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In the previous papers (Wadhwa 1963a, &) on the same topio four basic
circuits each employing three capacitors and seven resistors and capable of
simulating, under certain conditions, the general third order linear systems
were presented. In this paper two more basic circuits for simulating similar
type of third order systems are presented. The circuits are analysed,
design formulae obtained and the conditions of their physical realizability
discussed.

INTRODUCTION

In previous communications (Wadhwa 1963, ) on this subject four
basic circuits each capable of simulating, under certain conditions, the general
third order linear systems were presented.

The purpose of this paper is to present two more basic circuits, give
the design formulae and discuss the conditions of their physical realizability.

THIRD ORDER SYSTEM SIMULATION

Two basic circuits, each employing three capacitors and seven resistors
(with a certain arbitrary choice of resistor values) and capable of simulating,
under certain conditions, the general third order linear systems, that is

bo(bgs®+bys+1)
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are shown in Fig. 1.
The transfer function for the circuit of Fig. 1(s) can be shown to be
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Equations (1) and (2) will be identical if

bo = u':z—‘y .o

by = T3+Ts

b2=T3T5 . . .o .. .. ..
_ (u+2uﬁ-;c-2ﬁ+ﬂ>’) T3+ﬁ(2u4;v+2) ot 2ﬁ(a+;)(v+ U,

1 2y(«+1
0y = /3(“;-7) T3T5+°‘li(’%t_) T3T7+_’331(%tl 5T,

(ig = E—‘;—y T3T5T7

where
k= (2a4-3af+48+7Y+2)
Tn= Rec, ..

Now, the solution of equations (4) and (5) gives
Ty =4 [t JoP—ab,) .
Ts =3[0, F mj
both of which will be positive real, provided that
bf >4ba. .. e e,

()

(4)
®)

(6)
()

(8)

.. (11a)

.. (11h)

(12)
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Elimination of 8, ¥, T from equation (3) through (9) gives a cubic

Py Py

PS
S+ E-Pi=0 .. . .. L (19)

where
Pl = 4ZBI N Pz = 4-lB2-—4nB1—2mA1 4 Ps == lB3+mA2-—4nB2; P4 = mA3+nB3,

A= (2a3+b0b1) ; Ag =2 (a]— %—:3) +boT3—2 (%%+bob1) ;
2

2
43 = T3'—2 (a1 g“:) B1 = (z—:-{-bobl) B2 =2 (Z—:+boT5)+boTs,

By =4 ( +b0T5) +b60Tg; 1= (2a3T5+bo’7 ) ;omo= (a3Ta+bob2)
= (g 381 _ 237s]
n-(avg— by bz) e . .. .. .. . .. (14)
As seen from equation (14), 4,, By, B,, B, I. m and P, are all positive
real and, if

aghy _ asTs ~
= —_— 0o .. .. .. - {
" (“2 by by )> (15)
then, as shown in Appendix I, a set of positive real o, 7 exists; provided that
either A3 >0, 435>0, A1 >0,
. 7
and, either A\; > 7 > A 3 N .. (16)

or P, <0, Pg<0, A<0,3l’4>,\1

or ) A3<0

and, either 2 > A2 ]

A3> ;
B, S .. .ooam

Now, corresponding to positive real o« and ¥ a positive real g and also
T, exist, provided that
either ] Qs >0
Q>0
A >0
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- 1 \
and, either #; > p; > Mo > o
0

1
01’])1>;t‘)>l"1>l‘2

1 . .o (18)
Or Py > My > By > —
%o
1
or f1 > Mo >py > —
%o
or Q2>O)
@3>0 !
B2<O * . ..o o(1Y)
%)
p1>°‘o
or
Q<0
1o r .. .. . .. (20
" ;; #1)
where
o _AetVay o A=V AL GtV As
M =O0M= 44, :Az—OL—T,#l—T,
-V A
#,=QL2~Q~—- (R py = 04 =5 Q= tholi Qp = bolme+dn—30);
Q3 =m—3bon; A= A:-SAlAs s Dg = Qi—1Q1Qs;
%or-positivereal root of equation (13). .. . . . .. (21

For the design of the network component values are required to be deter-
mined. The proper procedure for design would be first to check and see
if the inequalities of expressions (12) and (15) are satisfied; and then compute
the values of A’s and B’s, etc., with the aid of equations (14) and (21) and see if
a set of conditions in either expressions (16) or (17) is satisfied. Thereafter,
solve the cubic of equation (13) and see if any one of its positive real roots ;}— , 18

. 0
such that a set of conditions in any one of the expressions (18) through (20)
is satisfied. The satisfaction of these conditions signifies that the circuit of
Fig. 1(a) for the simulation of the system of equation (1) is physically realizable.
The circuit component values may then be obtained by computing 7'y and 7'y

from equations (11a) and (11b) and substitutin 1 into equations (1.11), (1.18)
g %

gives ¥ and B respectively; and then 7, may be obtained from equation (8).
Choosing arbitrarily a convenient value for any one of the capacitors the
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values for the resistors and the remaining capacitors can then be obtained
with the aid of equation (10).

Referring to the circuit of Fig. 1(b) its transfer function can be shown to be
14
Y [Racyopst + Ricgeg)s-+1]
E, %

B
! Eg-y R3cqeqcess [#Z) R20305+iﬂi}’;——1) R2c303+°ﬁ%’ﬂ1220503] 2

N [(2a+2aﬁk+a7+ﬁ) Rogq CBF2BEY) p +a(2ﬁ+ﬁz+7+2) R ]

% cgls+1
(22)
Equations (1) and (22) will be identical, if
14
by = “‘Z O .- )
bl=T3+T5 . .. e . . e .. v .. (24)
bo=TgTs .  «v  ev e e e e .. (25)
ay = (2°t+2aﬁk+°0’+ﬁ) T3+(2¢B+2¢’Z’+5+?’) T5+¢(2ﬁ+ﬁz+?’+2) T (26)
1
as=a'%’T3T5Ts.- . . . s v .. . . (28)
where
k= (40+308+2ay+28+7+2) O 1]
Ta=Ren . oo er e e (30
The solution of equations (24) and (25) gives
Ty=}[b1 [bi—4bs] .. .. .. .. (3la)
Ts = }[byF [bi—4by] .. . .. .. (31b)
from which it is evident that 7's and 7’5 will be positive real, if
L .. .. (32
Now, elimination of «, ¥ and 7; from equations (23) through (29) gives
IB
B: (lBg+mA4+nB4) B3+(nBa—lB2—mA BZ+(nB2-—IB1—mA )B
+@nBy—mA;) =0 .. (33)
where
2 l Al Q)
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212 4a 2
Ag =7 Bi= b1m+n(—5;§+bobz) ; By = 'gf (2n+Q1) +4bonT3—bob1l;

5 b
(@ 2“3). _ 4 _('13 ) _ (93b1 )
By= (B 2) B = 21 (2 tinte) s = ()
/ b
-_—(az—‘i;’—;-z-l) O F 7

As seen from equation (34), 4,, By, By, I, m are all positive real and, if
n = (az—‘—%"lil) >0 .. .. .. .. (35
2

then, as is shown in Appendix II, a set of positive real B, ¥ exists provided
that any one set of conditions listed under either one of the two cases mentioned

below is satisfied.

I. Either B, <0, B3 >0, Ag>0, or B3 << 0, or By >0, B3 >0.

Either 4;,>0

n
m 'Bl

and, ‘either A >0

PR

or A3 <0
Ay > 0}
or A, <0
Ag>0
A1 >0

or Ay <0
and, either Ay > O}

. (36a)

A;3< 0
H,>0
or A3 >0 ?
or Ay <0
ol

.. (360)

and, either , 1; > /\o}
A1 >0

or Z;'>As}
J

A <o
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or A1>0}
A<

and, either Ag <0

or 4 <0)
Ay >0

and, either V> A3 > As

n
T>/\z

or A3 >v > A
7

and, either 7

> A3

¥
or T > Az

Ay n
B, " m
N
1
n A1
w” By

Oor Ag >

or /\3>32>V'}

. n _ Ay :
and, either g B &

or /\s>%&>/\z}

or 4,<0 7
43 >0
Ag< O
A;<O

n

l

and, either Ag>Aa>v>)
>N

or /\3>V>Ag>l\1

and, either Ay > 7{ >
or » > A

[

161

. (36¢)

.. (36d)



162

or

and, either g >

or

L. K. WADHWA

n

v>As>A2>A11
{

>\

{
/\3>A2>A1>V}

n
7>/\1

n
or => A3

II. By <0, B3>0, A <O.

Either
and, either
or
or
or
and, either
or
or
and, either
or
or

and, either

m~ By
Az >0
A3>O}
Ag <0
Al >0}
Az<0"
A3 >0;
FASY >0)

A, >0 |
n Al}

4, <0
AZ>O)
A3 <0
Aol
Ag >0
A, <0
A3<0}

n
7>%}
A1 >0
)
?>As}
H1 <0
A1>0} ]

A1 <O
A3 <0

.. (36d)

.. (37a)

.. (37h)

.. (37c)
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or

and, either

and, either

or

O v3>A3>)dp>vp

or A3>A2>v3

A,<O}
A3 >0
vy > A3 > Mg

Z;>/\2

A1_>gj
Bl m
or A2>Z; [
n Ay
m” B

n
or 'Z—>A3
v2>A3>A2>V1

and, either r > 4
m~ B

1/

or ,\3>2§>,\g

. n A1
and, either — > =2
! m = Bl

n
or f > A °

and, either ~ > 4,
m Bl

or % > Ao

or v3>”2>A3>V1>A2\
and, either ‘:1—1 > i
Bl m

"
l

n Al

> Ag

n

A,>'l

or ?>,\,

163

.. (87¢)
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Or vy > g > v >V > As

and, either 71 > A )

5

A1
7>
or A2 > 7 f
n ‘i!
m ~ By,
or 7*; > /\3

OF g > vg>ve >Vvy > Ag

and, either rl_z > g }

din f
Bi7 m
or Ag > %Z }
n Ay
m —B_l})
or ; > A3
OF wvg > Ag > vg > g > ¥
and, either - %L > Ag
) " S s Al
Or ’-n ‘B1 ‘
or As >V3 >V2>A2 >V]
and, either - > A2
L 4,
or B,
or Ag>vg > g > ve >y
and, either 7 > Ag
n
or — > B (
or
4, <0
4,>0
A< 0
L1 <0

. (37d)
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and, either vy > Ag ]

and, either Ag > Z;- >N

/

or 7';>A3

n
or 7 > M

and, either
V2>A3>l\z>A1>V1
or Y >A>AH >y >N
O vg>A3>ve > > >
or Ag>vg>ve > > >
or vg>Ag>A>Vve>v > A
or vs>/\3>/\g>v2>/\1>'v1
OF Ag> A >vVg>Ve>vi> A
OF Ag > A>3 >ve > A >
or Ag>Ag>ve> A >V2>_V1
OF W >Xg>ve>Ad>ri>N
OFr A3>v3>veg>Ag>vy > Ay
OF Ag>Vg>la>ve>n>A|| - - (87
or Qg>vg > >V > >V

or V3>A3>Ag>A1>V2

and, either A >~"l—> A1

or -7-;—> As

n
or —l—>/\1>vs

or V2>A3>V1>A2>A1

n

or —l-> As

or 73>AS>VQ>VI>A2>A1

and, elther Ae >~ >A1 }
and, either A2> >A1 ’/

n

or 7>A3 J ]
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and, either 23> > X

or > Ag
or Ay > vy > Ay > Ay > vy > ¥

or A3>V3>V2>V1>Ao>/\1}_
and, either ) > = >A1 [

or l>,\3

where
A A
3 2. — 3 2, , — ..._2 —_—_— M
A= 4P1+27Q1: D= 4P2+27q2’ h= Ay %(A4) ’

A Agdg 2 [43\3 B B.
1 2 3+_(_§) C py = — ;z__’( 3)

(h=:4:— 3A° . B B,
B, ,ByBs 2 (Bg\3 ey
42=—§;—'§~§E—"'27 B, s do = Vki+V ke 7,
—-P1 961 lé&
2N/—-——3 cos 3 T3,

1 ‘—"_pl T ¢1 4
=\—2 /=& R Y I k'
{Ag, A2, A1) 1 2J 3 cos (3 3) 5,

/\3>/\2> A

— 4— B
- VYRt
1By
——COS—— 3B4
—Ps __é_) By
2N/ cos( +3- B,

) g

{vs, vg, v1) =

V3> Ve >
¢y = tan~? {-—— ‘/—_Ai_l].
uV'27
¢y = tan-1 [— ‘\/—_Ziz]‘
92V 27

0 :A:; =1
+~/108 by=—3 :\/108’ ks = +J108

9z _ =
k4...—2‘ 108’ v =vp, When Ay > 0;

v=vg, when A, <0

. (87d)

. (38)
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Now, corresponding to positive real 8, ¥ a positive real a and also Ty
exist, provided that

either Py>0
Py, >0
A3 >0
. 1
and, either ¢ > — > k1> [y
0
1
or g=> Ky > Hg > ﬂ—
. . ' (39)
or By > > g > e
Bo
1
or [ > q> Hg > E)
1
or My > >HRy>q
Bo
1
or #1>#2>_q>,-g~0
or Pi>0 g y
i 1
4>75
0
.. .s .. (40
and, either Py>0 } (20)
Az <<0
or Py <0 J
or Pl < 0
. 1
and, either q> Bo > g . .. .. (41
> l >
or B BO q
where
Py = m—3bgn; Py = bo(2m+4n—=3l); @1 = m4-2n—21;
&+ /Qf-{—lGln P e
Ag = P2=16P;bgl; g = i) s = ng\é %, 42)
RV | " .
He = E‘_-gl}—;/l—é—g ; E) = positive real root of equation (33)

- The proper procedure for design would be to first check and see if the
Inequalities of expressions (32) and (35) are satisfied. Thereafter, compute
the values of 4’s, B’s, etc., with the aid of equations (34) and (38) and see if either
one of the two cases mentioned above is applicable and that any one set of
conditions listed therein is satisfied. Then solve the quartic of equation (33)
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. .y 1 .
and see if any one of its positive real root(s), — , satisfies any one set of con-

Bo
ditions listed in any one of the equations (39) through (41). The satisfaction of

these conditions signifies that the circuit of Fig. 1(b) for the simulation of
the system of equations (1) is physically realizable. The circuit component
values may be then obtained with the aid of equations (31a), (32b), (33), (2.11),
(2.12) and (28). Choosing arbitrarily a convenient value for any one of the
capacitors the values of the resistors and remaining capacitors may be obtained
with the aid of equation (30).
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ArrENDIX 1

CoxbprTioNs For PosiTive Reat Roors

Simulation of the system represented by equation (1) with the network of
Fig. 1(a) is possible only if the values of «, 8, ¥, T's, T, T'; obtained as the
solution of equations

b0=§%—' .. . .. e .. . s .. (1.1)
b1=T3‘*‘T5 .s e .. . . .. .. . (1.2)
b2=T3T5 . .o . . .e .« P Y (1.3)
o= CHBEEID) | BOAVAD) A
ag = B(“l;" ?) T,Tﬁ“ﬁ(’;c"'l) T3T7+2L7(;_+_1) T (1.5)
as=a%'TaT5T7 .o .. .o .o .o . . (1.6)
where .
k= (224348 +48+By+2) I

are positive and real; where a’s and b’s are non-zero positive real constants.
The solution of equations (1.2) and (1.3) gives

Ty =} [b £ [0, e .. (180)
Tg =} [b1 F bf—4b,,] ce e .. (L8YH)

from which it is evident that 7'y and T's will be positive real, provided that
R ¢ K )
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Elimination of g, T'; from equations (1.1), (1.2), (1.3), (1.4), (1.6), (1.7)
and (1.1), (1.2), (1.3), (1.5), (1.6), and (1.7) gives the following two equations :
2A1

1 +_-3
S T B (1)
Y 4B (
—-—2—1+'—2+Bs
o o
l
;+7-;—:'=n. e 18 1

where A4’s, B’s, I, m, n are all real constants and their values in terms of the
known a’s and b’s are given in equation (14).

Now, the function of equation (1 10) has a pair of zeros (A, A;) given by
the roots of

EeTHA=0 . L L L
both of which will be positive real, if
4,>0
A3>0 1 . (1.13)
Ay = (4 —84,45) >0 }
and one of which will be positive and the other negative real, if
4,20 } . (1.14)
A43<0

as A, is already positive real according to equation (14). Since B;, B, and B,
are all positive real, therefore the poles of the function of equation (1.10) will
be both either negative real or complex conjugate depending on whether the
discriminant of the equation
= +———+Bs—-0 O o ¥ 153}

is positive or negative.

The straight line of equation (1.11) will cut the ;1-‘ and ; axes at the points 4
and B respectively, such that

OA = pl = ﬁl
. (1.18)
OB =%
and these intercepts will be positive, provided that
n=(a,—%ﬁ—ﬂ%ﬂ‘)>o O B 1)
] 2

as I, m are both positive.
Therefore, if the conditions of expressions (1.9), (1.17) and either (1.13) or
(1.14) are satisfied then it is possible for a portion of the curve of equation (1.10)



170 L. K. WADHWA

. s 1
and the straight line of equation (1.11) to exist in the first quadrant of the Elc -3

plane and the sketches of these functions for positive « are shown in Fig. 1.1.

—24, A2

a2 ,+—a— _.Anf iti
4B, 4B, B—- or positive a.
W g TP

Fiae. 1.1. Sketches of the curves % =

~~
—

]

ol ft A M S
. o

(@) 43> 0, 43>0, A; >0
OM > 04 > OL

\, bl
hY

NN

\ N\
3
8
R A
o AN L A
) of

(b) 4e Z 0, 43 <0
eitber 04 > OL, ON > OB
or OL> 0A4’, OB’ > ON,

Tt is possible for the curve and the straight line to intersect each other
at a point in the first-quadrant yielding a set of positive real «, ¥ provided
that the conditions of expressions (1.9), (1.17), and either (16) or (17) are

satisfied.
Elimination of ¥ from equations (1.1) and (1.11) gives

¢ @
1 Bz -&"+Qs " 18).
B (1 l o
which has a pair of positive real zeros, if
Q>0 }
Q>0 e L 109

By = (Q—4@:Q5) >0
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or one positive and one negative real zeros, if

QzEO}

@3<0

.. (1.20)

or a pair of complex conjugate zeros, if
@2>0
@3>0
Ng <O,

1.18) has a pair of real poles at

—

The function of equation

2=l

a

1 n
F=0d=n=7

and the function for positive « is sketched in Fig. 1.2. It will be obvious
from the sketches of Fig. 1.2 that if any one set of conditions in any one of
the expressions (18) through (20) is satisfied then corresponding to positive
real &, ¥ a positive real g and also 7', exist.

@

2 %E+Q3

Fia. 1.2, Sketches of the curve% =TT IV for positive a.
2ofz+1)(=2)

| g

-

pd

6&7

VRPN VU S
b2

]
1
1
b
AW
N |
0} G :

]

1

|
(1) py>py>pe; Ag>0

i

[\

—

R~

(1) py > py > pg; A2 >0

N
of

|
1
|
:
4] A’
i)
i
‘
i
1
H

(ii) py > po > p1; Ag>0
(a) Q_?>0; Q3<0

>

(iv) Ag< O

A

Lo
/d
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!
i
1
i
i
}

I

i
7/
Ve

(%) Q@ 0, Qg < 0; py > iy

To summarize, if the inequalities of expressions (1.9), (1.17) together with
a set of conditions from either expression (16) or (17) and also any one set
of conditions from any one of the expressions (18) through (20) are satisfied
then a set of positive real a, B, ¥, Ty, T, T exists and the circuit of Fig. 1(a)
for simulating the system of equation (1) is physically realizable.

ArpPuNDIX II

CoxprTioNs For Posrmve Reat Roors

It is possible to simulate the system represented by equation (1) with
the network of Fig. 1(b) only if the values of «, 8, ¥, T3, T'; and T'g obtained
as the solution of equations

bo'—':igz‘, . .s . .. . .o .. s . (21)

b1=Ta+T5 . X oo .o . T .. . . (2.2)

b2=T3T5 . . . .o . . . .- . (2.3)

oy = QDB R | CRETYLB4) 1 GEBARAVED

ay = XY 77+ XY o BBV e e (25)

a3=?—€—yT3T5T8 . . e . . . .. .o (2.6)
where

k= (da+308+2a¥+28+7+2) .. .. .. (27)
are positive real.
The solution of equations (2.2) and (2.3) gives

Ts=§[b1;i: bf—4b2] e .. .. (@280)
T5=;[b,=|= bf—4b2] e ee .. (28D)

from which it is evident that 7Ty and T will be positive real, if
T X))
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Elimination of «, 7'g from equations (2.1), (2.2), (2.3), (2.4), (2.6), (2.7) and
(2.1), (2.2), (2.3), (2.5), (2.6),"(2.7) give the following two equations

1 53+ +ﬂ+A1

1 e 210)
y- B4+Bg B g

g tpty

é#;f-_-n L e

where 4’s, B’s, I, m, n are all real constants and their values in terms of the
known a’s and b’s are given in equation (34).

Now, the function of equation (2.10) has either no positive real zeros, if

either A >0
Ay >0
Az >0
or 4,>0
A > 0}
and, either Ag <0
- or A, <0
Ag > 0§
or has one positive real zero, if
) A, <0
and, either Ae >0
A5 <0
A>0
or Az >0
or Ay <0
A3 < 0}

or has two positive real zeros, if
A4,>0
A1 <0 %
and, either Az <0
or Ag <0
Ay 0%
or has three positive real zeros, if
Ay <0
A >0
Ag <0
A <0
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and has either one positive real pole, if

By >0
Ay >0
or By <0
or B, >0
By >0
or has three positive real poles, if
Bg < 0’
B3>0
N < 0)
since 4,, B, and B,, as seen from equation (34), are positive real constants.

In view of what has been stated above it should be simple enough to
sketech the nature of the function of equation (2.10) and therefore these will not
be shown here. With the aid of these sketches it can be seen that the curve of
equation (2.10) and the straight line of equation (2.11) will intersect each other

either B2 <0 %

-1 . " :
at a point in the first quadrant of the % -3 plane if any one set of conditions

listed in either expressions (36) or (37) together with the inequalities of expres-
sions (32) and (35) is satisfied.
Elimination of ¥ from equations (2.1) and (2.11) gives
1 %—é’% - %"'P t
t= S ¢ % 1)

-2l @
o bo(”‘@""fgl"'z’?’)

which has one positive real pole and either two positive real zeros, if
Py >0
Py >0+
Asg > 0)

or no positive real zeros, if
either P, >0

Py> 0"
Ag<0)

or Py > 0}
Py <0

or one positive and one negative real zeros, if
Py < 0)
P20
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It should be easy enough, in view of the above statements, to sketch the
function of equation (2.12) and it can be seen that if any one set of conditions
listed in any one of the expressions (39) through (42) is satisfied then corres-
ponding to positive real Ts, T's, B, ¥ a positive real o and also T’y exist.

To summarize, if the inequalities of expressions (32) and (35) together
with a set of conditions from either expressions (36) or (37) and a set of condi-
tions from any one of the three expressions (39) through (41) are satisfied
then a set of positive'real «, B, ¥, T's, Ty, Ty exists for which the circuit of
Fig. 1(b) is physically realizable.



