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In the previous paper (Wadhwa 1963) on the same topic two basic circuits,
ocach employing three capacitors and seven resistors and capable of simulating,
under certain .conditions, the general third order linear systems, were pre-
sentod. In this paper two more basic circuits for simulating similar third
order systems are presented. The circuits are analysed, the design formulae
obtained and the conditions of their physical realizability discussed.

InTRODUCTION

In the previous communication (Wadhwa 1963) on this subject two
basic circuits, each capable of simulating, under certain conditions, the general
third order systems, were presented. The purpose of this paper is to present
two more basic circuits, obtain the design formulae and discuss the condi-
tions of their physical realizability.

TaiRD ORDER SYSTEM SIMULATION

Two basic circuits, each employing three capacitors and seven resistors
(with a certain arbitrary choice of resistor values) and capable of simulating,
under certain conditions, the general third order systems of the type

bo(beS24b1S+1)

P =~ eyl - - o @

are shown in Fig. 1.
The transfer function for the circuit of Fig. 1(a) can be shown to be
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i aR - prR 5
(@) =
R
E
1
(6) ki
Fi, 1. Networks for the simulation of % = — M*—_%I%S%%l .
Eqgns. (1) and (2) will be identical if
= "By :
by = 6 .. . .o .. .e .. .- .. (3)
by=Ty+T5 .. .. . .. oL@
be=T1Ts .. .. .. .. . ... )
2841 2 2 2 1 1
LG SIPNNCCE 2 P 2R 1 6
B, . aBly+1 28y(a+1) ,
g = _}@ Txf’5+ﬁ(y—K) T1T7+£}i(K—+—) Tty .- e (D)

ag = %quysq"; . .. . . . . .. (8)

where
K = (204 3af+44B84-By+2) .. .e . .- e (9)
Ta=RCu. .. .. . o oo o)
The solution of eqns. (4) and (5) gives

T1=g[b;i /bf—4b,] R § 1)
T5=1}[b1=F /bf—4b2] e .. (1)

from which it is obvious that 7'; and T'5 will be positive real, provided that
B>dbe .. .. .. .. ..o(12)
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Elimination of B, v and T', from eqns. (3) through (8) gives a cubic

Py _

Py P,
o(s a:+7a ""PL =0, .. . .s .o (13)

where
Py = 2a4Tgdy; Py = kbgA1—~2a,TsAj;
Py = 2a,T5As—kb,Az—b2m(;-,!+ bob,);
[}

Py= kbsA-s-bz( +bobz) (—m); 43 = %(as +bobz)

= (g [~ (o)

2

L TV PR
43 = boT'1+ By (T5+bobz [2a3T5 (2a1+boT'y) = —7- =y +bobe | +4 |

2 ) F
= 2“1bzk+boT1(azbz—aab1)—aabz(2+bo)
2a4T'g
e agb,(2a3 +bobgT§) + 2GST5— as(2a3b, +bob1b’T5+bobgT:)
agheT's
Now, as shown in Appendix I, positive real «, ¢ exist if
k=(a2—1’-b—1-—”ﬂ’ﬂ)>o S 1)
by b

and any one of the four cases mentioned below is applicable, and any one
set of conditions listed under the relevant case is satisfied.

(i) 43 >0, (l—~m) > 0 and either A3 >0o0r 4 <0, A; <0.

Either 2 >2
ie. 04 >O0P
(l-—m) k .. .. .. .. (16a)
and {—})>-
As q
ie. 0Q>O0B

or 3 >2

k (l—in)} . .. .. .. $16b)
As .

2B
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(i) 4y &0, 43 < 0.

Either {{—=m) >0 }
B>n
or {l—-m)< 0
=)
q A4s
(iii) 4g <0, 43 >0, Ay >0, (I—m) >0.
" Either A>A >
and either 2z, >z,
(-3
Ag qJ) *
or 2 >2
()
q Ag
or dg >2; > A )

and either z4 > 24

or s (l:_)
q V. P

or 23 > Ag > Al
and either 23>z,

or Lc > (l____—m)
q Ag

(iv) 4,<0, 43>0, A; >0, (I—m) < 0,
Py>0,P;>0,P>0, A >0.

135

. (17a)

. (179)

(182)

. (18b)

. (18¢)

(19)

The corresponding y and 5 also T'; will be positive real if the positive real
: =

1
root, = of eqn. (13) satisfies a set of conditions listed in any one of the three

expressions given below:
Either B;>0,B;>0,A:>0

. 1 1
and either F’>F1>Zz>a,0rl‘2>zg>ﬂ'1>;:
0

1 1
Or 29>Hg >0 >—,0rzeg>—>Hk > p
2 z. 1 % 2 % 2,_ 1

or Bl<0,Bg>0,Zg>£

1
or B,EO,Bg<0,z,>a—o>I»¢z

(20)

21)

(22)
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where
q+4k—38p\ . (g—38bgk). . .. ..
. Py 1{P,\® P, 1 PPy 2(P,\°
= 4p°+27¢%5 ¢ =__3_~(__2>; = 4y~ 1213 (_2)
A p1+ Q1 .1)1 P] 3 P1 q1 P1+3 Pf 27 Pl 5
A =M; Ae = ___.__"A2+\/Kl>; u _Bi-Vas.
1 2A1 2 2A1 1 2 ?
n —M;z = OP = é:f.");z "()A'—E'()B—If-()Q— {—m
L 2 e T\ m L T p’ T g’ “\4,)
... (23)

For the design of the network circuit component values are required to
be determined. The proper procedure for design would be first to check
and see if the inequalities of expressions (12) and (15) are satisfied; and then
compute the values of 4°s, B’s, A’s, (I—m) with the aid of eqns. (14) and (23) and
see if any one of the four cases listed above is applicable and a set of conditions
mentioned therein is satistied. Thereafter, solve (Uspensky 1948) the cubic of

. . " 1 . g
eqn. (13) and see if any one of its positive real roots, o> satisfies any one
0

set of conditions listed in any one of the expressions (20) through (22). The
satisfaction of these conditions signifies that the circuit of Fig. 1(a) for the
simulation of the system of eqn. (1) is physically realizable. The circuit
component values may then be obtained by computing 7'; and T from eqns.

TR .
(11a) and (11%) and substituting % into eqns. (1.10), (1.16) to obtain y and

B respectively, T'; may then be obtained with the aid of eqn. (9). Choosing
arbitrarily a convenient value for any one of the capacitors, the values for
the resistors and the remaining capacitors can then be obtained with the
aid of eqn. (10).

Referring to Fig. 1(b), its transfer function can be shown to be

By _ ‘% [REC30s82+ R(Cy+C'5)S+1]
0= —
t %"Rsc',,(]ﬁossu ["ﬁ%ﬂm%oﬁ(“ﬂ +2“ﬁ";_' 20y +BY) pscr, ot

‘%’-’lmosaﬂ] S24 [°%ZL")RG3+RGE+ { 2"'%'05(_;2) }RO,]S+ 1 (24)
Eqns. (1) and (24) will be identical if
="2Y . . . . @

by = Tg+Ts ce e e e e e (28)
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[lz={1’3.,[5 . . .. .o .o .o . S .. (27)
_ a(B;-r) Tt Tt {2 +B7(3;(+2) %’-”e (28)
g “(BI'{}'Y) Tl o+ (“B+2“57;'2“7+B7') Tl g+ B(“+2I;7+7) TeTs (29)
(l3 = %Tan)IIYG .. . . .. .« .. .o - (30)

where
= (e4af+42ay+y) .. .. .. .. .. . .. (3L
Tu=RCn. .. oo e 3

The solution of eqns. (26) and (27) gives

T3=%[b1:l: /b§_4b2] L (830)
T5=%[b1=F /b'§_4b2] N G 1)

from which it is obvious that 75 and Ty will be positive real, provided that
B2 > by, .. . . .. .. (34)
Elimination of «, y and 7 from eqns. (25) through (30) gives a cubic

P13+ Pgf2+ Py+ P, =0, . . .. (35)
where ‘
Py= “sTb{aabl+bxbz(“1—b1)+2b2 —2agbs}

Py, = 3b1byTs(ay —by) +a5T's(aghs +bobl+4b2) 4 be(22bob’+ 44’ 4-aghybs)
—{bz(agbob1+asbl+b0b2)+b2T5[4a2a3+bob2(a1—b1)]} (36)

Py = byl aghobs+8az+2agba(boby+ T's) — { ag(2az 5+ 5bobyT's)
+bob2T's(ay —b1) +bob3 } ]

P, = 2aghe{2ay+bobs(Ts—Ts) }-
As shown in Appendix I, positive real «, g exist provided that any one
of the twelve cases mentioned below is applicable and any one set of condi-
tions listed therein is satisfied.

(i) 4¢>0,4,>0;8,>0
Either 71 >P’2>/\2 .. .o .. . . .. (37(1)

or A2>,U'2 :12—]>-% . .. P .. . (37b)
1

B, _4
or L Mg > qq, Mg > Ag, 1>—51 . . .. (87¢)
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(ll) A0>0 Al >0; Bl<O,Bg>O.

Either
or

or

P> A > .. . .
Q1>F1>F2>A2 .o
By >q > > A

(iif) Ag>0.4,<0,4,>0, A;>0: B, >0.

AL> B> )

(iV) AO >0.A1<0,A2>0. A >0: B|<0, B-_>>0.

Either
or
or

and either
or

ASE S>> H,
B SA >R >N
/\1>I‘1>l‘2>)2
gy > By > By }
> > Hy

(V) A0<0. A1>0; Bx>0.

Either

or

or
or
or

or

and either
or
or
or
or

and either
or
or
or
or

A B

7 >3,

q1>> pg > D1 > Ag, O q1 > Py > By > A,
g1 >D1> A3 > Mg, 00 q1 > A > pg > Py,
g1 > Az > Py > pg, OF Ag > ¢y > P1 > pa,
Ae>P1>pe>q1, 0T A > B >p1 >0y,
Ae>pe>q>p

By A

BT

P1> X2 >q1 > Py, 0T Py > gy > A > By,
Py > g1 > Hg > Ag, 08 P > Be > A3 > ¢y,
DIS B> > A 0T pe >P1> 2>,
Be>DP1>q1 > A, 0T Bg > A >0 >,
Po>q1 >0 >Dp, 00 B >A> 0 >y

PI>ASHk>q
He>>01> A
Q> > >0

(Vi) A0<0, A1>0; B1<0, Bz<0.

Either
or

or

Ag>1 }

B> 1> D

Q>p1>A . .. ‘e .o
A>qn>p .. e . e .

q1>lg>p1.. .. .o

/

\

.. (38a)
.. (38b)
+. (38¢c)

(39)

. | (402)
. (40b)

.. (40c)

. (4la)

} .. (41b)

.. (4l¢)
.. (41d)
. (41e)

e .. (41f)

. oo (42a)
. .o (42Db)
..o (42¢0)
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(vii) 40<0, 4:>0; B1 <0, By, >0, £9>0.

. Either

P1>A>0 > >

or any one of the following :

P1>q1 > A2 > By > B, g1 > p1 D> A > By S By, @1 > By S pp S A > iy,

q1> B > D1 > B > Ag,
g1 > F1> A > D1 > U,
B >p1> A >HE >,
By >Ag > by > py > q,
By >q1 > D1 > A > By,
Az > D1 > By > qp > By,

g1 > By > Mg > 01> A, Ap > P13 1 > By > B,

Ae>prand gy > By >R > Py, p1 > B > A > By > g,
B> Be > q1 > p1 >,
B> > H >0 >0

By > A3 > py > By > qy,
1> Ag > By > gy > Ko,

By > g1 > p1p > B> A, B> q1> By S>> A,

B1 > dg > py > q > Py,

B1>q1> g > py > B,

By >A> 01> D1 > By, By > g1 D> Be > A3 > D1, B> q1 > A > g > g,

B>A>qa>HE>n

(viii) 49 <0, 4;>0; B, <0, By >0, Ay <O.

Q>P1>A .. .

(ix) 49<0, 4; <0, 43>0, A;>0; B; >0,

Either

or
or
or
or
or

and either

or

or

or
or
or
or
or
or

or

P1 > A > Ag
P1>91>/"z}
N>P1>Pe>0 >0
Q>Ee>P1>A> A
n>u>k>qa ..
P> q1>P1>A >
AL>p1> M

p1>q1 > B

P>t >
M>He>p1>q
Fe>q@1 >0

1> B >A1 > p1> A

A S A >pr > > By

N> >E> >0
MS>E S>>0 >0
MAS>E>N>a>n
A;>Fg_>q1>A3>P1

130

(43)

(44)

. (4ba)

. (45b)
. (46¢)

. (45d)

. (45e)

(46f)

. (409)
.. (4Bh)

.. (45k)

(454)
(455)

(451)
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(x) Ag < 0,43 < 0,49 >0, A1 >0; By << 0andeither By < 0orB; >0, Ay < 0.

Either QSPISMSAe oo e e e .. (46a)
or MSA>P1>A oo oo e .. .. (46D)
or Hn>M>p1>A .. .. .. .. .. (46¢)

(Xi) A0< 0, A1<0, Az>0, A1>O; B1<0, Bz>0, A2>0

Either 2y >4 > A >q1> Hy > By, 0F py > gy > 1 > Ag > By > He,
O 1 >P1> A >E> He > g, OF gy > Py > A > By > A D> Mo,
or g1>P1> M > A > My > M, OF Q1> B >P1> B> M > g,
or q1>H S>He>P1> A > Mg, OF @y > Py > Hp > HBe> A > A,
Of P >H>A>He>q1 A8, OF PLOH >N > A > He >0y,
OF PI>NSH>A>Hy>qr, 08 B> pp>h > Hy > g1 > Ay,
or KiS>PIS>ASHBe>A >y, Or By > P> A S A > B >y,
Or  Fq>Hg>qy>p1> A > A
or py>A >

PI>HE >0 > pep,
By >N

or Py>A > }
B> D1 > q1 > Bl

or HpS>qi>Pr>HeS> A Ag, OF By S g > B >Pp >N > A }
OfF M>PI>M>a>H>p ot 3 >P >0 > >H >
or M>P1>A \

and either ¢; > Py > By > pe
or g1 >H>p >Fz}

AL > M

OF 1 >B>pe>m }
A > }

or Ky >He>q1 2> Py, Or fy > Xy > Py > 1 > M,

o MS>KS>qS>p>H
OfF A >pp>H>A> B> gy, OF A\ > By > Py > A > B > ¢,
OF My S>A>pyL>A>He>qp, OF By > > Py > Bg > A > (.
OF My >AS>PI>Hg>q A 0r By S>> >p >0 >q10
OF HiS>AN>HBe>P1>q1 > A O L > P> A2 > By > Gy > Mg,
OF )3 > Hy > gy > Mg > Py > Ag, or#.>q1>Fg}A1>p1>Ag.
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or AL > A >
and either 7 > H#; > ¢ > H;
or fy >y >q > K
or My > qy > By >y
and either A, > #; >y
or A1 >H1 > )|
Or A >HK>A>q1>p1>Hy O Ay > My >q; > A > p1 > My J
47)
(xil) 49 <0, 4, <0; and either 49 >0, A; <0o0rdy <0;B;<0,B;>0, Apg >0.

Either PM1>q1 > > .. . .. .. (48a)
or P11 > g > My .. .. . .. (48b)
or K > >4y > pe . . .. .. (48¢)

The corresponding y and also 7'y will be positive real if any one set of
inequalities mentioned in the six expressions given below is satisfied.

Either
Ag>0
Ng > 0}
and either Ry >0 | .- . .. .. .. o (49)
or Ry<0
Ry < 0}
or Ay >0
Ny <O
and either vy, > 8y
or  fy> ng
and either Ry >0
or R, <0
Ry< 0

or Ag>0, By >0, B2 <0, A3 20 .. N1 3]

4 .
or Ag <0, Az >0, Bo>§—a9>p1 .. .. .. (52)
£

or Ag< 0
A< 0
and either 3 > vg > By > vy, Or By > 1 > vy > ¥y,
or vg > pp > By > vy, OF By > vy > ) > v, .. (83)
or v3 > v > Bo >y, OF Bop>vg>ve >y

or A°<0, Rl >O, R2<O, AQEO, ‘Bo > M . (54)
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where
Ao = (2a3—=boboT's); A1 = bobe(ay—b1)—a3(2+3bo); Ap = A;1+bobaTa(l+bo); )
Bl = Ts[agbobg—a-sbl —'bo(2a5b1 +b2)], .Bz = bobg[T5(d2+bobg)—2a3] .
Ry = 4a5—bo(a1be+a3—bsT5); Rs = bola bg+ag—bebeTs—bsTs)—2ay;
b= A:+4A1b§b2Ts; Dy = Bj+4B1boby(2a3+boheTs) ; Ag = 4P3+é7qz;
Az = 2=V A7, ;g —ds+V A, by = —B,—/ 38,
1 2A1 =734, 'h= 2B, ’
J~ cos ? _1 mn
37 324
py o =BV B, Weren)=) , [-p (E"é)_! -
= 2B, ' wm>w>n 3 373/ 324,/
—2 [ZPoos (712 1. B
23 o (3"‘3) 3 %a,
¢ =tan~1| — V=05, _ _B: 1B * bgb’ﬁTs R Ry Rl
o= 2 - 3 2(1 1q = N
\/27 ag 3 203 7 1242 27 %aq
R PO
= 2(13, Q= aabl
(65)

Now, the proper design procedure would be to first check and see if the
inequality of expression (34) is satisfied; and then compute the values of
A’s, B’s, ete., with the aid of eqn. (55) and see if any one of the twelve cases
listed above is applicable and a set of conditions mentioned therein is satisfied.
Thereafter, solve (Uspensky 1948) the cubic of eqn. (35) and see if any one of
its positive real roots, g, satisfies any one set of conditions listed in any one of
the expressions (49) through (54). The satisfaction of these conditions signifies
that the circuit of Fig. 1(b) for the simulation of the system of eqn. (1) is
physically realizable. The circuit component values may then be obtained
by computing 7'; and T'; with the aid of eqns. (33a) and (33b) and substituting
B, into eqns. (2.10) and (2.19) to obtain « and y respectively; Ty may then be
obtained with the aid of eqn. (31). Choosing arbitrarily a convenient value
for any one of the capacitors, the values of the resistors and the remaining
capacitors can then be obtained with the aid of eqn. (32).

REFERENCES

Uspensky, J, V. (1948). Theory of Equations, pp. 82-98. MoGraw.Hill, N.Y,
Wadhwa, L. K. (1963). Proc, nat, Inst. Sci, India, A 29, 507-618,
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APPENDIX 1

CoxNpITIONS FOR PosrTive Rear RooTs

Simulation of the system represented by eqn. (1) with the network of
Fig. 2(a) is possible only if the values of «, 8, y, T, T; and T'; obtained as
the solution of equations

bo.-:f‘%’_ TS 6 1
b1=T1+T5 S e ‘e s . .o .. (12)
b2=T1T5 ‘e . . .o . .. (1.3)
4y = a(2§{+1) Tl+ﬂ(2m+y+2 2ﬂ(a+1 Yy+1) (L4
=2+ 20 oy 23”(““ \per, L )
a,=518{—}'T1T5T7 R 0
where .
= (20 +3af+48+By+2) .. .. .. . R B §)

are positive and real, where a’s and b’s are non-zero positive real constants,
The solution of eqns. (1.2) and (1.3) gives

=g[b1iM] A -2
T5=}[blq=./bf—4bzl S .. .. Qs8y

from which it is evident that T'; and T's will be positive real, provided that
L ¢ K

Elimination of g and T; from eqns. (1.1), (1.2), (1.3), (1.4), (1.6), (1.7)
and (1.1), (1.2), (1.3), (1.5), (1.6), (1.7) give the following two equations

1
m(—-—zl)
%=__—:L_.__.. T B )
( +—= +As)
Peler .. .. . . au

where A4,, 4,, 4q, k, m, p, q are real constants and their values in terms of
the known a’s and b’s are given in eqn. (14).
Now, the function of eqn. (1.10) has a zero at

-1—,=0P=z,=(l—'1’i‘).. R 4 3 )
«* m
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and two poles (A, A;) which are the roots of

A 4
;?1+-—°‘-’+A,=0 e .. (L13)
and are given by
g JAE—4d,4,
A Ag) = —— = sk 444, ds - (119
%z, m) 24,

As seen from eqn. (14), 4, is positive, therefore the roots of eqn. (1.13)

will be negative, if "

A;>0

Ag>0 }
and both these roots will be real, if

Ay =(4i—44,45) >0
or complex, if
A; <O.

But, if

4, @ 0}

A< 0
then eqn. (1.13) will have one negative and one positive real root.
And, if

Ay <0

A3 >0

A >0
then both the roots of eqn. (1.13) will be positive real. The function of
eqn. (1.10) for positive a and for various possible cases under which a portion

of the curves can lie in the first quadrant of the % -;1, plane is sketched in
Fig. 1.1,
-—m(é —21)

/,

— et fOP pogitive ®.
(GF+5+40)

¥i1a. 1.1, The sketches of -1 =2

——

A 4 A -
&
LY

(@) 43> 0, (I~m) > 0 and either 43> 0or 43 <0, Ay <0

[
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(1) 5 <a1 <A2

E 3
— &
T
N\l
o
h )
———-‘-’—-—-{Dv——-———‘—-.—
E 4
&'\l

(i) 2y > Ay (i) 2y < Ag
(b) 43 <0, (I—m) >0

T me—

1
J '
1
)
!
¥ a I
0 \ M ]
! o
|
t
i

(¢} Adg <0, I—m} <0

P M - o
a

—

(i) A <2y <Ay

t
t
1
P
t
i
t
+
1
I
t
!
!
'

(dY A <0, A43>0, Ay >0, I—m) <0

l.’ 7 1
¥ | i
! 1
i !
! 1
oy ! i
M ra
1 ! of
H )
i I
! i
! |
i [}

(e) A3 <0, Ag>0, Ay >0, (I—m) <0

(ill) A3 <A < 2y
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Straight line of eqn. (1.11) will cut the i and ; axes at the points 4
and B respectively, such that

k

04 =29 = -

*Tp
oB="
q

and these intercepts will be positive, that is a portion of the straight line
can exist in the first quadrant, provided that
k=(a2—‘—‘§——bl—“—3"ﬁ)>o e (L1)
2 be
as p and ¢ are both positive.
Elimination of ¥ from eqns. (1.1) and (1.11) gives

1 1
6+1) G-=)
o\ % .. .. .. (1.18)

1 B
2[;5 - —J+Bz]

o
which has zeros at

1 B
S—H4B=0 .. .. .. .o
and are given by
B,+,/B*—4B
(g, ) = — = 1£/B{—4B; a8y
%6 m 2
Now, uy and p, will be both positive real, if
B, >0
B; >0
Ag= (B3—4B,;) >0

and either negative real or complex, if
B;<0 }
By>0
and one will be positive real and the other negative real, if
8,2 0}
By<0)’
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The function of eqn. (1.16) for positive a« and for various possible cases
under which a portion of the curve can exist in the first quadrant of the

2 —p plane is sketched in Fig. 1.2.

1
()=
Fie. 1,2, The sketches of 8 = N R R T for positive «,
5 - 24|
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'
1
1
|
i
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i
!
]
H
t
:\
T 56 T\
o« i
' !
T
! (

(i) 2o <y < g (ii) py <2 < g (i) py < po < 2g
(a) Bl>0,Bg>0,Ag>0

pﬁ'\ o

(8) By <0, By>0 (¢) By<0

Now, « and y will be positive real if the straight line of eqn. (1.11) and

the curve of eqn. (1.10) intersect each other in the first quadrant of the

1 1
2"y plane; and the conditions under which that can happen are given in
expressions (16) through (19) listed under four cases mentioned in the text.

The corresponding 8 will be positive real only for a certain discrete value

of «. Therefore, if the real root, ai’ of eqn. (13) is positive and satisfies any
o \

one set of conditions listed in expressions (20) through (22) then 8 will be
positive real and hence the corresponding T, as will be evident from eqn.
(1.8), will be also positive real.

To summarize, if the conditions of expressions (1.9) and (1.15) together
with any one set of conditions from expressions (16) through (19) and also
any one set of conditions from (20) through (22) are satisfied then the network
of Fig. 1(a) for the simulating of the system of eqn. (1) is physically realizable.
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ArprNpix 11

CoNDITIONS roR PosiTive Rrar Roots

It is possible to simulate the system represented by eqn. (1) with the
network of Fig. 1(b) only if the values of a, B, v, Ty, T's, T'¢ obtained as the
solution of equations

b‘,=°il'§l N % B}
by = PadTs . oo 29
])2=T3T5 . .. . .. .. s .. .. .. (2.3)
ay =%’Q '’,,+'1'5+{2+/—3&;§‘."'—2-)}T6 e
ug = a(ﬁ}-(l-y) Ty +(°¢B+2GBVI;|-2°L7+I37) Tyl +ﬂ(«+i{ty+y) Tels ..  (2.5)
g = %’Ta"psq'e . .o .. . . . . .o (26)
where
K = (a+oB+2ay+v) O - )

are positive and real.
The solution of eqns. (2.2) and (2.3) gives

To=ffbitiT—abs) .. .. .. .. (28

Ty = ooty .. .. .. .. @s8H
from which it is evident that T4 and T will be positive real, provided that
B> dbe. .. .. .. . . (29)

Elimination of ¥y and 7'¢ from eqns. (2.1), (2.2), (2.3), (2.4), (2.6), (2.7)
and (2.1), (2.2), (2.3), (2.5), (2.6), (2.7) give the following two equations

1 A4 AsB—bbsTs 2.10)
¢ = RGBT A O ¢ 2

_]_' = BIB’+BZﬁ_bﬂb2(2a3+bObZT5) . .. .. (2.11)
o bo T sB(agb18—bobz)

where A’s and b’s are real constants and their values in terms of the known
a’s and b’s are given in eqn. (55).

Now, the function of eqn. (2.10) has a pair of zeros (A;, Ay) which are
the roots of

AP AB~bpeTs =0 oo o .. L (212)
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and are given by

—Agek J AT 444,07, T
O Ae) = Ba, By = —— ;A o2 s .. (2.13)
1
and has a pair of poles, one at 8 = 0 and the other at
—p = — o

which is real and will be either negative or positive depending respectively
on whether 4, is positive or negative.
Now, if
A;>0 o oL (20D)

then 4, is also positive and the function of eqn. (2.10) has two real zeros one
of which is positive and the other negative; but if

A1 <0 )

Ay >0 } .. .. .. (2.16)

Ay = (A24+44;526,T5) >0 ) '

then both the zeros are positive real, and if

A1<O

and either Ay >0
A1 <0 .. .. . .. .. .o (21m

or 4,<0 |

A 80

then both the roots are either negative real or complex conjugate.
The function of eqn. (2.10) for positive g and for various possible cases
under which a portion of the curves can lie in the first quadrant of the

1
A— - plane is sketched in Fig. 2.1.

A1+ A48 —bbeTs

_— o f ositive f.
GofBa Ay LoF positive f

Fic. 2.1. Sketches ofé -

oI/A 5 ol 1a BU.

(@ 4p>0, 4;>0 (b)) 49> 0, 43<0, 435>0, A>0
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(e) Ag<0, 4,<0
and either 45> 0, A; <0
or A; < 0, A, 20

Similarly, the function of eqn. (2.11) has a pair of zeros (#;, #g) which
may be positive or negative, real or complex, depending on the sign of B,
and B,; and has a pair of real poles one at g = 0 and the other at

boby

0M=q,=£b—;.

.. (2.18)

The function of eqn. (2.11) for positive 8 and for various possible cases
under which a portion of the curves can exist in the first quadrant of the
B— ; plane is sketched in Fig. 2.2.

3B
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Now, the conditions under which the curves of eqns. (2.10) and (2.11)
can exist in the first quadrant of the ﬁ—i- plane are listed as the twelve cases

mentioned in the text, and these curves can intersect each other in that region
provided that any one set of conditions listed under the relevant case is
satisfied.

Elimination of é from eqns. (2.1) and (2.10) gives

1 _ a3+ R1B2— Rof+bby T

D= 2.19
A ¥ (ES VTN &
which has three real poles the locations of which are given by
g =0
Fr=-1 (2.20)
ﬁlll = — ~A~0_
2ag

and either one or three real zeros depending on whether discriminant Aj of
the equation

2agB3+R1ft—Rof+b22T3=0 .. .. .. (2.21)
is positive or negative.
Therefore, if
either R, 20
1< }, .. .. (2.22a)
Ry >0}
or .R1 < OI 2.99p
Ry < 0 - (2:220)

then eqn. (2.21) will have one negative real and either none or two positive
real roots depending on whether

Ng=4p34-27¢ .. .. .. . (2.23)
is either positive or negative. But if
Bi>0
Ry < 0} (2.24)

then eqn. (2.21) will have either one or three negative real roots.
The function of eqn. (2.19) for positive 8 and for various possible cases
under which a portion of the curves can exist in the first quadrant of the

g~ ; plane is sketched in Fig. 2.3; and the conditions under which correspond-

ing to a set of positive real «, § a positive real ¥ can exist are listed in eqns.
(49) through (54).
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20,83+ B1f? — RyB+bbs Ty

boB(L+B){2a,8 -~ 4p) for positive f.

Fig, 2.3. Bketches of al‘- =
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~
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> R, <0
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Ry <0 B, <

(ii) Ay <0, 0N > OH > 0@G
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To summarize, if any one of the twelve cases mentioned in the text is
applicable, and any one set of conditions listed under the relevant case is
satisfied together with the inequality of expression (34) and any one set of
conditions listed in any one of the inequalities of expressions (49) through (54),
then the circuit of Fig. 1(b) for the simulation of the system of eqn. (1) is
physically realizable.



