ™ and substituting for the second

derivatives of the velocity, the magnetic field strength and the density, we
can easily evaluate the second derivative of the pressure.

9. TorsioNs oF MaexeTIc LiNES OF FORCE AND STREAMLINES

Torsion of streamlines with the help of notations of section 6 is given

by
bt} “z o
q q q
_ 1{0u; Ous Oug _ 1 ug Quy 0%uy
(89) Galing=1hr A i P e R T
Py Puy Gy
052 952 052
Now
Ou; 1
(90) —a— qu,, ;
and

02 Up __ uh 0 u-uk, ; Up,
R q oxh : q H = po { sty entG2ur,s rity, n— Uyt sz, 1}

From (89), (90) and (91), the torsion is given by
1
(92) T= lc2 756 SUkUiUmls, mus{q Uply ps—H 2 Uiy $Ur; s == Upthlthg, ril 1, s}

If the value of the first and the second derivatives of «; are substituted, the
above equation gives the torsion of the streamlines.
Similarly, the torsion of the magnetic lines of force is obtained from

(93) T= EkaHiHmHj: mHs{HzHera rs+H2Hk: oy, s—HsH Hy, rHa, v}

k2H5
after substituting for the first and the second partial derivatives of H;.
The author is extending the results of this paper to the case of unsteady
flow of conducting gases.
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