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The shock configuration is represented by the equation
1 &= giyl, y2)*.
In the region behind the shock-surface a surface S is considered at a distance

s along a streamline from the shock-surface §, such that when s — 0, & coin-
cides with §. The equation of 8 is

(2) @i = 2i(yl, y?, 5).
One has the relations
0t i
05w
and
(3) g%: = 8;: %’ 045+ 0t 059 .

Multiplying the above equation with suitable quantities, the values of aj‘e
and ajyfl are obtained.
Gradients of the flow variables behind the shock are given by

(4) ajf = %J: ajs-l— aafajya, where f == «f or p or {.
'S B

Transforming the equations of motion to the co-ordinate system (y1, »2, s) and
0 . . .
solving them the values of 5[ are found. To obtain the gradients just behind
8

the shock, one considers the limit s — 0 (i.e. uf, p, L = Wi, p, y). Thus
- (9f o
(8) 0 = (5; aj8)+a°‘! %y,
Let there be a uniform flow in front of the shock. The right-hand side of
(5) involves the derivatives of f along the shock-surface. Differentiating
o
Rankine-Hugoniot jomp conditions, the values of g, f are obtained in terms of
Q

the shock parameters and the known flow variables in front of the shock.
Substitution of these in (§) determines the gradients.

1. INTRODUCTION

A shock-wave divides the flow field into two regions, i.e. the region in front

of and the region behind the shock-wave.

The region behind the shock-wave

* Kernel letter o denotes the value at the shock-surface.
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is the region traversed by the gas after transition through the shock. Flow
variables are continuous on both sides of the shock-surface and are dis-
continuous at the shock-surface.

In this paper, the expressions for the gradients of the flow variables just,
behind the shock-surface are obtained. These have already been obtained
by Kanwal (1958), but the method which is used here is more general
and shorter. It is assumed that the shock configuration is given by a con-
tinuous and differentiable function of co-ordinates and the velocity components
u?, pressure p and density £ in front and behind are differentiable functions.
Moreover it is also assumed that the unit normal to the shock-surface is also

differentiable.
2. EqQuaTtioNs or MorTION

Let the shock configuration in three-dimensional steady flow be repre-
sented by

ot = ah(yl, y?),
where z's are rectangular Cartesian co-ordinates and y!, y? are Gaussian

co-ordinates of the shock-surface.
Neglecting viscosity and heat conductivity the equations of motion in

continuous fluid are*

2.1 Lout4-uid;l = 0 (eqn. of continuity),
(2.2 {uout+0;p =0 (eqn. of motion),
(2.3a) uwtom = 0 (change of state is adiabatic),

where u!, p, { and n represent the velocity components, pressure, density and
specific entropy respectively. A repeated index implies summation, unless
otherwise stated.
The equation of state for a perfect gas is
p = exp (n/Jco) ¢,
where y is the ratio of specific heats, assumed constant, and J is the mechanical

equivalent of heat.
Using the equation of state, (2.3a) can be written as

(2.3b) LugulQjut —c2L0ut = 0,

def yp .
where 2 = T is the speed of sound.

Yy Py &
{ 21 2 are the velocity components, pressure and density
¥, p, :
in front of
the shock-surface, then the Rankine-Hugoniot jump conditions

o

behind

* Tn this and in what follows Latin indices take the values 1, 2, 3, and Greek indices the
values 1, 2,
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across the shock-surface are

(2.4) [z"i = = oy yln/%ia
(2.5) [P] = ¢, 4
* © +8° o

(2.6) £l =

where [ ] denote the difference of values on the two sides of the shock-
surface of the quantity enclosed, X* are the components of the unit normal to
the shock-surface directed from the region in front to the region behind the
shock-surface, the quantity 8 is the shock strength, and

(2~7) ’ou’ln/ = 21‘1/;‘ X;l.

For a perfect gas

(uln/ °1/) . g;z

P
(2.8) S T T/ 2
2%1/ + (7— 1)?1,,/ gl,’

3. Rausvrrs oF DIFFERENTIAL (3EOMETRY

In this certain properties of the surfaces will be summarized. Taking
the lines of curvature as the Gaussian co-ordinate curves on the shock-surface
the following relation is found

def .
(3.1) fag = 0520g7%,

where ,g are the components of the first fundamental form of the surface

and @, denotes the partial derivatives with respect to y*.
The components bgg of the second fundamental form of the surface are

given by
def
(3.2) bag = 3 ez (00t?) 5 ﬂaylﬂ 052,

where (;) denotes the covariant derivative with respect to ¥,

€ll = €22 = (),

1 1
€12 = :7&, €2l = — —J?l; a = det || aggll,
and e is an isotropic tensor having the values

(a) -1 when %k is an even permutation of 123,
(b) —1 when 4k is an odd permutation of 123, .
(¢) 0 when i, j, k are not all different.

As the Gaussian co-ordinate curves are the lines 6f curvature,

ayg = byg = ag; = bg; = 0.
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If the shock-surface is real, @ # 0. In that case symmetric tensor may be
defined, such that
' aaﬁaﬁr = 8-

Then a%f is the co-factor of a,gin a divided by a. Hence

22

a a
@l2 = a2l = 0; qll =-22 g2 = “11
a

a

The normal curvatures in the directions of co-ordinate curves are

(3.3) ky = bua («, not summed).
Qo

Weingarten’s formula for the derivative of the unit normal is

(3.4) 0, X" = —afrbg, 0t

4. NEw CoO-ORDINATE SYSTEM

At a point P(z?) behind the shock-surface, let ds be the elementary arc
length along a streamline. Then the components of the unit tangent vector to
the streamline are given by

, ‘where u2 = wguf.

=8

ozt
(4.1) ~a—s =

In the region behind the shock-surface, through the point P (at a
distance s from the shock-surface along a streamline) a surface § is considered
such that when s - 0, § coincides with the shock-surface S . Then the surface
§ is represented by the equation

(4.2) at = 24(yl, y2, s).
The components X¢ of the unit normal to the surface S are given by
(4.3) Xt = %e“ﬁeﬁkaaxfaﬁrk, »

with the initial condition
(4.4) Xi(yh, y2, 0) = Xi(yt, y2).

In view of the above transformation,

. H
(4.5) ajxt = 8; == % ajs+8axiajy“,
and
of
(46) - 0f = L oys+dafipye.

Theorem 1: We have
)
(4.7) X1 = " 058,
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1 .
(4,8) a,-y“ = ;—ﬂ/e“ﬁq‘;ku'aﬁxk,
(4.9) wopy* =

Proof : Multiplying (4.5) by X7 and €Be;;u'dgz® respectively, (4.7) and (4.8)

will emerge. From (4.8) and the fact that e u/ut = 0, (4.9) at once follows.
Theorem 2 : In the region behind the shock-surface the equations (2.1),
(2.2) and (2.3b) become

ot Cu 6u¢ «n i
(4.10) “%4'“"/ +Ca y*Oqut = 0,
au, ,ap 1 L
(4.11) +"*_§un/ E"‘Z Oxp0iy* = 0,
Ot 0
(4.12q) uu‘% (a? Xi— +aau¢a¢y )

Proof : Substituting in (2.1), (2.2) and (2.3b) from (4.6) and using (4.7)
and (4.9), easily (4.10), (4.11) and (4.12a) respectively are obtained.
Theorem 3 : Equation (4.12a) may be replaced by

op_ 0
(4.120) P ai

Proof: The equation follows from the fact that entropy is constant along
a streamline, i.e. ‘

0
52 =0, where 7 = 7(p, {).

5. DETERMINATION OF GRADIENTS

Theorem 4 : The gradients of velocity, pressure and density at any point
P behind the shock-surface are given by

XixJ Xk b ¢}
at = F_ —_ o ¢

(5.1) a:,u C(_M _]){Zakyaaau Uy aap?kya} Zu”/ aapaiy N a,y"‘,

c2M ¢
(5.2) op = (M2 ! un/%un X10yp0gy® —Zaiy“aau‘}+aap3:y )

My xi 1
(5.3) 05 = -—————1—) p” /{— Oop Oy Xt — Za;yotamui + 0 l0sy®,

—_ n
where
2 def ui,
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Proof: For gradients of velocity, pressure and density at any point P,

there are
dut
(5.4) ojut = Fn 05+ Oputdsy®*,
5 op o
(5.5) op = 5; 055+ 005y,
=4 a; 74
(5.6) 0l = ggajs+ MG

Muliplying (4.11) by ? and using (4.126),

_Z_ Ouwi, w 9y Xt

g 08 +M“ as+ Uy Oapsy* = 0.
Subtracting this from (4.10),
M r X u (M2—1\ap
(6.7) 'u( M2 )—a— = Do p0yy® — L0y Onut = _2( Mi[ -
From (4.11) and (5.7),
out csMi/ b.¢ (

X* 1
(5.8) 1 Oy Dot — w aaPakya} ~ T 0o p0iy™.

s Cun/(Mi/’—l) u [
Substitliting from (5.7), (5.8) and (4.7) in (5.4), (5.5) and (5.8), the equations
(5.1), (5.2) and (5.3) are obtained.

Theorem §: If in equations (5.1), (5.2) and (5.3) the kernel letter
(¢) is placed below each quantity, the values of gradients of respective
quantities just behind the shock-surface will follow.

Proof : Equations (5.1) to (5.3) give the values of gradients at the point P
behind the shock-surface. To obtain the gradients just behind the shock-
surface, the limit s — 0 is considered so that uf, p and { respectively tend to
u, p and E Substituting %¢, » and { in place of %!, p and { in equations (5.1)
to (5.3), the required relations are obtained. v

6. DETERMINATION OF UNERNOWNS IN EQUATIONs (5.1) To (5.3)

For simplicity the kernel letter (o) below each quantity is being omitted.
If the flow in front of the shock-surface is uniform, then the values of d,u’, 9,p
and 9, in terms of the flow parameters in front of the shock are obtained from
equations (2.4), (2.5) and (2.6) respectively. The values of these are (Kanwal
1958)
OxpXt 8
Lyurn 148

(6.1) Ottt = — { (— ul,./aya:‘+va’)aﬁ”bpa},
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(62) aup = (;]fi')'/ ’Lyﬂzp bpa,

(6.3) Ol =

(y+1)unl { (7—-1){—(7+1)le} U.yuﬁrbpu’

where vy = u;0ux! and ve = vy from (2.4),
Theorem 6: Let
of

(6.4) ooyt = — %,T/ o,
(6.5) Oytdsye = 8.
Proof : In consequence of (4.3) and (4.8),
Xigy* = ;ersq,mayzlasxmg esixuidgat

. i;/ 7oenB (813 — 8L87) dycidgemutdg

L s, uh
= —-T(u vy+a*dyy) = — ——vﬂ

Equation (6.5) follows from (4.8) and the fact that

B X} = eudyaogat.

Theorem 7: The quantity inside the bracket in first term on the right of
equations (5.1), (5.2) and (5.3) can be written as

Xk
O L
n/

8 8 01911”1911} { ( 8 o ) Uz.‘/zzi‘g!lzz} |
§{ {sunl-—(‘)’+l 1 +8) Uny ky+ Bty y+1~ 143 Up) ky {

where

1
Jup = Jancﬂ.

Proof : Substituting on the left-hand side of (6.6) from (6.1), (6.2), (6.4)
and (6.5) the above equality is obtained.

Theorem 8: The components of the vorticity vector »* behind the shock-
surface are given by the relation

52
(6.7) ot = hguy = — 1Ts €09z tyyab? bge.
Proof : Multiplying (5.1) by ¥ and using the fact /XX = 0,

E
W= — Zif—n/ €50y p Opy™ + 9% Do u* ™,
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Substituting the values of d,u* from (6.1),

8

. (68) w‘ = - m

But

{ — Oy*u p+ Xboy } a’g”bﬁae‘”’a;g“.

.
gy = — (utdgrh —ukogrt),
. Un/
Substituting this in (6.8) and using that ¢*0bg, = 0, (6.7) is obtained.
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