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The one-dimensional random walk problem with and without correlation in
the presence of reflecting barriers at o and a (> 0) is discussed. For the
uncorrelated walk the particle has at any point probabilities p and ¢ of taking
& step to the right or to the left respectively, but whenever the particle is at
1, it has & probability g to stay where it is and a probability » to move to the
position 2. When the particle is at a—1, it has a probability p to stay where
it is and a probability ¢ to move to the position a—2, TFor the correlated
case, however, the steps are governed by the transition probability matrix

From/To Right Left

Right
D A L

Feller (19567) and Weesakul (1961) have done the non-correlated case by
different methods. Expressions for the generating function of (i) first passage
probability through a point k and (ii) probability of arriving at & for the ith
time are obtained. The Laplace method of generating functions is employed.

§1. INTRODUCTION

In this paper the one-dimensional random walk problem with and without .
correlation in the presence of reflecting barriers at 0 and @ (> 0) is discussed.
For the uncorrelated walk the particle has at any point probabilities p and ¢
of taking a step to the right or to the left respectively, but whenever the
particle is at 1, it has a probability ¢ to stay where it is and a probability p
to move to the position 2. When the particle is at @~ 1, it has a probability p
to stay where it is and a probability ¢ to move to the position a—2. For
the correlated case, however, the steps are governed by the transition prob-
ability matrix (6.p.m.)

From/To Right Left
Right p
Left (q
P 1-m
1=p; . pg _
methods but the results would be cumbersome.

Feller (1957) has discussed the non-correlated case by means of Markov

chains and has obtained explicit expression for p;.:), the probability that

7 =
p), g =1

The more general t.p.m. ( ) could be treated by the very same
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the particle starting from the position j is at k at the nth step. Weesakul
(1961) has considered the problem when there is one absorbing and one
reflecting barrier, and has obtained the expression for the generating function
of the probability of absorption. We obtain here expressions for the gener-
ating function of (i) first passage probability through a point & and (ii)
probability of arriving at k for the ¢th time in the presence of reflecting barriers:
The method employed is the usual one of generating functions, but the
formulation of boundary conditions and subsequent solution of the equations
present some difficulty.

L. Non-correlated Walk
§2. FIRsT PAsSAGE TO &

Let fz,n= Pr (particle starting from z arrives at the position & for
the first time at the nth step).

Then
fz,n=f'fz+1:n—1+q_fz—1,n—1; l<z<a—l,z¢k. .. s (1)
The boundary conditions satisfied by fz, » ave
Jun=qfvn-1+0fe,n1 - .- . o (2)
and
Jo-15n = Pfa-1, n-14+efa-2n-1 . < o (3

Since the probability of first passage to k is the same as the probability
of reaching an absorbing barrier at £, let us define

jk9ﬂ501n¢0.:fk:0=1
fz:OEO:z?’:k

Fz(s) = Z f% ns®
n=0

Multiplying (1), (2) and (3) by s® and summing over all n we get

Fo(s) = pslop1(8)4qsF s 1(8); e £k, 1 <z<a—1, .. < (B)
Fy(s) = lfqu Fas), ST
and '
Fo_y(s) = 1-?-2st“-2(5)' N )
Clearly .
0 s T )
From (5) . :
Fyfs) = AX(s)+BX,(s), -+ . U ()
where

Ai(8), Ag(s) = [1k(1—4pgit)¥]/2ps,
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s0 that
A1(8)Ae(s) = q/p and Ay 4Ag = 1/ps.
When z < &, we make use of (6) and (8) to determine 4 and B in (9). Hence
M) = = Yz1—pLe
Fz (8) —[Fz(s)]z<k—'qu-1_ka: .o .. .o (10)
where, for convenience,
Lip = A =3, .. .. .. .. (102)
Similarly for z > k, making use of (7) and (8) to determine A and B in (9) we
have

F oy — qliz_a—pLy ay
F8) =[Fs()lyn = e .. .. (1Y

Since for ¢ <p, A1) =1, (1) =¢/p, while for ¢ > p, A,(1) = ¢/p and
Ag(l) = 1, we see that V(1) and F(1) each equals unity, indicating that
with probability 1 the point % is reached sooner or later, i.e. reaching the
point % is a persistent event.

(i) Pxpected number of steps.

We see that f., » gives the distribution of the waiting time for the first
passage through k, therefore

[F,],_, and [F )] _,

(where dash denotes differentiation w.r.t. s) represent respectively for the
cases 2 < k and z > k the expected number of steps required to reach the position
k starting from 2. Denoting these by N,(z) and N,(z), we have

_k (qk"‘z__pk"z)qz
N = 2 + ,
O =t e P L
= (k—2)(k+2z=-1), p=yq
which is independent of @, as it should be, and

2=k, pFE—g7F)
]Vs) Z) = + T 3
2(2) q=p ¢~ 1k g—p)?

= (2—k)(2a—2—k~—1), p=¢q

PFEY (13)

—k
We note that as a — o0, Ng(2) — o0 when » > ¢ and ——>—:—_—_—5 when p << q.

(1) Absorbing barrier at o as a special case.

It may be noted that the above analysis also gives by putting & = 0 in
FU(s) the g.f. H,(s) for the probability of absorption at o when there is an
absorbing barrier at o in place of a reflecting one; thus

_La_zs—=La_z.1{9 ?
Hz("‘) = IQu'—La_] }7 ‘
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Since A, > Ay, it follows that lim H,(s) = A}(s), which is in agreement with
a—» 0 .

the known result (Feller 1957 and Weesakul 1961).
The expected number of steps till the particle is absorbed at o is obtained
by putting & = 0 in N,(2) and is
Niz) = = _ [(g/p)’—1]p* , :
® ==~ et P
=224 —2—1), when p = gq.
The second result may be compared to the expected number of steps
z(a —z) in which a particle performing a symmetric random walk between two

absorbing barriers at o and @ and starting from z gets absorbed at any one
of the barriers (Feller 1957).

(i) Average number of reflections before absorption.

According to Kac’s definition (Kac 1947) of a reflecting barrier at a, a
particle after arriving at @ from a—1 in one step is certain to return to a=1 in
the next step. Thus a particle which reaches a—1 from the position a—2 is
with probability p reflected back to a—1 after two steps, whereas we define
reflection as staying with the same probability p at ¢—1 for the duration of one
step. Thus every reflection at @ involves one more step in Kac’s treatment.
Hence the value by which E(2)* obtained on Kac’s definition exceeds N(z),
viz., :

PH1—(g/p)] -
=gt > P71
and

2, p=q

gives the expected number of times the particle is reflected at a before absorp-
tion at 0. We thus see that in a symmetric random walk in the presence of
two barriers—one absorbing and one reflecting—the average number of reflec-
tions before absorption is equal to the number of steps in which the particle
would reach the absorbing barrier if it were never to reverse its direction,
and is independent of the distance of the initial position of the particle from
the reflecting barrier.

We further notice that for p > ¢ the number of reflections increases with
a which at first sight looks anomalous; but since the particle has a probability

* E(z) satisfies the difference equation

B(z) = pB(z+1)4+-gB(z—1)+1,0<z<a
with the boundary conditions
E(o) = 0, E(@) = E(a—1)+41,
Solving, we get
z_ 2ptYl—(g/p)]]

Ble) = g=p+ " gemig=pr



RANDOM WALK WITH AND WITHOUT CORRELATION 87

> } of moving towards the barrier it arrives at the reflecting barrier with a
greater probability than at the absorbing barrier; and as the reflecting barrier
recedes farther and farther, the number of reflections naturally increases.

§3. PassAGE TO k

It will be noted that u,(s) does not satisfy the relation ,(s) = ]———},T—);
| — (s

that is why we have to proceed ab initio with the definition of u,, ,. This is
because for ¥("(s) k is equivalent to an absorbing barrier whereas for u,(s) it
is not so.

Let u,, , = probability that a particle starting from z is at k at the nth
step, not necessarily for the first: time.

Algo define

Uzp=0, 2k, up, 0= 1. e e (1B
Then -
Uz, n = Plzyy, n-1FQUz-1,0-15 L <z<a=1,n >1. .. .. (1)
The boundary conditions satisfied by w,, , are
Up,n = qUy, -y +PU2,n1 .. .. .o (16)
and
Ug_y,n = PUa_1,n-1F+q%a_2 n_j. . . oo (17
w0
Introducing the g.f, u,(s) = Z 1z, »s®, We have from (15) to (17)
=0
uz(8) = P8Uzy1(8) Fqsuz_1(8); 1 Kz <a—1,23k, .. .- (18)
38
Ha_1(8) = l-q-ps Uag(s), e ee e e e L.oQ19)
and
3
ul(s)=i—f—q;u2(s). e e 20
Also by (14) and (15) .
ug(8)~1 = psugpq(s) Fgsug_a(s). .. .. . . .. (21)

Assume that the general solution of (18) is, in terms of A;, A,,

AX(s)+BX(s), 2>k
ufs) = : (22)
OXi(s)+DX(s), 2 <k
such that for z =k
ANABN = XD, . .. . .. (23)
From (19) to (21) we get
AN 4 BX, T = gs(ANT BT /(L= ps) 1
CM+DAg = ps(C24-DAY) /(1 —gs) L (29)
AN+ Bl—1 = ps(A,\’;“+BA§+‘)+qs(0,\’;"+DA§"‘)J
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Solving these for 4, B, C and D we have finally
ug(s) = (Lg-g—La—g-1)Lig—PL;_1)/L, <k }

(25)
ug(8) = p* ¥(Lg_z—~La_z 1)(Lg=—PLy_3y)/L, 22 k

where
L= LlLa-](l "'S).

Here u,(1) = oo both for z > k and for z < k, indicating that the point & is
reached sooner or later with probability 1. It may be noted that

_ (Lag—=Lo_p-3)Lxg—PLy_1)
(s) = TiLa_y(1—3)

is the g.f. of the probabilities of a return to the original position, Ly being
-defined in (10a). '

§4. rTH PASSAGE TO k

Let f) = Pr (2 to k for the rth time at the nth step), z < k, and fz(')n = cor-
responding probability when z > £.
Define

<] [}

Fs) = Z fOsm and FO(s) = Z 7O,

n=0 -
then we have the recurrence relations

n—

" _ (1) (r~1) r-1
f' Zfzn Y . l(qf k=1, 1+pf§e+1)¢

1=1
and
B2
T ¥
2,0 Z fz n-;-l(qfk 1, +pfk Hnt)'
i=1
Consequently
F(s) = sF ) [aF 20 +0F )]
and
F(s) = sFD ) [gFy o) +0Fy ) (9)])
Now

F2(s) = PO (o) aly) (s} + 0T (5)]
Substituting for 7! ,(s) and F}:ll(s) from (10) and (11) we have
FP(s) = sF(s)¢1/ D, Dy,
where .
&1 = qlqLg- 9 —PLy 1 NqLy-a—PLk-041]
+p(qLkp1-a—pLi,e-allgle_1—pli]
Dy = qu_,—]JLk and D, = qLy_g—plg_aj-
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Similarly :
FP(s) = sF"(s)¢,/D1D,.
Again,
FO(s) = sF ) gF2 (o) +PF P (5)]
= s2F(s)(£1/D Dy)? ;
" and in general
‘ FP(s) = FM(s)(€18/D1 D). e e .. (26)
Similarly
"(s)-F“’ (s)(¢,8/ D, Dg)r1. Y (1)

Expected numbers of steps for rth passage to k for the two cases z < k
and z > k are given by .

[%Fﬁ”(s)]m—lv“ (2) and[ F“’(s)] _ =N,

which after a little simplification are found to be
E:;]f- (qk—z_pk—z)qz (r_l)(qk_pa."lgk‘a+l)

0)(z) =
MO = ot e PE=1g—p) » PFEI
= (k=2)(k42=1)4(r—1)(a—1); p=gq
and
10 o 2k (FFE—gB)prmE | (r—1)(¢F—p* 1gk7e M)
M@= ot E TR ig—p P
= (=k)(2a—z—k=1)+(r—1)(a=1); p=gq.

The formulae incidentally give the average number of steps taken by a
particle to return to its startmg position % (in the presence of reflecting barriers
at o and a); it is

qlc a+1(qa— —pe-1)
(q—p)p*?
=q—1, pP=q.

» PFEq

The second result may further be interpreted as follows:

The first return to & will be either after an excursion to the right or after
one to the left and the probability now is } for each contingency. Also the
average number of steps* in the first contingency is 2(a—#%)—1 and in the
latter it is 2k—1. Thus the overall average is

H2(e—k)=142k—=1} =a~-—1.
We. also see that
FYD, D}

() z o) Ity

> Fl) = DlDz—fl and Z PO = b0t

rea )

* This follows from the formula (12) for Ny(z) by putting z = k~—1 and addmg 1. The
latter follows from (13) by putting z = k+1 and adding 1.
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are the g.f.’s of the probabilities of arriving at k starting from z for the two
cases z <k and 2> [ respectively, and are the same as (25).
Finally, #¢*"(s) = F'*Y(s) is the g.f. for probability of sth return to

the original position.

IL. Correlated Walk: In the treatment of the correlated case the basic
equations, although of the same struecture as for the non-correlated one, are ‘
different and it becomes necessary to start de novo.

§5. FirsT Passace 1o k

Define «,,, = Pr (particle starting from z arrives at t for the first
time at the nth step, given that the first step is towards the right), and
Bz, » = corresponding probability when the first step is towards the left.
Then

Gz p = Pozity n—1+95z+1s 2-1 0<2<a—1 .
Bzi1:n = q%z n-1+PB2 -1, 0<z<a—1 . .. .. (28)
wg-11 = Bry1 =1
In order to calculate «4_,, , We notice that when the particle is at ¢ — 1 and the
first step is to the right, then at the end of the first step the particle after
being reflected at a is back at @ — 1 and its direction of motion having reversed,
the probability of the next step being to the left (i.e. to a —2) is p and that to
the right is g. Hence
' %a-1,n = ¢¥a-1; n-1+PBa-1, n-1. . .- .o (29)
Similarly
B1, n = 9B, n-1+ D%, n_1. .. .. .o (30)

Introducing the g.f.
Ay(s) = z oz, n5* and B,(s) = z Bz, n5"

n=1 n=1

we get from (28) to (30)

Ay(8) = PsAga(s)+95B241(5), 0 <z < a—1 . .. (3D
Bz41(8) = g84(s)+psBa(s), 0<z<a—1 N )
Aa_1(8) = PSBaca(®)/(l=gs) .. .. .. .. .. (33)

By(s) = psd(s)/(1—gs) TR .. . . (34)

Ag_1(8) = Brya(s) = 5.
On elimination of A,(s), B,(s) is seen to satisfy a second order difference
equation. Hence the solution is
Ape+Bu? z<k .. .. .. .. .. (35)
: Bz(s') = { _ — R X
O D2 2>k .. .. o o .. (36)
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where
p = [14+es2+{(1—s2) (1 —s2c2) } §]/2ps,
so that
ptpmt = (1+cs?) ps.
Since first passage to % again corresponds to absorption at k, we have for
z < k asin §2 (i), .
Bus) = sp¥~2[(gs —psp+82c) — (gsp +s%cp —ps)u?* 3]
1—s(up+q)—p**~3p—sp—spq)

and
Als) = spk27 (1 —sq—spp) —p®~ Y p—sp—spq)
(1 —sq—spp) — p2¥=3(p— sqp.— ps)
Similarly for z > k, using (32) and By, ,(s) = s,

Ba(s) = Mysp? %1 20221y — g p8) = (L g5 — pp8)],
where

1/ My = p2*~ 2 3(p = g5 —ps) = (1 —gs =—pps)
and

qAu(s) = Myt F=1{p202-2(1 = pisp) (u—gspa =) — (u — ) (1 — g5 — pop)]

The g.f. of the unconditional probability of arriving at the point k for
the first time at the nth step is

Ga(s) = 01 d(s)+c2By(s); 2 <k
and

Gils) = o1 A4(s)+0sBo(s); 2>k,

where ¢, and ¢, are the resﬁéctive probabilities of the first step being to the
right or to the left. For p = q = ¢; = ¢ = % it is easily verified that

Gofs) = F(s) and Gyfs) = Fi's).
(i) The expected number of steps requiréd to reach the position k (starting

from z) is in the presence of reflecting barriers at 0 and o

[Za.0)] _, = Ltert G-Dpteb—ghstgter—ep—g) .. (D
and

[28.0)] _ = [ 4p-@4 DigEam2041)

+{9(@a—1)—(¢;—¢2) }2—g2%]/p. .. (38)

(ii) Ezpected number of steps for absorption at o.

For an absorbing barrier at o and a reflecting one at a the g.f. of the
unconditional probability of absorption at o is [@z(s)]k=o and the expected
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number of steps for absorption at a is [é;uﬂk ., @nd the expressions for these
are
[az(s)]k =0 = Mol(n—pgs—ps)(csgsp+c;—cypsp)u?e—22-2

— (1—gs—psp)(cags—c1ps +cyp)]
and

(D] _ p = [Ca—D)(er—g)+q(2a—1)+e3—c1]—g8]/p.
Now let o — co; then the g.f. of the absorption probabilities at o (there
being no other barrier) is

Jim [B:() b0 = n~*(cagspi+c;—crpsp)/q.

Here (gp)~(cogsu—+c;—cypsp) is the first passage p.g.f. from z to z2—1, subse-
quent first passage probability for a step to the left is obtained by putting
¢, = g, as a little consideration would show, and is p~1. Therefore the p.g.f. of
first passage from z to z—1, and subsequent first passages of one step to the
left, is '
pHeegsuter—eypsp) ()27 g.

(iii) Average number of reflections at o.

When the reflecting barrier at a is as defined by Kac and the barrier at o
is an absorbing one, then for the correlated walk the expected durations of
the walk u, (and v,) when the first step is to the right (or to the left) satisfy
the following non-homogeneous difference equations:

Uz = Pz Uz +1, 0 <z a—2
vz = quz 1 +prza+l, 1 <z2<a
with the boundary conditions
vy =1 and ug_y = vg+1.

Following Mohan (1955, eqn. 3.11) %, and », are given by

Uz = k1+2[Q(k1"k2)— il;] —-gzﬂ

.and

1
v, = k2+2[9(k1—1€z)+5]~— 1.

Having chosen %; and %, so as to satisfy the boundary conditions we have

ng = 2a+ ‘ﬁa—;:—l—);—%

Ifz=_2ﬂ+€(_2_ag.___'|'l)_2z2_
s P N

22
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If ¢; and c, are defined as in §5, then the unconditional duration of the
walk is '
= 2a 2zaq 2
Dy = cquz+egv; = 7 (P(’1~q02)+—23—+1—) (cz—61—gz2).
~On the same reasoning as employed in §2 (iii),

De—[G.(1)],_ = (c1—29+2)/p

gives the average number of reflections before absorption at o for the correlated
walk.

§6. rTH Passace TO K
Define probabilities £ and ¥ and also F"(s) and F(s) the correspond-
ing g.f. as in §4. Then a little consideration would show that for z <k
- {

(8 y )
f() (I)n-l 11q[f}a 1ude, ._q+p [f§5+11,)l 51":?}“
=1

(For when the particle reaches & for the first time at the (n—I—1)th step,
then it necessarily arrives from the left and the probabilities of going to k-1
and k—1 in the next step are p and ¢ respectively; also the probability of
arriving at & from k—1 for the (r—1)th time at the Ith step is [f 1(:-11)1
since at k—1 the particle having come from % the probability of the very
first step being to the right is ¢ and in the same way the probability of arriving
from (1) for the (r—1)th time at the Ith step is [J- 17, _,).

k41,1059 =
Similarly, for z > k,

n-2

(,) zf“')l I~ L{I) [f('-ll)l ‘1 ——q+q[fl§;—lli }
and consequently
Fir)(s) = SF?)(S){Q[.F(' 1)(6)]0 _ q+p[F(k'+1l) L, 8’}
and _ .o (39
FOs) = PO [P0, L AP )
Here #"(s) and FV(s) are respectively the same as G,(s) and G,(s) of §6.
Let

Jofs, ) = z FO(g)r
r=1
and

s, t) = i Fiayw.

ra]
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Muitiplying (39) by ¢" and summing over r from 2 to o we get

Tels, 8) = 1G:(s)+ts G MUk, - FPWrsal, -}
and ; . .. (40)
Tols, ) = tG2(8) +ts Gl PLk-1], _ ,F eIl -}
Putting z = k£ —1, ¢; = ¢ in the first of these equationsand z = k41, ¢; = p
in the second and solving for [Jx-1(8, )], =¢ and [Ty (s, O)]c, <4, we get

=18, )], = ¢ = 1G(1+5tc G) /O
and
[Fesa(s, t)]vl —p = G(1+5tc G)/8,
where
G = [Ggy (ey=g= qAx-1(8)+pBg1(s),
6 = [Gr1(9)]:, < p = pAis1() +4Brsa(9),
¢ = p—q and 6 = (1—gst G)(1—gst Q) —s2p2260.
- Substituting for (Jk_1);,=¢ and [Fp)e <5 in (40) we have after a little
simplification
I (s, t) = tG (1 +stc G)/O .. .. ce . (4D)
and
Jo(s, 1) = tGH(1+stc )/O. . . o (42)
From these expressions F"s) and F"(s) may be obtained as the coefficients
of ¢ in (41) and (42) respectively. Also the g.f. of the probability of a passage
to k (not necessarily for the first time) is J,(s, 1) and J,(s, 1) according as
z< kandz>k.
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