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Goneral formulations of the expressions for resistance on any axisymmetrical
body in potential flow of a real incompressible fluid have been derived in
terms of the velocity potential and Stokes’ stream function. Equality of the
contributions due to the form drag and the friction drag to the total resistance
has been established generally. Reaction integrals for a Rankine ovoid and
a body of the air-ship form have been deduced and a particular case has been
solved for an air-ship form given by Taylor (1928). Cases of a sphere and a
spheroid verify the correctness of the formulae established herein.

1. INTRODUCTION

Formulation for the resistance of a body in potential flow of a real fluid
(n # 0) was introduced by Ghosh (1954). It is known that, at least as a first
order approximation, the ‘potential flow hypothesis’ (which necessarily admits
slip on the body surface) holds in the case of fluids having low viscosity. The
author introduced circulation in potential flow and calculated the resistances of
a circular and an elliptic cylinder (Chatterjee 1961); calculations were also
done in two dimensions for symmetrical Carafoli and Jukowski aerofoils
(Ghosh and Chatterjee 1960) and those theoretical results were in close agree-
ment with the experimental graphs given by Goldstein (1988, Vol. II).
As a further extension of the same work, the case of the general Jukowski
aerofoil (Ghosh and Chatterjee 1961) was treated and all the theoretical results
thus obtained showed remarkable agreement with experimental results. Be-
sides, this latter case led to a unique formula for circulation even for the non-
Jukowski Carafoli aerofoils that lacked any cusps or sharp points.

The first estimate of slip effect on the flow over a flat plate was made
by Donaldson (1943). In a recent paper Laurmann (1961), using the lin-
earized viscous flow equations, treated incompressible-slip flow past a semi-
infinite flat plate with a mixed boundary condition admitting partial slip and
demonstrated the inadequacy of the boundary-layer theory in predicting the
nature of the solution, even at the plate surface. He showed that the
boundary-layer limit is approached as the Reynolds number based on the
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mean free path tends to infinity. He remarks, ... ‘The possibility exists
that the slip condition has an extended range of validity (Laurmann 1988,
Sherman and Talbot 1958, Yang and Lees 1956) holding not only for small
values of the mean free path, but also for arbitrary large departures from no-
slip flow.” This adds to the point of view presented in the type of solution
considered in the present paper, apart from the fact that it is exact.

The paper contains general formulations of the expressions for resis-
tance on any axisymmetrical body in terms of the velocity potential and the
stream function. It has been established generally that for every axisym-
metrical body the contributions to the total resistance (X) due to the normal
stress (i.e. the form drag) and the tangential stress (i.e. the friction drag) are
always equal if the front and rear ends of the bodies are stagnation points.

The velocity potential and the stream function for a body of arbitrary
shape have been introduced by the method of source and sink distributions
along the line of symmetry. Reaction integrals for a Rankine ovoid and a
body of the air-ship form (Milne-Thomson 1960) have been deduced and a
particular case has been solved for a specified distribution of sources and
sinks as given by Taylor (1928). The special cases of a sphere and a spheroid
have been worked out and verified, as a check, by comparing with the results
obtained before (Ghosh 1954, Ghosh and Chatterjee 1959).

2. TaE REacTioN INTEGRALS

Fia, 1
Let
F,a)=0.. .. .. .. .. O
be the equation of a body of revolution whose axis of symmetry is the z-axis.
Let (I, m, o) be the direction cosines of the outward-drawn normal at a point
Pz, @, 0) of elementary area v on the body.
Then

Y ___-FE
l= Hom=7
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where
Dt =F 4+ F.
The direction cosines of the tangent at P are (—m, {, 0). In the case of cylin-
drical co-ordinates (x, @, w), ds, the length of the elementary arc in space, is
given by
‘ ds? = hidat+hidat+h.dw?,
where
h=hyg=1, hg = a.
If 8 be the angle which the outward-drawn normal % at P makes with the
positive direction of the z-axis, I = cos 8 and m = sin .
According to classical results, the components of stress in the direction
x, & dcross a plane perpendicular to ¥ are (Lamb 1932)

Pvz = Ipgg+mprs
v = gz +mpgz.

Hence
Pun = Ipypt mbyg = B2Pretm2pgs+2lmp s .. (2
Dyr = MPyg~ipvp = (Prz—pam)—(B~m2)pm .. .. (3)

By the principle of reversal of flow, we consider a steady flow parallel to the
positive z-axis past the body of revolution (1) with velocity (U, 0, 0) at in-
finity (Fig. 1). Denoting by X, and X,, the components of the total resis-
tance X (per unit length of the body), due to the form drag and the skin-friction
drag respectively, we have

%1
XN=—f Pacos 8. 2nd ds
""’ R €8
x
Xg=f pesin @, 2ae ds
X2

where
Py = normal stress per unit length towards the body; p, = tangential stress

per unit length in the positive sense of the flow;

and
% = ~gin#
P (5)
w
—J; = ¢cos @

and the integrals in (4) are all taken in the counter-clockwise sense.
Now, following a point of view previously introduced (Ghosh and Chatter-
jee 1959) where the reaction of the fuid is considered as a thrust, we have
Prz = P—2Hesy
Pas = p-—2l"ea',; . . . . (6)
Pras = P&z = ~—Hss
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i+ being the coefficient of viscosity, With these we have
Pn =DPwvN; Pt = Pyr.

Therefore, from (4), it follows that

%1

Xy=— f Pun cos B, 2 ds

2
,,1 o
Xg= f ])vl»sin0.2nu‘; ds )

x2

Then from (7) and (5)

Now, if # and v represent the velocity components normal to the surfaces »
== const, and @ = const, respectively, then

_ o, _Ov ___3_1) ou ©)
@zz—'a.—t,ﬁm—%,ezw—ax 3% o e
whence from (2) and (5), we have

0 0 ov  du
My =p—2u [lz a_;b-*-mzd_g){-hn (a_z+5u:))] .. .. o (1v)

du 81;) (1)

0
Pyr = p(12—m?) (%4—52) —2ulm (% — 33/

Taking velocity g = —grad ¢, where ¢ is the velocity potential for the flow
past the body of revolution (8), one obtains

U= = —y; U =gz = —¢g, .. .. .. (12)

and for an irrotational axisymmetrical motion

1
$urt - batdaa=0, .. .. .. .. (13

with
lu+mv = 0 on the body surface S. .. .. (1

Using relations (13) and (14), we have ultimately from (10) and (11) the
value of p,y and p,r on the surface S as
(2vn)s = 420 (Pdos+m3daa+2lmdb,zs) . . e (1B)

(Pvr)s = 2u[im(Pry=—bam) — (12—m2)dsz) . . .. .. (18)
4B
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Thus from (8), (15) and (16,

XN —f [ +2u(2drp+ 12daz+ 2ni,g) )s - Zﬂ“-’-’i dx
. _do
= 4wy.f [12¢ 5+ midgz+2md sl @ - dx .. o (1T

X, = 4wy.f [l Pug—daw) — (12~ 12) s du. .. .. (18)

The above two are the general formulation of the reaction integrals for any
axisymmetrical body for which the velocity potential is known.
Now, if s be the stream function, defined by

1 1
U ={g = ";:)4’6? ”=QE:5*/’I,
we have
' ou I
E‘ o !/’zw, a& 5 */’zz (l")
av 1 1 )
5=z = am—
and as the condition for irrotational motion
bow = —(Paa+). . . .. oo (200)
Besides, on the body surface
ludme =0 .. .. .. .. .. (200)

as before.
Therefore, from (10), (11) and (1Y), we have again

D

PuN = P— ZTF' (2 =12t g5 — 2mihgg — L — (L +mv) |
w

Py = — gw_‘_i[lm — 24+ 0) (12— m2) (Yam + 1) ]
Hence on the surface of the body, we get
(Pux)e = p "%L [ =m2om— b (fzz—daa) s - .- (2)
(Pur)s = — ?—'f [2Yag+m2py—2nagls. . .. .. (22)

Thus, when the stream function for a body of revolution is known, the reaction
integrals Xy and X, take the forms

Xy =4mp f [(12 =2y = I (/‘zx—ﬁba‘a)]s% de .. .o (23)

Xt=4ﬂ‘l‘-f 2oz —(Baatm¥alsde. .. .. .. (24
%1
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3. Equariry of Xy AND X,

For potential flow, the body is a streamline and, on the surface S, we
must have y(x, @) = 0 or @ constant.

Therefore
_¥: _Ys
where l—Z)—’m—_D—
80 that D2 = ¢3+¢; . . - .. (2B)
Z4+m2=1.

Also

A = Yz +ifgda = 0,
Whence

dd)——&dx=-—-l—d:c (26)

=~ —dx. .. .. .. ..

Now

[(12 = m2)ryg = L py = Yaiis) |s D

== [(F—mz)%xa % "52(‘/’:&:—‘/’56)]8 dx

= |2y — (Pgm+m23yg) |s dx+ [l/!g;g;— 7%1/1,,,7,] dr .. .. (27)

The second part of the expression in (27) becomes

(beem L), e = oo e

=ds). .. .. . .. (28)
Hence from (23), (24), (27) and (28) it follows that

2
Xy= Xt+47"'l"f d(hz)

%1

= Xo+dmulyl?

= Xyt dnplva]: .. .. - .. (29
It should be noted that ’
@ = 0, when z = x, and z = z,.
Further, the front and the rear end points of the body are stagnation points,
80 that v = 0 at x = x; and = = z,. Hence, it follows from (29) that
Xv=X. .. e .30

Thus for all bodies symmetrical about the z-axis equation (30) holds. This
will also hold good when the flow past the body of revolution is attended by a
closed wake, symmetrical about the z-axis, as then the backward point, being
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the point of intersection of two streamlines, must also be a stagnation point
where v = 0 and & = 0. But the result will not be applicable if the wake
behind the body is asymptotic to the z-axis. It is also evident from (30),
that it is sufficient to calculate either X, or X,, in order to find out the total
resistance X which becomes equal to 2X in the case of a body of revolution.

4. VERIFICATION IN PARTICULAR CASES

In a meridian plane, when expressed in polar co-ordinates, we have

r=rcos 8 &=rsinb

g‘_mqa_a__sinﬂi

or 67‘ y 0@

d cos 8 0

3= noy + ; ao}
0z 2032 2sin€§030 3i_ ZSinﬂcosﬂ_a sin20_a +sin20 0%
PP R ™ r 2108 72 07 a2 oge
0z ., 02 2sinfcosf 02 2sin000s02+005282+cns'0 oe a1
R X r 0rdf r2 00 r Or 2 062 - B
0 1 ag(Z_10 120 (B 10)
orde 2" "y o e » \6ro0 7 a0

Case of a sphere—If we consider a sphere (r = @) held in a stream U
from left to right, which is otherwise uniform, the velocity potential ¢ is
given by

a3
=—-ersﬂ<rr+%-'—.§) .. .. .. o {32)
s0 that
U
¢r]r= a=0= 4‘1‘0]1: e ‘ﬁrr]r: a= - —{T (‘0519}
Slr—a=3Uasin@; dplr_a=§Vacosd
Therefore, from (31) and (33)

brzlr=a = 3TU cos 8 . (3 sin2 §— cos? B)
3U .
Pamlr=a = —Tmsﬂ.(2 sin2 §—4 cos28) .. .. (34)

bralr—a = — i{f—]— sin 6(2 cos? 6 —} sin2 6)
Now, for the sphere
;T2+u-)2 = (1.2,

we have
| = cos 8, m = sin 6.
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Also, using relation (34)

(2t 12+ Ay - o = — 3{? cos b,

Thus, from (17) we get

0
Xy =41mf -~ §agcosﬂ.a2sin()cosﬂd0

= 8nula, O 3]

which agrees with the result previously obtained (Ghosh 1954). Again, the
stream function for the flow past the sphere is given by

¢ = —1U[62—n3a2(x2+o2) 1],
Further, on the sphere (r = a), one has

Sb.’l?z‘]r =a = —%(]

02
nt

= (@2—d2)
Yowlr = a = —3U -i;’ (2r2—3@?) e . (3B)
Yaglr = o = —=3U [2-— a% (20t — 11$26)2+2J)4)]
Substituting these values in equation (23) and simplifying we obtain
Xy = —4mpu. é% fa . [—~322(2+2 —3@?2) — 6202 — 204+ 204 — 1 122052 - 204 w2

ro
= Ll J 2
' ~a

= 8muUn,

(17) or (23) thus unify the known result for a sphere.
Prolate spheroid.—Consider the transformations

r =k,u.l_;
& = k(l—p2)H(l2—1)t,
Now
ap=R iy o~ ¢dc+a"‘du

Substituting for dz, dé and equating: coefficients we have

34'_,_;( ~p )*351' 194

Fax o kol
(37)

casb (lz ) 9194

af - 1_,”’ aw kaP~
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so that
_a__.k ro0. L0
or (h? ol hi a#)
. oo .o (87)
o _ k(8 8
35 = Tl \" 32 “aﬁ)

and consequently

92 p2 0 2w 092 { 1 0 d
s = [ o g 1O 3 b

2 _ o 1 1[(3€2+#2)—€2(3#2+€2) p 2y BB+ — (B2 17)

2206  d@0r  hihy (2—p? G p? T T

x 02 41y tn D bttt s — (1 —itin | (38
an azz I"' I )a{a#'— —HK )Zi‘a—ﬁg (")

where

k({z_pﬂ)} k(L2 — 2);_, ‘
TZE:._]_)T"2=‘((]—_FL2),§—- o .. (38m)

Now, the Stokes’ stream function for a prolate spheroid in axisymmetrical flow
from left to right is given by

g = —dUkAL2—1)(1— )[1—

]’1 =

(39)

Q) ]
Q%)
where Q,({) is associated Legendre’s polynomial of the first degree and primes

denote differentiation with respect to , i.e.

Q(Z)—-~lon§+l CZ-Z—I . (40

and where { = {, represents the body surface. Then, from (39) we have

g’[;’l_]c =y =0 and "bl‘l-"]; =l = 0. .. . N (41(!)
Also the stream function ¢ satisfies the differential equation
(2= g+ (1—p2)h,, = 0

it follows that
Yerlp =g, =0 U 7 1)
also with (41a) and (41b), we have from (37) and (38), on § =&,

w

¢a=m-€¢c
2 1)(1—pu 2+‘;
¢m=%)~_‘—ﬂ‘;—)[ g+ ety Sb;] (42)

1 1 (3€”+#2)-C2(3/t2+§2) 2 972,24 u? ]
bm = iha ;2-—;:.2[ fipe . epy+ (82— 2022+ ),
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Now, in the (z, @)-system, the equation of the spheroid ¢ == ¢, is

xr2 @2
St =1 ce e e (430)
‘where
a=kl; and b=k(-1) .. .. .. (430)

Therefore, the direction cosines of the normal at a point on { = {;, are obtained
as

2_1)t —p2)
,=“—(2£L—)*—— and 'm=ﬁ(21—# . (44)
(Go—r) (&—#?)
Besides, in the (x, @)-system ¢ satisfies
1
$am = = Yo —Vza,
and hence the integrand in (24) for X,
12
[2l'"¢zﬁ - —¥a +(l2—"’72)¢‘zz]
w L=1
reduces by (42) and (44) to
2_1
_ﬁ"(i"_)_z(a_‘/') N 13
k(e —p2)? \OL ) ¢ =
only.
Now
(). - oo
W=t Q-1
from (45) it follows that the integrand for X, reduces to
A4, (1—pd)
—lo——5% .. .. o . .. (46a)
B ()
where
-k .. (46b)
Ql(co)
Thus, ultimately, we have
o [T (A—p%?
X, = 4mp’ AL 5 22d#, . . o 47
-1 (;0— M )

¢’ being now the coefficient of viscosity. This agrees with the results obtained
previously for a spheroid (Ghosh and Chatterjee 1959, p. 89, eqn. 19(a)).

8. ALTERNATIVE ForMS FOR Xy AND X
1f the equation of the body-surface is taken in the form
@=fE) .. . . ..., (48)
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we can reduce the integrals for Xy and X, in (17) and (18) in terms of f’

only. For the body of revolution, (48), the direction cosines of the normal are
given by

R A A 4f
‘ Il = '\/f'2+4f7m— W .. . .o (49)
Then, we have

me= —A/7.1 . .. . . (H0n)
where

T =}% . (500)

Hence, from (17) and (18), we get
€T _ 1 ’
Xy =dmp ij [¢zx+7¢55—2\/7¢mﬁ]x 1-4:' f§ dx
%9 - 1 _
Xi=dmp | “[=A1bre—dzm)—(1 ~ )bl 77 A/
7 7

For further simplification, we put

J(x) = 4g(r) . .. N .o (H2n)
so that
r=g%... L (52

Thus, the formulae in (51) can be written as

z !
2, P 7
Xy = 8mp f [9 2¢zx+g¢ﬁ"2'\/gg ¢w~]s . '1lg+ dx
z 7o

’ Vi o
2 -, , B
X = 8mp f . [~ V09 (bre—dam) — (42— )$sals - A7
Likewise, from (23) and (24), we obtain
- dx
XN = 477# fwz [(1\/?) ‘/’z&'}‘(sl’za:"'WE)] iﬁ; )
nt VT ’ N (64

z - d{l'
X =dmp r 2 [—2'\/71[175—(1116&4'7"'@:)]6 1_+TJ
J Ty
Whence by using (52b)

T - 'de
Xy =dmp f: L2 =9)um+V 09 (baz—Vam) s Vﬁml
: 992+

z R dr
X, = 4mp J: [ =24/ 99 oz (9" Wam+ 9har) I T2 4yg !

6. SOURCE AND SINKS FOR A BoDY OF REVOLUTION IN ConTINUOUS FLOWS

It is well known that the potential flow past a body of revolution can
always be regarded as that due to a distribution of sources and sinks along the
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axis of symmetry. Let the axis of revolution be along Oz and let U be the
velocity of the undisturbed stream at infinity parallel to Oz.

We now proceed to find a distribution of sources, of strength Ug(x) per
unit length, along the axis of symmetry, which gives for a stream surface the
surface of revolution whose equation is &2 = f(z). If the surface intersects
the z-axis at 2 = & a, the sources must lie in —a < x < a. Again the total
strength of the source distribution must vanish, so that

fq(f)d§=0 R (1)

The stream function for such a distribution is then given by

¢=‘%U“2+Uf_a{_a§%%}§)~)2}ﬁd§ .. .. (57)

(Goldstein 1957).

If 4 = 0 on the body surface
@2 = f(x), N (:1:))

q(¢) must satisfy the integral equation

f—a{_}%@ﬁ:%ﬂx). N G 1)

Thus we see that & solution of ¢(x) for a given f(x) in (59), with  con-
structed as in (57), gives a complete determination of the stream function for
the problem. It may be noted that it is also possible to obtain a general
golution of the J-equation

«pﬁ+¢m—é¢5=o. ce eeee .. (60)

(Nazarar 1959).
Returning, however, to (57) we find

. Uf_ﬂq@)df-m

I r—§
&/laz..- —(]w—(]wf—a (f)(lf m

(61)

— —avae | =&
b= —sva | o g

(x=£)[(z—£)2—2a7]

= —0=0 [ aon CEEEES )

—

@ a[2(r —§)2—a2]
‘pz& o ll’az =0 f_a Q(f)dfm Y,
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Therefore, from (23) it follows that integrand in

Us da |, ,, d .
Y=o d—;u [2f + j_af&)“{:?-’((%:%)T]* [(fe—4a2) {2(r—§2—m2}

a

+2f(x=f) {(r—f)z—w}]]

where

D = froaf
on the body g

&2 = f(z)
Hence from (63), (64) and 52(«) the equation for Xy in (23) becomes

Ay _ f g2 f g f a()f
dnpl ARSI SR R N XTI E

x[4(g2—g) {(r—&)2—=2¢} +q' (=€) { (r—£)2—20g1}].

X, can also be expressed similarly.

7. Raxgmwr Ovoins

59

(63)

(64)

Bodies obtained from source-sink combinations with uaniform flow are
called Rankine bodies, which are closed solids of revolution of oval section,
symmetrical about z =10 and @ = 0 (Streeter 1948, Milne-Thomson 1960,

p. 461).

If a source of strength m at 4 (— @, 0) and an equal sink at B(a, 0) is
combined with a uniform stream U (in the direction of source to sink), the

velocity potential and the stream function are given by
¢ = —Ur—m (—1— - l)
[Y o

g = —3UeZ—m (cos B;—cos §,)

where
r? 2= (.l’,—(l)z-[:-a-)2
.,‘g = (v )24 &2
80 that
3r1_:€-——a_ ?_l_’g__m""a
F R TR
oy _o, O _a@
96 do g

Then ¢ = 0 gives the dividing streamline whose equation is

@2+ B2 (cos By —cos By) = 0, b2 = 2m[U,

(65)

(66)

(67)

. (69a)



60 H. K. CHATTERJEE

Now
r—qa X
cos fy = ——; cos by = +

r1 T3

Thus, the joint equation of the Rankine body surface and the z-axis is

-9 '_/ .
Grme_rke_o L. (%)
b2 1 2]

which on simplification yields
@2 rEtn)2—rjr—a)?
MR T et e —a)
@213 —7)
T ta)rglr—a)’
and for &2 3£ 0 (@ = 0 corresponds to the.z-axis) one has
4ab2x = ryrelry (¥ +a) +ra(x —~a)], . o .. (69¢c)

as the equation to the surface of the ovoid.
Thus, if (—z,, 0) and (%, 0) be the co-ordinates of the forward and
backward stagnation points, we have from (69c) by making & — 0

(xg—(ﬂ)z = 2ab2r,, .. .. .. .. (70)

Again the equation of the body surface given by (69¢) can be written as

F(t, &) = (ry+rg) (13— 02 4@2) 42 (ry—rg) (12 —a2— %) —dab2 = 0. .. (71)

With (68), we get

Fp= (“’_“+x+“) (€2 — 0249+ 2e(ry e+ (1~ 72) (345

7y re

xr

73 Te

Fz = @&(r1+rg) [—l— (m2_az+¢32)+2]

T1¥e

— = @(ry=rs) [“‘1— (-’2““2—5’2)4'2]

TiTe

RIK

and so on the body surface S

o
Fz] = 4”32: (x4 52) — (,I/wz (r2—n®—@o2)
s 77y oh
+ 21;—2 (n—=ro)(rP473) +2x(r 41y .. .. .. (T9)

b2
F‘m] =2 [’——"’” (22— 024 32) 4 (ry 4 7o) — (71—”2)—3.@‘} .. (T1D)
s £ r17g

T1re
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Now the direction cosines of the outward-drawn normal at any point (x, @) on
the body surface are
l"'ﬁ ,mo= —= DZ—F“+F3.
From (65), by straightforward differentiation, we have
—)2 r 2
Pz = m [(_15"’13)"3(“: 5“) __(b+;0) )]
’7'1 7'2 Tl 1'2
dzm = m [(—}}—-1—3) 3w2(-15—%)}
T T > .. .o (72)
A — £ )
o = Pz = — Jmam (L 5“-—-——-'?:9)
7'1 I'Z
brz—dam = —3m [(%— —lJ) -—2(53(}5— —15)]
Ty i Te
Also ‘
1 1 ., {(e—a)d (c4-a)d
¢le = "l,l:d, (—&——3) —3 ((—-——'—:")-—)—°~_(T—:)“‘l)]
7'1 "2 I'l 7'2
Pzg = 3Mm®d? (x—;a__.r+(z) (73)
1 T2

5T T %
r 'rg r? r’

‘I'E‘;E = —U4m (‘”:a— r+a) - Jma ('E—a x+a)
1 2
Thus from (17), (18) or from (23) and (24), the integrals for Xy and X, can be
evaluated, the limits of integration being determined by x, from equation (70)
Now

Im(Pze—dap)~ (1E—m2)d,5 =

i [F,,Fa(qsu—m)— (F2~F2) ¢,w]

3m
=735 Ple@), .. .. . (19
say, where '
P(I"D)=F1Fw[2'f"(-ls—}a)—(lu——)] +(F=Fl)a (1_“ ‘515'1) (75)
Ty ry Ty " rh

Hence from (18) we can have

Xt ol o
;T}l- = 3m J.-x [172 . P(J‘, w). w]sdx

0

= *o wP(.’l' w) de . . 76
of_lwmli o @
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It is to be noted that U can be given any positive value and, the source distri-
bution being known, it is easy to calculate the pressure on a predetermined
body from formulae (15) and (16). It is further of interest to observe that if
a— 0, we can get the case of flow around a sphere as the limiting case for a
Rankine body.

8. Airsure Forms

If a uniform stream U is combined with a point source m at (0, 0) and a
uniform line sink of total strength —m stretching from x =0 to x = ¢, the
stream function is given by (Milne-Thomson 1960, p. 458)

= — %UGZ—% {r—=(r24-a2—2ar cos 6)}} 4+m cos 8 oo (T

where (r, 8) are the co-ordinates of any point in the @-z-plane.
The dividing streamline furnished by ¢ = 0 consists of the whole of the
z-axis and a closed portion of airship form. Now ¢ = 0 gives

Ar2 sin? 64-a cos § = r—/r2+a2—=2ar cos §
where .

A= s

m H

i.c. Ar2sinz 0
[(r—& cos 0) ~A/r2FaZ—2ar cos B[ (r—a cus 8) 4N/ 124 a2—2ar cos 6]
(r—a cos 0) + 1/ r24a2—~2ar cos 0
—at sin20 '
(=t cos 6)+V/ 7P+t —2ar cos 0
Taking out the factor sin? 8 whose zeroes correspond to the parts of the z-axis,
the equation of the body surface of the airship form is obtained as

2

(r=—a cos )+ (r24-a2—2ar cos o)i+;—r2 =0. .. .. (18
Now, 6 — 0 corresponds to the back stagnation point and 6 — = corresponds
to the front. Therefore the equations to determine the z-co-ordinates of the
back and the front stagnation points are

78eamgr2—kad = 0, (6 — 0) .. .. .. (7Ya)
r34ard—kad = 0, (0 — =) .. - <. (790)
with
m )
f]—=ka2,k>0. - .. . .. (79c)
Putting
r=(n43e, .. .o . .« (80a)

- in (79a), we obtain the cubic in 7 as

,]3_%,,_(227“):0. e L (80D)
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Let

7 =m+n2,
then

73 = 1;§+1;g+3111112 R/ R . .. .. (80c)
Hence from (806) and (80c),

. 2
n‘f+n3+(3nmz—%)n—(§7+k‘) =0

Let
Sme—4 =10
so that
wy =
B (81)
= +Ic

Therefore, 7} and »; are the roots of the quadratic

( +k) =

giving

so that
n =1N1+72

= 3;( 27)"’24/?:_)2&"'

Similarly, putting

e e,
(S
————
=
+
R
!
LOf =
el
—
=
+
l\D[ '
N
— —
'S
—
[# o
NG
R

r=(¢=ip
in (796), and proceeding as before, we get

£=£46, L
= 1‘;(’”- 22—7) +$ Jk(k— ;7) }A+§é(k— 2-2-7-)— 5 Jk(k— %) }ﬁ.. (825)

Equations (79a) and (798) are both cubic equations in 7 and hence theéy must
have at least one real root. But for reality of ¢ and 7 one must have

k> % . Also real values of £ and 5 correspond to the real points of intersection

of the body surface with the x-axis,
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Now the equation of the body surface F iz a function of z, @ or a function
of r, 8 and is given by (78). Also, as

Fy==cos 0 Fr—r-1sin 8 Fy, } 83
.. «
Fg=sin 0 Fr4r=1cos 8 Fy, (834)
2 2 2
D? = F 4 F2
= PR .83
But -
r—a cos 202
F.=1 = iRl
r +\/72+a2-—2ar cos® A3 (84)
Fo= usin p—oee2rSB0
A/ r24a2—2ar cos
and so from (84)
2a2\2 2 2 242
D2 =1 l— — — 5in? ——— [ [ 1~ —
+( /\1"3) +r2 S 0+\/7~2+a2—2m' cos @ [( ’\"3)
2 gin2
X (r=—¢ cos 0)+a S 0] (89)
Then from (83) it follows that
242 « 7 Ccos 0—a
== —— § @ — SIN2
F, (1 ,\7'3) cos @ Tsm 0+\/72+a2-—2ar P
, 2a2 . « rsin0
Fg= (1-—- W) sin 0+; sin 0 cos 0+\/m
s0 that
e o @ oy 2 008 8(r2+a2—2ar cos B) Fr(r cosf~a)
Fgls = 3cost X (14cos? 0)+ (2 a2 —2ar cos 0)F (86a)
and .
ials = sin 8 | 3 % cos g4 2T Fat —2ar cos 0>+r2] 60
Fgls = sin § [5 , oos 0+ H{r24-a2—2ar cos 6)} it

where the suftix § denotes the value of the corresponding expression on the

body surface.
Now

i 2a\ 5 oo, 20
Fals,g=0=F¥&ls,p=n=0; Fz]5,0=“=2'(3— _r_)’ Fels,gmn= "2(3+7) .

2
Dlsgoun=2 (sa':-;-‘)

20

283F—

I"x]s,9=u,w_:k (:FT)
Dls g—on

1s,9=0, 2(3:':27'»)

Fals, g=
m]S,9=0,n=—l$]J§f:§f=0; Us,g=0,n= =41
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showing that the z-axis is normal to the body surface at the backward and
front stagnation points, as is expected from symmetry about & = 0.
Now using (31), we have from (77)

in? : - .
bor = — = SI_n_Qg_r_(r) m 9 f—a +m[2sm0<30503

a ox '\/(x-—a)2+u')2 r2 20 (cos 6)

__m 1 _ 1 _ 3m . &%

= 5@ [( o5 {(w—-a)2+152}§} @t a7 .. .. (87a)
m cos20_8_ g,}_a_ @

@ 0o '\/(.'L‘—a)z-i-u_)z

2sinfcosf o cos20 02
+m [— g 35 (cos O)+ —5— 55 (cos 0)]

m z2 (r—a)? mz —o__
= U= [mam ~ ey e 0 6

sin20 m 0 @ sin 26 02
IS TR Y

(cos 8)

€

T r—a me -
R e e M BT

a
whence

; (Bw2—x2). (87d)

22 am (52 (z__a)z__d,z mx
] - (v2+ @2)*

¢zx—¢aa = U+%n [(zz-l-u“ﬂ)'z - {(z-—-a)2+¢32}§
Hence from (23)

(n+de
Xn 1 22 ¥ ]
—_— —_— | —_d— 7 and @ —Yoa ==l dr. 88
dop J.(g-—;;)a [Dz{(Fx Fo)m~FoFa(fae ‘/'“*‘)}FE S v (88)

A variety of such cases can be constructed by assigning different values to
‘m, U and @’ which serves as the parameter of the problem. As a special case
we may consider the airship form with a cusp at the trailing edge discussed
by Taylor (1928). For this we have

__417

W) =g (—f);  0<E<

=, e (8
= -5 &-0s I<E<2 .. (89)

4
- e —E) l
60(3l £); 2A<CELS
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The sources must lie between 2 = 0 to x = 3[, and of course

f df_—[ f (I—¢)dé— Zlf l)df—f (31— §)d§]

@?% = f(x)
on the surface of the given body of the airship form, such that f(z)=0 at
x =0 and at x = 3I, where (0, 0) and (3l, 0) are the forward and backward
stagnation points. Again, f'(x)=0 at z=3] and f'(x)#0 at x=0 so
that the front stagnation point is blunt while the rear end point is cusped.
Stokes’ stream funetion for the uniform stream and the source distribution is

3l
¥ F + o {@2(v—£)2} ¢

1 21 3
-] 4[]
0 i 21

Let

I
- (I—=€)(x—£) ' (E=l)x—§)
Yz oy \/w2+(x 5
31 )
(Bl=§)(x—§)dé 47U
_fmm] A= —— w0 .. .. .. (90)
Now
l._
f(\/w2+x = f(g—l g{m2+(x—§)2}id§

! .
- 1VaEA- | VaEEg i

21
(§—=Dx—§)dé _ 3
V= e }+f VST E= B de.
2 (81—¢)(x—¢)dE
2l \/‘Dz+(x_£)
Therefore, from (90), it follows that

=1{a2+@—20)2} f Va8 de.
21

i
= —2Ua24A {21\/a;2+x2—2f Vet (x—£)2de

—f VBt de+ \/mdf]

. 21
ie.

2l 3l
=~%U¢52+A[2z\/m+x2-2 f Vot (m—E)2 dé+ f \/ca2+(x—£>2d§]. o1
. 0 I

5B
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Thus
|2k D et [ S/ a—at it
')bz_ \/m ax
[ — 8l 5 -
=AL\/w2+x2+ f ag‘/“’z‘“x‘“df f V= )2‘”}
[ 2Lt —— ¥ — ¥
[ e~ vesee
. 72 gt 21 { z—§ 3l}
:t::t:A o 2 e — e
| @ et {\/wz+<x—5>2§0 \/a»2+<x—§>2}l
——,\V' A2 (w2 z }
- ( 52 a2)t l'\/cu2+ x—21)2 \/a’ﬂ+x2

_{ z=3l el ” e
vV @4 (x—31)? \/@2+ z—I)2
I e S
V @242 \/w2+ x—£)2 VL TENERY
2lax %3 1 e 1 z ]
%zh[ (@t T2 foéévé2+(x—-§)‘zd§’wfl Y

e WLy 1 1 }
h w[—( 524 22)t {\/w2+x —20)2 \/a‘)‘-’--{-xz

- { S S __1.__}]. N (1)
Vatt@=3)2 AV ait(@—I)?
Now
df . . _ x..._.f
Jvarem st
Hence from (93
1 . 2] l h1? }
5!,[15 = —U+A[m -—2{ sinh~ 12 +-sin!
+{-smh 1 3l+ inh—l%'l}] (9%
1 . Ax2 5 z—2] z }
Ve = c—alﬁm—'ﬁm— —U+/\[( 5272 ,\/w2+ 7)) \/a‘ﬂ+x2
+ 3 — 2=l }+2{sinh‘1 -—:2l -sinh~1§%
V@it (@=3)2 art(—))? @

- {sinh”l z——-3l —sinh~ lu}] .. .. .. .. (95)
w w
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The boundary condition is =0 on &2 =f(x), so f(x) must satisfy the
equation

15 fo) = 21 v/ T 2 +r2—2f Vo= §2d§+f V@ T E =8 . (960)
Now
§ e
f VDT E—BRdt = ——[f( ) sinh1 \/ e VIO £>2] (960)
Therefore
%gf(x) = 92! \/f(;v)+x2+[f(v) sinh-1 f_-;. x—£&) V/ f(z) )2]21
A V@) 0
[fm sinh=1 =5 4 (0—8) /) 2]‘”
Vi) )
————— . . - x-—2l o _ T _ ———_
= 2] '\/f(.v)+.v2‘+ [f(x){smh 1\/.?(_15 sinh IX/ﬁ;)}—Hx 20) A/ f(x) + (x—20)2
—x \/f +x2] -3 [f(x){sinh“l .\/ﬁ‘%—) —sinh-1 j;i)}
+(z—30) Vf(@)+ (@—3l)2—(@—1) \/f(@)+ (x—])2 x—z)2] .. .. (97)

It should. be noted that all the above results hold for f(z)z:0. If
S(x) = 0, then at x = ¢ the integrals will become improper.

Thus ¢4, Y.z and ¥zz being known from (92), (94) and (95) and ¢g(x), i.e.
4f(x) being known from (97), it is possible to calculate Xy and X, from (55).
However, the value of the integrand should be taken on the body surface.
An interesting case of an airship form of slender section can be done by taking
x—¢ large compared to @, but we postpone it for the present for subsequent
work.
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