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Work has been done on heptatubular powders by Tavernier (1956¢, &) and
Gupta (1959, b). Tho formfunction for quatretubular powder hag been found
by Patni and Jain (under publication), for tritubular powder by Jain (1962) and
for bitubular powder by Kothari (under publication). In the present paper
the formfunction for & multitubular powder having N holes, whether V may be
odd or even, has been found, However, when IV is even, all the holes are in
the ring, while, when N is odd, even number 2n of holes are in the ring and
one hole is in the centre. The casos of heptatubular, quatretubular and
bitubular powders which have becn discussed by tho various authors so far may
be looked upon as particular cases of the general theory developed here.

INTRODUCTION

It is well known that multitubular powders have found their use in
America, Russia and to some extent in England also. Germans, in their
scarch for a progressive powder, made experiments with charges having 19
holes, 55 holes and 361 holes.

Work has been done on heptatubular powders by Tavernier (1956a, 6)
and Gupta (1959a, b). The theory of a particular case of heptatubular
powders has also been discussed in H.M.S.0. (1951). Kapur and Jain (1961)
have developed the theory of modified heptatubular and tritubular charges.
Patni and Jain (under publication) have recently worked on the theory of
quatretubular powders having four holes. Patni and Kothari (1962) have
developed the theory of modified quatretubular powders while Jain (1962) has
done the same for an unmodified tritubular charge. Work has also been done on
unmodified and modified bitubular charges by Kothari (under publication).

It seems interesting to us to study the properties of a general form, a
multitubular powder having N holes, where N may be even or odd. In the
present paper the author has obtained the formfunction of such a powder for
both the phases of combustion in two cases:

(i) when the number X is even, all the holes are in the ring;
(ii) when the number N is odd, one hole is in the centre and the re-
maining even number of holes are in the ring.
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It has also been found that, whether N be even or odd, there is no differ-
ence in the theory so far as the first phase of combustion is concerned but for
the second phase of combustion the situation is not the same. Further it
has been found that the theory for particular values of N = 3, 5 requires
special treatment. The case N = 7 which corresponds to heptatubular
powders has been fully discussed by Tavernier while the cases N = 3 and
N = 5 are discussed in detail by the author in separate papers.

It may be pointed out here that the work which has been done so far on
unmodified heptatubular, quatretubular and bitubular powders may be looked
upon as particular cases of the general theory developed here.

Notations :

D = the exterior diameter of the charge grain.

d = the diameter of the holes of the grain.

L = the length of the grain.

e = the distance between- any two adjacent holes or between any hole
and the curved surface of the grain,

m = the ratio of the exterior diameter of the grain to the diameter of

any hole = g .
p = the ratio of the length of the grain to the exterior diameter of the
grain = %
S == initial surface of the grain.
S == gurface of the grain at any instant .
z = fraction of the charge burnt at any instant ¢
f = fraction of the initial thickness (web-size ¢;) remaining at any
instant ¢, for the first phase of combustion; while for the second
phase of combustion, defined as the ratio of the distance receded
(from the beginning of the second phase up to the instant consi-
dered) to the initial thickness e,.
3 = density of the propellant.
V, = initial volume of the grain.
V = volume of the grain at any instant ¢.
N = number of holes (N may be odd or even).

Formfunction for a multitubular charge having N holes for the firsi phase of
combustion :

As defined earlier, we have
D=md .. .. .. .. .. o
L=pD=mpd, .. - .. . .. .. (2
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From Fig. 1
D= 2€0+2 . (2—Z+20A

or
D = 2¢p+d+(¢g+4d) cosec% =md .. .. o3

. _ (m=—2=1)d
. 60—-*‘—2“5'——.. P . . s .o (4)

with A = Coseczfﬁ , where 2n is the number of holes in the ring whether N =

2n or N == 2n-1,

Fic. 1. Multitubular charge with even number of holes in
the ring {at the beginning of the first phase of combustion).
N = 2n,

Fie. 2. Multitubular charge with even number 2n holes in
the ring and one hole in the centre (at the beginning of
the first phase of combustion).

N = 2n+-1.
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For minimum value of n, which is equal to 1, A = 1 and when # = o,
A ==o0. Also for ¢, to be positive m > A4-1.
The initial volume of the grain is given by

]

mpd[m2—N1]. .. .. .. . (5)

T
4

Fia, 3. Multitubular charge with even number of holes in
the ring (during the first phase of combustion).
N = 2n.

Y
O

e

Fia, 4, Multitubular charge with even number 2n holes in
the ring and one hole in the centre (during the
first phase of combustion),
N = 2n+1.
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The volume of the grain at the instant ¢ is given by

= g sl oo

2 2 2
_md® _ 2(m=2—1)(m+N)(1—f)
= T[mg‘N CESY
_(m—k—D%N—Dﬂ-fﬂ][ _(m—A—Dﬂ-fq
e e e (©)
The fraction of the charge burnt at any instant ¢ is given as
V=V _ ¥V i
__.WS«_L--V0 (7)
or
_ 1 2(m—2A—1)(m+N)(1—f)
=1 Gy |- @+
_(m—A—D%N—Dﬂ—fV]PW_(m—A—Dﬂ-fq
C+A)2 2+2) '
Simplifying, we get
2= (1—f)a—bf—cf2) .. .. .. .. (8
with
= (2+£\’)7'3;;;r:\2:1237)mp [(A+2)(2A+ I +8)m2p 4 A+ 2) AN +1) 3N 41} mp
. +{(A+1)2—N}(m+1)2] .. . .. (8A)
—)—1)2 ‘
b=(%:ngm_;MwRN—Jx2+Mm%—Mm+JXN+N+1ﬂ .. .. (8B)
_ (N=1)(m—2r—1) (50)

O NS mE—Nymp
From (2) and (4), we have

_ (24 2X)me,
L-m. . .. .. M

In order that the all-burnt position of a charge may not occur or coincide
with the rupture of the grains, we must have (Tavernier 1956a)

(m—A2—1)

£ > W . (10)
We can write (8A) as
@ = ag(m, n)+ a-—————](n;’ ") (11)
where
aolm, m) = =X [ o)At N 4 3ym

(242)3(m2—N)
+A+2){(N+ 143N +1}] .. (114)
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and
_ (m=2=1[QA+1)2=N](m+1)2
aa(m, n) = @+ N)3(mE=Nym ’
We have from (10)

.. (11B)

Pmin = (12)
for a given value of n
—A~1
i[O+ 2)@04+ N +3)m
+A+2) {AN +1)4+-3N 41} ]

[A+1)2—N](m+1)2
(24A)2(m=—N)

=1, a value independent of m and n, .. .. .. o (13)

Tmax =

For any given values of m and n, ¢ is minimum when p = -+ oo,
Y (m=2=1)
T 24 N)EmE—N)
= ag(m, n). .. .. - .. . .. .. (19)
When m = A+1, ag(m,n)=0.
D+N43
2422
in this case ay(m, n) is a function of n only, so that when n = 1 (a minimum

LA+ N +8ym+ { (N4 DA+3N+1}]

Also when m = 400, ay(m,n)=

value for n), ay(m, n) = L 0-7777, which corresponds to a bitubular charge
0 9 P g

and is the same as that obtained by Kothari (wnder publication) and when
n == W, ag(m, n) = 0.
We know that

S
— = . 15
A (@) (15)
&f/ r=1
From (8) and (15), we have
§= amBf=yf% .. e e .. (16)
0

where

__ (m+1D[2QA+2)A+1+ N)mp+(A2—3N —1)m+3A24-(6+2N)A+ N + 3] (16A)
*= CHN22m2o+2mNp+mE—N) '

2(m—A= D[NV =1)24A)mp— (3N +2A+1)m+ (N =3)A— (N +3)] (16B)
B= (24 2)2(2m2p4-2mNp4m2—N) -
BN —1)m—A—1)* N (0

v= (2+,\)2(2m2P+27an+m2_N) .
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N
(16) expresses a relation between - and f for the first phase of combustion

So
and by putting f = 0 in this equation, we obtain
s _
Se

which is the ratio of the surface at the point of rupture of the grain to the
initial surface.

From (16), we get

1(s .
:TJ,(E))=—B—2yj R L

and

d(s
«F(E)=_2y' O 1))

It is easily seen from (16C) that y is always positive for any given values of m
d

2 Y
and », therefore i_(_b_) is always negative and ar

a2\ S,
of f.

Considering the instant when the combustion of the grain begins, i.e. at
f=1, we have

d{s
if(S’) = A
_ 2(m—a—1)[2m4-2N —(N — L)mp)

S . . : .
(;—, is a decreasing function
So

(24 2)(2m2p+2mNp4m2—N) (19)
and at the rupture of the grain, i.e. at f = 0,
a LS‘_) _2m=A=1)[(BN +2X+1)ym+(N+3)— (N =3)A—=(N —1)(2+A)mp] 20)
d_f S/ (24A)(2m2p+2mNp+m2—N) -

N . . .
For 5. to have a maximum value at some point between the beginning of the
0

combustion and the rupture of the grain, we should have

. [‘%(‘%)]f=l|:%(§o)]f=o <90 o . .. (2D
ie.

[2m 42N — (N —D)mpl[(3N 4+ 22+ D)+ (N +3) = (N —3)A— (N —=1)(2+)mp] < 0.
(22)
The inequality (22) gives
PP TPy Or Po< PPy
where

_ 2m+2N :
=Ty e 2
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and
_ (BN 4+2241)ym (N 43)—(N—3)A 0

(23) and (24) give the two possible limits between which the value of p should

. . . N .
lie for the existence of a maximum value of 5 We see from these equations
0

that for a given value of », p; and p, are decreasing functions of m.
We also have
Po—py = ﬁ%—-l:-;‘)'?ﬂi) , Which ix always positive as m > A41 and A > 1.

8 d
For a maximum value of — So' (if(;‘s' ) = (),
(17) gives
—p—2yf =0
or

B

2y
_(BN42A4Lm 4+ (N 43)— (VN —=3)A—(N =1)(24-X)mp

YR (26)
(N —1)(m—A=1)
We also find from (26) that
_q_P—P1_Ps—p o
f =1 3pmin - 3pmiu : ( I)
Using (23): (24) in (19) and (20), we get
d (s) _ 224NN —Lm(m—2—1)(P,—P) (‘28)
;i? S’B -1 (24222m2p42mNp4m2—N)

and -

[d (S)] 2240V =1ym(m—A—1)(Py—P)
Af\So/ lr=0  @+A22m2p+2mNp+m2~N)

Hence, in general for any given value of n

(i) lfTQTAA)Q <P ([izf ( )IS always positive right from the begin-

ning, so that the powder is degressive throughout;

af (90

so that the powder is at first progressive and then degressive;

(ii) if py <P <Py, d q) is negative in the beginning and then positive,

(iti) if P > P2, - a ( 5 ) is always negative and therefore the powder is

progressive throughout.
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The results obtained above are given in Table 1,

TaBLE 1
Case (i) Case (ii) Case (ii1)
P P2 :
When -
\ Pmin <P <Py p1<p<p2 £>py
S Decreasing function of  Increasing function of z in the  Increasing function of z,
So z. The powder is de- beginning, then decreasing The powder is pro-
gressive function of z. The powder is gressive throughout

first progressive and then
degressive

Formfunction for the second phase of combustion (i.e. after the rupture) of
the multitubular charge with N holes :

Case I : When N = 2x and all the holes are in the ring.

~an

Fie, 5, Multitubular charge with even number of
holes in the ring* (at the beginning of the
sceond phase of combustion).

Let O be the centre of a cross-section of the grain and 4 and B the centres
of any two adjacent holes. At the beginning of the second phase of com-
bustion, the grain consists of :

(i) one central prism of base OFEG . . .

(i) 2n prisms of bases identical to the curvilinear triangle ECD, their
common length being given by

L—eo=[mp-(m—-2':$]d O £: 1))

* Only a part of the cross-section has been shown here,
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Also
(m+-1)d .
AB = cgtd =57 N €1 )
_ _ (eo+d) cosec AOE _ (m+1)Md
04 =0B = 3 = 52N (32)

At the beginning of the second phase of combustion, the radius of the arc
like EF, EG or ED

_e+d _ (m+1)d

= =S L 33

and the radius of the arc like CD
= €o+d+(€o+d)3 _(m+bH{a+1)d

: = smea o 69
0

Fra. 6. Multitubular charge with even number of holes in the ring
(during the second phase of combustion),

As the powder burns, the base OFEQ shrinks into OLJK and ECD into PMN.
If we take the radius of each of the arcs like LJ, JK as r, then the radius of
the arc like MN is

_ eotd | (o)A ( eo+d
OM=—3—+""5—-{'—3

_(mild ¢

Here we define / AOM = ¢, / JAE = / EAP = wand / PAM = Xx.
From triangle JAE,
eotd _ (m+1)d
2r T 224
= (m+1)d
T 2242 cosw

CO3 w =

(36)

(37)
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From triangle AOM,
0A24+0OM2— A M2

8¢ =""304.0M
_ (A242242) cos w—(2+42) 8
= Netnesw=1] - -t
and
2 2. 9
008 [('ﬂ—l) 3’%+w+x] = cos 04N =22 ;()ﬁMAMOM
- (2+/\)—(1’\+/\)2 cosew (39)

At ¢ = Eﬂ; , the curvilinear triangular prisms like PMN burn out and for this
value of ¢, let @ = w;. Then (38) gives
7 (A24+2X+2) cos w;~—(2+4])

cos%._ @A) cos oy —1] .. e . .. (40)
or
7
A cos 5, —(242)
w, = cos~1 - . e .. 4
A2+2) cos 5 —(A2+224-2)
For the vanishing of the central prism, let v = w,
so that
(n—1)7
“2 2
. 1
ie, €08 wp = 5 . .. .. .. .. . (42)

Table 2 gives the values of w; and w, corresponding to different values of n.

It is interesting to note from Table 2 that the complete combustion of the
two curvilinear prisms (central and outer triangular) does not occur simul-
taneously except when » = 2 which corresponds to the case of quatretubular
charges with four holes. While in the case of multitubular charges having
more than four holes (n > 2), w; < wy s0 that the complete combustion of the
outer curvilinear triangular prism occurs earlier than the complete combus-
tion of the central prism. However, in the case of bitubular charges (n = 1),
wg = 0 showing that there is no central prism.

When 2~1nth part of the base of the central prism, i.e. OFEG, becomes

OLJK and the base of the curvilinear triangular prism, i.e. CDE, becomes
PMN, their length  is given as

o= (L-—(?O)—2()‘—-: g(—)—gj)

m4-1 ]
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TABLE 2
n N A wy wy
1 2 1 53° 7' 36” 0°
2 4 J2 45° 45
3 6 2 42° 25’ 30" 60°
4 8 2-6130 41° 5 30" 67° 30”
5 10 3-2362 40° 167 30" 72¢
10 20 6:3938 35° 427 81°
oo} 0 o] 0° 90°

The complete combustion of the grains takes place when the part like OLJK
of the base of the central prism and the curvilinear triangle PMN vanish
with the condition that p should remain positive, where

for n = 1 (bitubular charge), w varies from 0° to 53° 7’ 36”;

for n == 2 (quatretubular charge), » varies from 0° to 45°;

for n > 2, w varies from 0° to 2% (n—1).

In general for » > 2, the above condition p > 0 gives

me+41 > m+: 0
; n—1)7
242) cos[ o ]
or
1
P> (H—%) -1 (44)
. =T o . .. ..
(24A) oos[ 5 ]
or
P >0p,
where
(1+1) 1
Py = = R T3

(242) cos [(—"_2‘_7;1.’1’] "
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We proceed to find out the area of the base of the central prism, and of
the curvilinear triangle PMN.
Area of the central prism

= 2n . Area OLJK = 4n . Area OLJ
=4n[ A OAE— A AEJ—sector ALJ]

; 2pd2 -

Area PMN = 2 Area PMQ
= 2 [sector OMQ+ A AMR~ A ORP—sector APM]

_(m2a2f(m )( _ 1 )2
T 42422 [(2n $)|2+ cos w

Asin ¢ sin x
sin [(n 1)ﬂ+¢+w] cos w

A sin[ ](cot —+4tan w) sin (% —_ )

sin[(-;—7;-—+¢+w]

“665}%2]‘ O 71
To simplify, we shall write
Area of the central prism = % F(w) .. . .. .. .. (48)
and
Area PﬂlN:%G(w) R T
where ' .
Flw) = [cot%;-—tan w—{(’”;ﬂl)” -—w}sec2 w] e e (50
and
o) = | (3 ~4) (21 ) #— b sinx
in [ +d+w ] cos @
i

g o 5

sin [(n 1) +¢+ ]

X O
e Q)
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Let the volume of the central prism at any instant during the second

phase of combustion be V(LJK ...) and volume of a prism like PMN be
V(PMN).
z = fraction of the charge burnt

o1 VWIE s 2mV(PUN)S

Vod
Now
n(m-1)2dz m1
__(m+ 1)242 _ m+41
_ 2n(m+4-1)2 1 m4-1 . .
2= = e —Zn)m [1 mp " mp2+N)cos w] (Flo)+ @) (52)
or
_ 2n(m+1)2 1 m+1 -
p=1- (2+,\)2(mz—2n)7r[1 mp — mp(2FA)cos w] Hlw) (53)
where _
H(w) = F(o)+4G(w). .. .. .. .. .. - .. (54)
Initially for @ =0, =0, y = 2’% (n+1) and (50), (51) and (54) give
n m(n—1
F(0) = F(w)y = cot -~ (’;n ) L s
' G(0) = G(w)y = 23’7-1(,\2+2,\—n)—cot21:; N 1111
and
H(O) = H(w), = 5’%[(,\+ D2=2]. .. .. .. .. .67

Using (57) in (53), we obtain the value of z at the beginning of the second
phase of combustion as

_ (m+1)2[(,\+l)2—-2n][ 1 (m+l)] -

=Tz e Tl 0 0 0 Y

or

= s [N+ 23+ (4o+2) (X 1+ 604 1
+{a+12=20}m+12].. .. .. .. (59)

= a, which is the value of z at the end of the first phase of combustion.
At the point of vanishing of the curvilinear triangle PMN,

ol
» A cos 5~ —(24N
w = c0s

A2+ cos{; —(A2+22+2)
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(50}, (51) and (54) become
min—1)

ks
.F’(wl) = cot — —tan wp— { o

o —-w1§ sec? wy
Glwg) =0
H(w;) = F(w1).
At the vanishing of the central prism where o = w,,
Flwg) = 0

and therefore finally H(w) = 0 for w = wj, or w = wy as the case may be.

z == 1, the value it should attain at the point of complete combustion of
the grain.

Defining f now as the ratio of the distance receded (from the beginning of
the second phase of combustion up to the instant considered) to the initial
thickness ey, we get

2(€0+d _’)
_ 2 " (in1) 1 .
;= o T (m=2=1) (1 cos w)' (60)
Initially w=0, f=0
y m—+1 1 .

For w=wy (flo=w = (775,-—/\-—)1) (1-—- s wl)' . .. (61}

i _ (m+1) 1 .
For w = e, [flw=w, = n—a—=1) (1— o w2). .. .. (62)
Now for ng 2 COs w) § 608 wp.

flo=w, S flocw, forng?2

Thus, for n =1 or 2, (61) gives the minimum value of f; while for
n > 2, the minimum value of f is given by (62).
(53) and (60) give
2n(m+1)2

p=1- -rr(2+)\)3(m2—2n)mP

[242ymp—(m—A=D)(1=f)]H(w). .. (63)

We proceed to find out for the second phase of combustion in terms of »

So
and n. We obtain

dz
dz _ dw dw _ 2n(m4-1)(m—2r~1)
(—l}—' daf (2+A)3(m2—2n)me
dw

H'(w)

m+l} cos? w

cos w) Sin w

[{(2+A)(mf’+1)

—(m+1)H(w)] .. .. o (64)
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and
[éf] _ _ (n—2— 1)(2m,2P+47rmP+m2-2n) .
&l ™ @-F N (mE—2n)mp (65)
sd_g
8__@
" (5
af)r=1
§ m+l | cos? ,
2n(m-+1) (m-}-l)H(w)-—-l (2+,\)(mP+1)— prond feen “u (w)
- m(2+2)2(2m2p 4 4mnP+m2—2n) (66)
which can be written as
8 2n(m+1)[(m+1)[(w)—=(2+A)(me+1)K(w)] -
5 = T r R NE@mE Immp+ mE—3n) (67)
where
I{w) = H'(w) cot o+ H(w) .. - .. (B7A)
and
K(w) = H'(w )COS @ . (67B)
Initially for w = 0.
Kw) = — g(/\+l+2n) L (88)
and
I{w) = = 5= (Bn+1=3) 1)
so that initially
N (m+1)[2(/\+2)(,\+1+2n)mP+(,\"-—lm--l)m+3,\2+(6+4n),\+2n+ 3] 10
S~ (24+X)2(2m2p 4 4mnp +m2—2n) (70)
= o.

Finally for w = w; or w; (as the case may be),

K(w) =0, I{w)=0 and gl =0
So

Case II: When N = 2n+41 with 2n holes in the ring and one hole in

the centre.
As given in Fig. 7, let O, A and B be the centres of the holes at the centre

and any two consecutive holes in the ring respectively. The triangle OAD is
isosceles, whereas in Case 1, ’

(m1)d 4 )

04 = OB = (oA (m+1)Md

T T 22N (72)
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with

w
/\—cosecé—'r-b. .. . .. .. . (73)

At the beginning of the second phase of combustion, the charge grain con-
sists of 2n prisms of bases identical to the curvilinear triangle ECD and a

curvilinear annular ring, élath part of which is represented by HFEGI.
As burning proceeds, the triangle ECD shrinks to PMN and HFEGI to

- -
“e. .-
a2 L i

ey e -

Fia, 7. Multitubular charge with even number 2n holes in the ring and
one hole in the centre (during the second phase of combustion).

RLJKT. The length of the grain at the rupture of the outer circles is
given as

e _ (m—r—1)d
L—ey = mpd T
m=—A—1
= - |d. - - ..o (14
[mp 3FA ] ()

The radius of the arc like EF, EG, EC, HI

to+d  (m+1)d
2 2(2+))

(75)
3B
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and the radius of the are like CD

_ eo+d | (eo+d)A _ (m+1)(a+1)d
== + 3 = 22 +2) .o . .. (76)

As burning proceeds, let us take the radius of the arc like LJ, JK, PM,
PN, RT as r.

The radius of the arc like MN

60+d (€0+d)A _ (7'—- Uo+d)
2 2 2

+

_ {m41)d ,
= —2——— —1,

(17)
We define / AOM = ¢, / JAE = / BAP = wand / PAM =X.
From A AJE
_eotd __ (m+1)d .
cosw——2———2(2+l\)r.. (78)
__(m+41)d
r_—_—_—_2(2+,\)cosw' . . .. o (79)
From A AOM
_ 0A4OM2—A®
008 b= ——0 1 OH
_ (A24224-2) co8 w—(242) g
= TNCFNoeme—l] e (89)
and
[on=b)n O AME—OM?
°°£’[ % +“’+x] =""501.4M
=(2+z\)—-2(:+1)cosw. 3 (1)

At ¢ = 5’:—1 , the curvilinear triangle PMN burns out; let for this value of

¢ 0 = wy.
(80) gives
7 (A242242) cos wy—(24A) ,

08 G = AL HA) 008 ay—1] e (8D

or
m
A cos " —(242)
COS Wy = . .. .. (83)

| M2+ cos 7 —(2+20+2)
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Thus from the beginning of the combustion up to the complete combustion of
the curvilinear triangle PM N, w varies from 0° to

w
cos-1 A cos 5 —(2421) ]

M2 +2) cos % —(,\2+2,\+2)J
(n+1)=n

and X varies from 5 to 0°,
n

As burning proceeds, i-zl;Zth part of the base of the central prism, i.e. HFEGI,

becomes RLJKT and the base of each of the other 2xn prisms identical to
ECD becomes PM N, while their length is given as

B o= L—ey—2 (r— eo;-d)

m+1 ]
(242 cos w

- [mp i (84)

The complete combustion of the grain takes place when the part like
RLJKT of the central prism and the curvilinear triangle PJMN vanish
with the condition that «’ should be positive. We proceed to find out the
area of the base of the central prism and that of the curvilinear triangular
prism PMN.

Area of the base of the central prism

= 2n . Area KLJKT = 4n . Area KLJS
=4n [A OAE— A AJE—sector AJL—sector QRS

y 22 o
_ 1(m+1)2d? [ t 1 —tan w— {(___n Ly —w% 502 e 2%[ b‘ec“’-w]

=20z |2 2n

=%'(”2L_+_]{\);i2[cot§%—mn w—(g —w) secﬁw]. . .. .. (85)
Area PMN

= 2 Area PM()

= 2 (sector OMQ +A AME— A ORP—sgector APM)

____(m+1)2dz[(% _¢)(2+,\_ 1 )2+ A sin ¢ sin X
.n[

4(2+2A)2 cos w (n—1)m

——-—2-77——+¢+w] o5 w

_ Asin [(n;nl)ﬂ+w] [cot —2% +tan w] sin [;—n -qs] X

= Ccos?
i[5 0] -

] . (86)
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(85) and (86) can be written as:
n(m+1)242

Area of the base of the central prism = SEINE F(w) .. .. .. (87)
and
242
Aren PMN = (;"Tg'_*%)% (i) N T
where
Flw) = [cot%? —tan w-— (—g -cu) sec? (u] .. .. . . {89)
and

1 3\2 A sin ¢ sin
oy = [ (7 - -1 *
() [(271, ¢) (2_” oS o, + (n—1)m
sin [__2)_'___+¢+m] COS

.|~y ™ s
_)\mn[ 5 +w cotz—n+mn ] sin B -~

(n=1)7r

. 1
sm [T +¢+(u]

x]. O (11!

cosZ w

Let the volume of the central prism at any instant during the burning
after the circles in the ring touch each other, but the central circle does
not touch them, be V(ELJK ...) and the volume of a prism like PMN he
V(PMN).

The fraction of the charge burnt is given by

_ V(RLJK .. )8+2nT(PMN)3

z2=1 7S (91)
Now
4 _ n(m+1)2d2 m=+1 ] .
paNy < D ‘
V(PMN) = IR () . [)71P+l B con w]d co93)
and
Vo= gmpdS(mz—zn—l). e (94

Using (92), (93) and (94) in (91), we get

_ 2n(m+1)2 __(m+1) ][ , ] 5
z_l-(2+,\)2(m2_2n—l)nn7p[mp+l 242) 008 w Flo)+bilw)) .. (93)

‘or

2n(m+1)2 ( (m+1) ] "
=1- (2+/\)2(m’-2n—l)nmp[mP+1— (242) oS @ H(w) .. .. (96)
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where

H(w) = F(w)+G(w). .. .. .. .. .. (97
Initially when

=0, =0, (n+1)1r

2

w w
Fl=oobz-—3 .. .. .. . .. (98)
G’(w)=-217—n(A2+2A—n)—cot§’£—L ce e (99)
and
Hw) = O24+2=20). .. .. .. .. (100

Defining f now as the ratio of the distance receded (from the beginning of the
second phase of combustion up to the instant considered) to the initial thick-
ness e,;, we get

f=
(96) and (101) give

.. (101)

Co+d
2( 2 'T)_ (m+1) (1- 1 )

€0 T (m=—A=1) co8 w/
2n(m+1)2
(24 1)3(m2—2n—1)mmp

To calculate al , we shall first find out = & T and [

z=1m—

[(24-Xmp=—(m=A~1)(1=f)H(w). .. (102)

We obtain
df ]f 1
dz

dz _ dw _ 2n(m+1)m—r=1) m+1)cos?w .,
T (2+A)8(m8—2n—1)mp[{(2"')‘)(’"”’ -l smw 1@
dw ,
—(m+ l)H(w)] S [1% )
anf
] (me—A—1)[2m2p42mp(2n 1) +me—2n—1] L0
[df]f=1_ - 2+ N (mE—2n—1)mp - (104)
dz
S daf

o (&)
(df)f=l
2n(m+1) [{ 4N o+ 1) DL 0 )—(m+1)H(w)]

= - (105)
(24 2)2n[2m20 4+ 2mp(2n+ 1) +m2—2n —1]
which can be written as
8 2t Hm4DI(w) =2+ (mP+1)K(w)]
So w2+ 2m2p42mp(2n+41)+mE—2n—1]

(106)
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with
I(w) = H'(w) cot w4 H(w) .. . - .. - .. .. (106A)
. ,, L c082 o
K(w) = H'(w) e | .. (106B)
H'(w) = F'(0)+6" (o) . .. . o .. .. . .. (1080)
Fllw)= —2 (g -—w) sect w tan w .. .. - . . .. (106D)

'(w) = [/\ sin X cosec ((n-—]) %+¢>+w) sec w {cns d—sin ¢

X cot ((n—l) Q’% +¢+w) }+/\ sin ((n—l) éT—;; +w) (cnt 21;7+ tan cu)

X cot (("'—l)%‘+¢’+w)}—‘(2+h—se(‘ w)2] (]]—i

[

+ [/\ sin ¢ cos X cosec {(fn,—l) §—+qb+w}— sec w] sec w(—]z
2n dw

-2 (2‘”—" —95) (24A—sec w) sec w tan w==2 sin ¢ sin X sec w

X cosec ((n-—-l)é—%+¢+w){cot((n—l) 2-1—:; +¢+w)+tan w}

+A (co’c 2%+tan w) sin (-21:; —¢a) cosec ((n-—l) 2% +¢+w)

pd {sin ((n—l)%+w) cot ((n—l)-;%+¢+w) — 08 ((n-—l) %-l—w) }
—A 8in ((n-—l)%+w) sin (57—; —-¢) cosec ((n—l) -27—:-; +¢+w)

x sec? w—2X sec? w tan w - . .. e .. (106E)

d$ __ 20+Dsine
dw ~ [(24A) cos w~1}2 sin ¢ I ¢ (1))

dx

2(A+1) sin w cosec g(n—l)—;?l+¢+w}+)\ ’

dw Y

When the central circle and any of the outer circles touch each other, the
instant may be called as second rupture and the values of the parameters may
be denoted by using the suffix r.. Thus, at this instant of second rupture,

© = wry, ¢ = ¢,.2, X = Xry ete,

(106G)
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clearly
eo+d
2 2
COS Wy, = ot =3 (107)
4
80 that
Wy, = 009"1(2). ‘e .. .. .. (108)
Also (80) and (81) give
_A242244
cn8 ¢r2 = —_A2—+41\— (]09)
and
T A2—=2)—14
cO8 [(n—l)%+w,-2+x,-2] =g .. .. (110)
or
2—2)—4
Xrp = 008"1('—\-———;5'\——)— 2172 (n—l)—w,-z. .. .. (11D

For ¢,, to have any real value, we should have

G08 Pry < 1
. A24-2A4+4
1.e, —,\—2_"_—47— < 1
ie. A>2
i.c. %> 3.

Hence for n >3 the outer curvilinear triangular prisms will not burn out
before the central and any of the outer circles touch each other.

The values of the other quantities at the instant of second rupture are
given as:
Volume of the central prism

_ n(m+1)%d® (m41)A
_WF((U,—Z) ['fnp-'-l—m]d .o .. (112)
with

F (wyy) = cot 21% —tan wp,— (g - m,z)seczm,z. .. .. (112A)

Volume of one of the 2n outer curvilinear triangular prisms

_ (m+1)2d2 (m4+1)A
T a24a)r (ery) [""P'*'l" m] d .. .. (113)
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with
A% gin ¢y, sin Xrg

1
Glarg) = [ 3 (2—’;—¢,2)(4+,\)z+ .
2 sin [(n-—l) 5 +¢,2+wr2}

. i T k4 . k4
A 8in L(”"" 1)) 2—n+wr2] [(:Ot Er—z+ tan ""fz] 8in (%‘— 9‘),2)

sin [(n—l) 2%+¢»2+wr2]

2
_ Ay .. (113A)
4
_ 2n(m+1)2 9 AP — (o X — 1)1 —
frp= 1= (24-N)3(m2 — 20— Darmip [(2+Amp—=(=A=11=Jr, )} Hler,) (114
with
_ (m+1)(2~=))
fr, = STy .. (114A)
8 2n(mAtD[n+ 1) (wyy) = @+N)mp+1)K wr,)] -
Bo = TH@FNI2m2+2mP(Cn+ 1) FmE—2n—1] )
with )
I(w,.z) = H’(w,z) cot, w,-2+H(w,.2) - .. .. (115A)
and :
Y]
K{uirg) = H'{ary) 2 .. (115B)

At the beginning of the stage when the central circle and any of the outer
circles touch each other, the grain consists of 2n central curvilinear triangular
prisms of base identical to GFH and 2n outer prisms of base identical to
RS8T. The length of the grain at this point of the second rupture is given as

- (m+1)A
Vv = [’mP-i-l—m] (]. . ‘e . (116)

The radius of the arc like PG, FH, RS, RT, GH
= (eo+d _ (m+1)ad L. .oqam

4 4(2+2)

and the radius of the are like ST

_ eo+d+(eo+(l)A _ [(%"'d)'\ _ ”o+d:|
) 2 4 2

= (m+D)a+1d R ¢ £
42+
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As burning proceeds, the curvilinear triangular prisms like GFH shrink into

KIJ and RST into PN(). The radius of the arc like KI, KJ, JI, RS, RT is

r and the radius of the are like PQ

(—"3"2—1&—;-. R ¢ § [}
We have already defined the angles ¢, x, «.

Let LHOK =y = / HOI.

Fre. 8. Multitubular charge with even number 2n of holes in the
ring and one hole in the centre at any instant after
the second rupture.

From the triangle GOK

(eo+d)A
GO 4  (m41)dA A
cos¢_—0—1—(—. P T E BRI . .. (120)
=%cos:u. e ‘e . .. {121)

At the instant of second rupture,
CoS @ = % , =0 and cos ¢, cos [(n-—l) 5’%+w+x]

are given by (109) and (110) respectively.
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At any instant after the second rupture, the length of the grain is given as

v'=L—eo—2(r-e°-2|-d) L a)
or .

= —_(mth) 17 :

v o= [mP+l @+ cos w] . (123)
where

9
w > cns‘l(i) .

On using (121), (123) becomes

Vo= [mP-H—-,,, (m+1)A ] . . (124)

(242) cos ¢
The complete combustion of the grain takes place when the 2n central prisms
and 2n outer prisms burn out, i.e. when ¢ = 0——’; and accordingly @ = ?1" (n—2).

where n > 3. Also ' should remain positive throughont the burning, the
condition for which is that

; _(mtha
"L 2 Sy cos g
or
(m+1)A 1 )
g [m‘l]r,,, S (125)
or
(m+1) 1
P>[m"l];,~ c .. (126)
Let
_[_etr 1 1]
Pa= [ 12(2+)) cos ¢ 15m e - .o (127
- OOQOC.’—T
=0 (1+l)__1. L a
v m m
24 cosec s~
L 2n

so that if p > p, the length is always positive. We proceed to find out the
area of the base of the central prism KIJ and that of the outer prism PNGQ.
Area of the base of the central prism KIJ

=[A OAB—~4 A OGK -2 A AJE -2 sector AK.J —sector OKI]

_ (m41)242
= ‘§(2—+,\T?7 [2 cot

27—:; —)2 tan —2 tan w —2 {g —w—2 } sec? w]

=(m+1)2d2A(a)) . .. .. . . vy .. .. .. (129)

8(2+2)2
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with

Alw) = [2 cot gﬁ —A2 tan —2 tan @

{z _w_2¢,§ sect ] .. (1294)

Area of the base of the outer prism PNQ
= 2 Area PNM
= 2 (sector OPM 4+ A APL~~ A OLN —sector ANP)

(m+1)2az2 1 \® Asin ¢ sin X
= 4{24+2)2 [(21} ¢) <2+A— cos (.u) + . - .
sin [(n—l)%+¢+w] cOS w

A sin [(n—])%l+w] [cnt é%-f—tan w} sin (% —95) X
. - T eos? w]
sin [(7"—1)%+¢+w]

_ (mt1)a
T 4(24))2
Denoting the volume of the central prism KIJ by V(K1J) and that of the
outer prism by V(PNQ), we get
z = the fraction of the charge burnt

onV(KLJ)8 420V (PNQ)S

Gw). .. oo e e (130)

=1- 75 (131)
where
s o (m1)2de (m+1)
(m+1) (m+1) - ‘
and ’
Vo =£de3(m2—2n—1). | B 7Y

(131) becomes

___ n(m+1)2 (m+1) =
z—l—(2+)«)2(m2—-2n—1)71mp[mp+1—(2+)«) cos w]C(“’) -+ (135)

with
C(w) = Aw)+2G(w). .. .. .. (135A)

For the vanishing of the outer curvilinear triangular prisms

95——“’)("‘0

from (90), we obtain
Glw) =0,
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Again, as defined earlier

f= L) (1-— - ) e (136

(m=—A—1) CO8 w
(135) and (136) give

n(m<+1)2(pn—Aa—1)
(24 2)3(me—2n—1)7mpP

Using (135), (136) and (8), we obtain

= ] -

[@+X)mp—(m—A—=1)(1—=F)]C(w (137)

dz
dz _ _(_Z_EL _ am4Lim—2—=1) [ , m+l1l)ecostw ,
df — df T 2+ a3(mE=2n—1)mmp [\{(2+'\)(“1‘P+1)_ cos w } snw C (w)
dw
—(m+1)(/(w)] . . . oo (138)
and
Elf] _ _ (n=2=1)[2m2p 4 2imp(2n 1) $ml—2n—1] 139
dflye1 (242 (m2=2n~—1)mp (139)
dz
S__ 4
So dz
[df]f: 1
1 "
n(m+1) [(ln+l)(}(w)— {(2+)\)(mﬁ+l) :’(’):’wf ‘S‘l’; 2 ("a )] »
= (2422 220 2inp(2n 4 1 )4 12 =29~ 1] (140)
or
8 n(m+ Di(m+ 1) D(w)—=(242)(me+ 1) E(w)] (141)
T a2 202 2m2e 4 2mp(2n4 1)+ 2 ~2n—1)
with
D(w) = C'(w) cot (w)+C(w) . . .. (1414)
and
i v, €082 w
E(w) = (/()Bmw . . - .. (141B)
At the instant of the second rupture,
'l’ = 0,'w = ¢os~1 (:;),
and
Diw) = 21((0,-2) = ZH'(wrz) cot w,-2+1'1(w,-2) e o (142)
2
E(w) - H’(wrz) COs wrz (143)

sin wy,
While at the instant of complete combustion,

mw
I[J—-g—, w=(’lb—2)§rz
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and
S
D(w) =0, E(w) =0, —= 0.
So
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