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The adjoint system of equations derived by Roberts for the stability of vis-
cous flow between rotating coaxial ¢ylinders has been solved. It is found that
this procedure is considerably simpler than the solution of the original system
of equations and leads to a new and more precise secular equation than the
one obtained by Chandrasekhar yielding results of equal precision, and thus
once again illustrates the importance of Roberts’ method of adjointness in
differential equations.

1. IxTRODUCTION

The stability of viscous flow between rotating cylinders has been dis-
cussed by several workers (Chandrasekhar 1953, 196ia, b; Chandrasekhar
and Elbert 1962; Diprima 1955; Gandhi and Varma, unpublished ; Meksyn
1946a, b, ¢; Roberts 1960). The characteristic equations for the problem of
the stability of viscous flow between two coaxial eylinders, when the marginal
state i1s assumed to be stationary and the usual narrow gap approximation
has been made, are (see Chandrasekhar (1961a), Chap. VII, equations 200-202)

(D2=a)2u= (14az)o .. .. .. .. (1
and (Dz—cﬂ)v = —Au . ‘e ‘e . (2)
with the boundary conditions
u=Du=y=0forz=0andl, .. .. o (3)
where D = d/dz, A = Ta?2 (T, the Taylor number, being the characteristic
value parameter) and a, « are real constants. )
It was shown by Roberts (1960) and also by Chandrasekhar (1961a, b)

that the same value of the characteristic parameter 7' is also determined by
the adjoint system of equations defined by

(D2—a2)2u* = p* .. .. . .. @)
and (D2 —a2)v* = —)(14-az)u* . . . (B)
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with the boundary conditions

w*=Du¥=v*=0forz=0and 1, .. . (6

Chandrasekhar (1961a, b) solved equations (1) to (3) by eliminating » from
(1) and (2) and obtaining

(D2—a?)3y = —)(14ozpw .. .. A )
to be solved with the boundary conditions
v= (D2—a?p = D(D2—a2w =0 for z=0 and 1. .. .. (8)
He also obtained a solution by splitting equation (7) as
(D2—a2)v = (14oz)p .. .. .. .. (9
and = —dv .. T, .. oo (10)

to arrive at a different secular determinant to evaluate the parameter 7.
However, both his methods give values of 7' of equal precision.

Elsewhere (Gandhi and Varma, unpublished) equation (7) has been solved
by splitting it as

(D2~a?)® = .. .. .. o (1Y

and = —A1l4az)o. .. .. .o (12)
However, in this paper the adjoint system of equations (4) to (6) are solved and
show that this procedure is considerably simpler than any of the aforesaid
ones based on the original equations (1) to (3). Tt also yields resuits of equal
precision, thus illustrating the advantage of Roberts’ method of adjoint
system.

II. SOLUTION OF THE PROBLEM
Let
v*=20msinmwz. S ¢ &)

Having chosen »* in this manner, the equation is solved

(Dz—a2)2M*=ZCm sinmmz. .. .. .. (14)
m

The general solution can be written in the form

Cm (m) -y B o
W= D e (AT cosh 4z B s oz
m

+45" z cosh az+BY"  sinh az+sin mﬂz} s (19)

where the constants of integration A(l’"), A‘z’”’, B(l”‘) and Bg") are to be determined

by the boundary conditions
w*=Duy*=0 atz=0 andl, . .. .. (16)
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These conditions lead to the equations:
A" =0, aB(l'”)+A;'”) = —mm,
A(l'”’ cosh @+ B{™ sinh a-FA(zm) cosh a+B{™ sinh @ = 0,
A(lm)a sinh a+B(1m)a cosh a4 A" (cosh a+a sinh a)
+B{(sinh a+4-a cosh @) = (—1)m+ims. .. . o (17)

On solving these for the constants of integration,
(m) _
A =0,

(m) __ mar

H

A;’”’ =—""sinha,
A .
B™ = —mAz[cosh a—(=1ym], .. .. .. (18)
where A = [sinh a—(~1)ma]. .o .. .. (19)

A comparison of the values of A, AT B™ and BY” determined here
and those determined by Chandrasekhar through a solution of equations
(1) to (3) (see Chandrasekhar 1961a, equations 207 and 208) will at once reveal
the amount of simplification achieved here.

Now, substituting for »* and ¥* from equations (13) and (15) respectively
in equation (5)

e8]

2 : - 2 Cm (m) _:
2n2 2 — [ L M—
) C’,,(n +a ) Sin 7wz = /\(1+OLZ) 1( 2.2 2)2 {Bl sinh az
+A(2 )z cosh az+B(2 )z Sinh az--sin mﬂz}. . .. (20)

Multiplying both sides by sin nwz and ihtegrating over the range of 2z a

. . - _ Cm
system of linear homogeneous equations for the constants b, = it a?)t
is obtained. The requirement that these constants are not all zero then leads
to the secular equation

B(lm) < sinh az|n > +ocB(lm) < z sinh az|n >
+4y < z cosh az|n > +adl™ < 22 cosh az|n > +B{™ < 2 sinh az|n >

. .
+ocB;m’ < 2% ginh az|n > +1}8,,m+aX,,m-}(n21rz+a2)3—8’:\—m

=0, .. (21)
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where Xom = f 2 gin mmz sin nwz dz

0 if m+-n is even and m £ n,

tifm=n,

and Xom = (22)

4nm . .
_— m R if m<n is odd.
Substituting in equation (21) the values of the constants from equations
(18) and (19) and the values of matrix elements using equation (31) of
Chandrasekhar (1961a, pages 347 and 348), the following is obtained
nmn?
A(n2772 +a2)

—_— +1
2_.__:5,"2{:’;2 smh2a+{cosha+(—1)m+1}{ (—1)n+1sinh g

l:(—l)'“'"HLl sinh ¢+ (—1)”sinh a cosh a

7—&—2—3——_'_—(15 (14 (~1)#+1cosh a)}+o€(-1)m {(-—1)7I+1 sinh q
2a ; . 4o sinh a
~ et (14 (~1)r*+1cosha) }—-usmha {(—1)"+1 (cosh a— m)
2(n?n?—3a?)

——m(l+(—l)"+1cosha)}+a {cosha—(—1)m}

2(n2w2—3a2) .
cosh a) — m (—'1)n+1 sinh [l}]

+ Bum+aXum—3(n2n24a2)3 8:1\'—‘1”

f n+1( i 4a
- hge— — 20
X l( 1) ginh ¢ P

=0. .. .. .. . ..©3
On further simplification this yields

mnw?

(n®n2+a2)2 (sinh a—(_l)ma)[za {(=Dm4 (1)

—cosh a(l 4 (—1)m+M} 420 {2e(—1)¥ +a(—1)m+1

2.
—a(— 1)N+mcosha+]—}7v2:—2_i—_3izsmha(l+( 1)m+y+1)}]

(N2n24q2)3

+mXNm+§8Nm—%—-T~—SNm =0, .. .. . . (29

A first approximation to the solution of equation (24) is obtained by
setting the (1, 1) element of the matrix equal to zero. This gives

(ﬂ’+a2)21(’:inh a¥a) {—4a—4a cosh a—2aa—2au cosh a]
+i4 5= "2+“2)s

=0. .. . L (25
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Substituting the values of A = T'a? and simplifying, we get
2 (72 +4-a2)3

T =
(x+42) 02 { 1 —16an? cosh? %/[(,72+a2)2(sinh a+4a)] %

(26)

1t is observed that this is exactly the value arrived at by Chandrasekhar (1961)
by solving the set of equations (1) to (3) and the results given by equation (24)
and those given by Chandrasekhar (1961a) in equation (213), Chap. XXXII
are indistinguishable. Thus
18730 (from equation (24) of this paper in 3rd order approximation)
T= { 18735 (from equation (213), Chap. VII of Chandrasekhar (1961a), in 3rd
order approximation) for p = —1-0 and ¢ = 4.
3390-2 (from equation (24) of this paper in 3rd order approximation)
T = { 3390-3 (from equation (213), Chap. VII of Chandrasekhar (1961a), in 3rd
1 order approximation) for u = 0 and a = 3-12,
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