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The form function of a multitubular charge with 19 holes hag been derived
for both the phases of combustion and its general properties have been dis-
cusged. Tables for the various parameters occurring in our treatment have
also been prepared for some sets of values of m and p.

INTRODUOTION

Tavernier (1956) has discussed the form function and properties of hepta-
tubular powders and Jain (1962), the form function for the tritubular charge.
Corner (1950) has mentioned that Germans, in search of a progressive charge,
prepared experimental lots of multitubular powders with 19, 55 and even 361
holes. In- this paper the form function for multitubular powders with 19
holes has been derived and their properties discussed. Tavernier (1956) has
discussed the case of heptatubular powders with one hole in the centre and
gix holes in the ring; our discussion is, however, related to a multitubular grain
with one hole in the centre, six holes in the inner ring and 12 holes in the outer
ring,

Notations

D = The exterior diameter of the charge grain.

d = The diameter of the holes of the grain.

L = The length of the grain.

¢ = The distance between the holes at the centre and any hole in the
inner ring of holes, or the distance between any hole in the outer
ring of 12 holes and the curved surface of the grain.

m == The ratio of the exterior diameter of the grain to the diameter of
any hole = g .

¢ = The ratio of the length of the grain to the exterior diameter of the

in =%
grain = 3.
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8¢ = The initial surface of the grain.

8§ = The surface of the grain at any instant &.

Z = The fraction of the charge burnt at any instant t.

f = The fraction of the initial thickness (web size e) remaining at any
instant ¢, for the first phase of combustion; while for the second
phase of combustion defined as the ratio of the distance receded
(from the beginning of the second phase up to the instant consjd-
ered) to the initial thickness e.

3 == The propellant density.

V¢ = The initial volume of the grain.
V = The volume of the grain at any instant .

Part A
Form function for the first phase of combustion

The cross-section of a nineteen-tubular grain during the first phase of
combustion will appear as shown in Figs. 1, 2 and 3.

Fia. 1. Nineteen-tubular charge.

With the above notations we have
D=md .. .o e .o o (D
L=mpd .. .. . .. .. (2

and from Fig. 1, we have

g = 2(d+e) cos 15°+g+e = 3)

,_(n—y/G—v/3-1)
= (\/-é+2+\/§) d. .. . .. o @)

md
2
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Fic. 2. Nineteen-tubular charge when a
fraction f of ¢ remains.

The initial volume V, of the grain is given as

e[ e

= E pmd3(m2—19)

The volume V of the grain at any instant ¢ is given as

e(12--f ) }2]

o - s

2

2

X [mpd—e(1—f)]

wd3 m—16—-4/2—1
=— —19)—18 = =
1 [(m2 19)~1 ( '\/6+2+'\/2

X (m—+19)(1 —f)] [Pm— (

m—\/t—i-—\/é—l

V6+2+4/2

>2 (l_f)2—2 (m—-\/a—'\/é—l

VB6+2+4/2

)(l—f)]

The fraction of the grain burnt at any instant ¢ is given as

Z

}

Fi1e. 3. Nineteen-tubular charge at
the end of first phase of
combustion.

(6)

7)

_—~

(8)
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With (5) and (7), (8) gives on simplification
o 2 (m=4/6—1/2-1 (m—\/6 V2-1)
Z=0=h [{m ( V642+4/2 )( +19 (\/6+2+\/2)mp
418 (m—*\/é—\/ﬁ—l)?‘_ 2(m+19) (m—-\/G—-\/2—1)
V64+244/2 (mE—19)mP \  A/64+244/2
_ 18 (m—\/é-—\/§—l)3}
(m2—19)mpP\ 1/6+4+2+44/32
_{ 18 (m'—\/é—\/i-l)z_ 2(m+19) <m—\/é-\/§'—1‘)2
mE—19\ 4/6+42+44/2 (m2=19)mP \ 4/6424+4/2
36 (m—Vé —-/2— 1)3}f
(m2—=19)mP \  A/64+244/2
18 m—4/6—4/2—~1)\°
‘l(m=—19>mp< VE+24+/3 ) }f"‘]
Z=(1=f)la=bf—c¢f?) .. .. .. .. (10)

m—1/6-4/2—1 _ _ _
'\/6-:2.:(/2)3"\({”2 )) P[(60+26\/6+26'\/2+8‘\/3)m2p
+(2764801/3498/64+984/2)mp
+2020/ 34+ V84 2=5)m4+12) .. .. .. .. ..o
_ 2(772—-\/6—\/5_1)2 . B
= (VB 24 v/3) ma—19ymp LV 6+ 24V De

—(2044/64+V2m+1] .. .. .. . . .12

_ 18(m—y/6—y/3—1)"
(V64+2+44/2)3(m2—19)mp

(10) is the relation between Z and f for the first phase of combustion, if we

put f = 0, in (10), we get Z = a, which is the fraction of the grain burnt at

the end of the first phase of combustion, that is, at the rupture of the grain.

From (4), we see that m >(4/6+4/2+1)

~ and from (2) and (4) we have

or

where

and

(13)

\/6+2+\/2 14y
L= /b= V/2-1 )mP . .. «. (14)

From (14), it is evident that
(m--‘\/ﬁ--'\/z 1). - (15)

7 Wtz /2m
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otherwise L is less than or equal to e and the total combustion of the grain
will precede the rupture or coincide with the rupture. (11) can be written as

0= (Lo(fm)+g—l%—n—) .. . .. .. .. .. .. (16)
where
o = (m—_\/@—\/ﬁ—l) - = =
0= (\/6+2+\/§)3(m2_19)[(60+26\/6+26\/2+8\/3)m
+(2764+801/3+98v/6+498/2)] .. .. . ..
and

“ 22V/34+V6+1V2—5)(m—1/6—4/2—1)(m+1)2 (18)
1 (V/6+2+4/2)°m(m2—19) oo

Differentiating (17) and (18), we get

day _ 4(84/34-34/2—1/6—2)(m+1)(m+19)
dm (V64+2+1/2) (m?—19)2

and

(19)

day _ 2(24/3+1/64+4/2=5)(m+1) _ .
T = (V3 S i — 10)8 [(V64+4/2—1)m2—(35—34/6—34/2)m

+19(\/6+\/§+1)m-—19(\/6+\/§+1)]. R 1))

It can be seen from (19) and (20) that — . and d‘:n are always positive in the

range of variation of m in which we are mterested, go that a is an increasing
function of m and a decreasing function of p.

For a given value of m, @ is maximum when p has the minimum value which it
can receive,

_ (m—4/6—1/2-1)
T (Ve 42+ V2 (m2—19)

e e A /BH2 V)Y BB Tt 1)
+(276+804/34+984/6+984/2) + (e /E—/3-1) }

= 1, a value independent of . . .. .o (21)

{(60+26\/§+26\/§+8\/§)m

Also for a given value of m, o is minimum When p has the maximum value, i.e.
when p = 4 0.

(m—1/8—4/2-1)
’\/6+2-|-\/‘)3(m2 19) [(60-+26+/6+4264/2+8v/3)m

+(2764+804/3+981/64+984/2)] = aq(m). N )]
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ag(m) varies from 0 to 0-8645, when m varies from (4/6+4/2+1) to + .
dz
Since S is proportional to — 7 and initially 8§ == S, when f =1,

()
S _\df
== . .. . .. (23
5 ) (23)
il,_,
Differentiating (10) we have
33,= —(a+b)+2b—c)f+3ef2 .. .. .. (24)
and
(3—;) = —a4b+e O 53]
é’_ atb  2(b—c)f 3cf2 .
So a—b—c¢ a—b—c a—b—c¢ (26)
or
N e
E=O€—ﬂj—7’j" .. . . .- . (27)
where

_ (m+1){(48+422v/64224/2+44/8)mp— (25— 21/8) 4+ (23+64/3+4224/6+22v/2) }

2(3+\/6+ \/§+\/5){2m2P+38mP+m2—19}
(28)

(m—~4/6=4/2~1){9(1/6+24+4/2)mp—(294+1/6+1/2)m—(11—84/6—84/2)}
(3+4/6+4/34+1/2){2m2r+38mp+m2—19}

(29)
and
_ 27(m /B /3=1)" 0
2(3+/8+4/3+1/2){2m2p+38mp+m2—19} "

The equation (27) gives the relation between 5 and f for the first phase of

0

combustion. If we put f = 0in (27), we get g— =, which is the ratio of the
0

surface at rupture to the initial surface.
From (27), we have

%(-SS-O)a—ﬂ—zyf RV )

and

%(5;)=_27 P )
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But from (30) we see that v is always positive, therefore 73 (S) is always

negative. Hence %(5) is a decreasing function of f. When f = 1, i.e. at the
: [

beginning of combustion of the grain, we have from (31)

a(s
i(5) =
(V64241420 m—1/6—4/2—1)(194+m—9mp)
= TVARTYV D . (33)
(34 6+1/3+4/2){2m2p+38mp+m2—19}
and when f= 0, i.e. at the end of first phase of combustion or at the rupture
of the grain,

d(8
df('&)““?
o (m=/6—1/2—-1){(11-84/6—8v/2)+(29+V/ 6+1/2)m~9(v/6+2+/2)me } (34)
(3+'\/é+\/§+\/§){2m2p+387np+m2-—19}

The values of pr ( ig_) will have opposite signs at f = 1, and at f = 0, that is g
9

will have a maximum value at any point between the beginning of combus-
tion and the rupture of the grain, if

[%(‘%)]f=l [%‘ (Eﬁlo)f;o <0 . o .- (35)
Le. if

[194+m—9mpl[(11 —84/6—84/2)+ (294 64+4/2)m—0(1/6+241/2)mp] < 0. (36)
The first member of this inequality becomes zero for

L= mg;l;n’lﬁ) (37)'
and the second member for
(29+\/6+'\/§)m+(11 84/6— 8\/5)
ce .. (38)
9(1v/6+2+2)m
Also
3(m—14/6—4/2—1)
Po=—pPy = — .o “s .. 39)
T (W 2+ V2)m (

Therefore p, is always greater than or equal to Py since m >(4/6+4/2+1).
(37) and (38) show that P, is a decreasing function of m which varies from

(20+'\/6+\/—)
9(\/e+\/2+1)

(48+22\/6+22\/§+4s/§> bo (29+V6+4/2)
9(104-3v/8+434/2+44/3) 9(1/6+2+4/2)

and P, is an increasing function of m which varies

when m varies from

from

5B
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(4/64+4/24+1) to + . When we give to p a value lying between P, and

P,, the inequality (36) will be satisfied and the maximum of l—g,% will appear when

d(8
@‘(E)=_p_2yf=0 N 711
or,whenf=—§ﬂ;
_ (294 V6+v/2)m+ (11 -8V6-8V ) ~0(VE+2+VRme )
= 2TV .. )
27(me—1/6—~4/2—-1)
which can be written as
_1_P—=P
fRl-g L L 4y

The values of Py, Py and Py, when m takes the values 5, 8, 7, 8, 9, 10 and o
are given in Table 1, and the results illustrated in Fig. 4.

TasLE 1

m 5 8 7 8 9 10 @

Py 0-5333 0-4629 0-4126 0-3750 0-3456 0-3222 0-1111
Pa 0-5473 0-5598 0-5688 0-5755 0-5808 0-5850 0-6227
Pmin  0-0046 0-0322 0-0520 0-0668 0-0783 0-0875 0-1705

IncreasinG FuncTion of Z

€2
L

First INCREASING anp THEN Dicreasme
Funcrion o Z

I o4
e

Q'3

o' 3

Decreasne Function of Z
o
€ min.
©
8 & 14 8 9 °
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We have from (33), (34), (37) and (38)

[g(ﬁ)] _ A2+ VA= VE=VE-1)P1—P) g
df\So/ l;ny  (3+4/84+4/3+1/2){2m2p+38mp+me—19} .

and

f\So/l;eo (344/6+4/3+1/2){2mip+38mp+m2~19}
Hence :

(i) For Py < P < Py, %(g) is always positive, and the powder is
0

degressive throughout.
(i) For py < P < Py, %( g-) is negative in the begimﬁng and then posi-
0
tive, the powder is first progressive and then degressive.

(i) For P > Py, %(5—) is always negative, therefore the powder is
0

progressive throughout.
The results obtained above are given in the following table :

Case (i) Case (ii) Cage (iii)

P Pmin S P <P, p<p<p, P2 p,

Decreasing function of Z. Increasing function of Z Increasing function of Z.
in the beginning, then
N ) decreasing function of Z.
TS? The powder is degressive. The powder is flrst pro- The powder is progressive.
gressive and then de-
gressive.

ParT B
Form function for the second phase of combustion

In the beginning of the present period of combustion the powder grain con-
sists of (i) twelve prisms of base identical to the curvilinear triangle GST, (ii)
twelve prisms of base identical to the curvilinear triangle EJK, and (iii) six
prisms of base identical to the curvilinear square EFGH, as shown in Fig. 5,
and of common length

Le=g¢ == [mp_

(m~1/6—4/2—1)
(«/ﬁ+2+\/§)}." oo W
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Fi1e. 5. Nineteen-tubular charge during the second phase of combustion.

Also, as shown in Fig. 5, we have

OA = 0B = AB = AC = CD = BD = 2|
where
(m+1)d

o WD

(46)

The radius of the arcs like ST is

D—e _(V/84+4/241)(m+1)d
08 = == LA — .. . . (47
2 2(V/6+2+12) )

and that of arcs like JK, EF, EH, GS and GT is

~dte_  (mild .. 48)
2 2(vV8+2+v?2)

As burning proceeds, the triangles like GST shrink into the triangles like
PQR, the triangles like EJK shrink into the triangles like XYZ, and the
squares like EFGH into the squares like E'F'G’'H’.

Let the radius of the arcs like XZ, E'F' and PQ be equal to ; then that of
aro QR will be

l




186 L. 8. KOTHARI

0Q=(2§f)—(r—‘i'2-'f)=w-r. e . (49)

Let us now denote the angle FAX = EAE' = GCG' = GCP by o, the angle
C0Q by ¢, the angle PCQ by X, and the angle £'AF’ by 08 respectively.
Then we have from Fig. 5

(m+1)d
2('\/6+2+'\/_2-)T .. <o .. . P .. (50)
0024 0Q2—CQ2
008 ¢ = 550 00
_ 2(5-+1/6+1/24+2V/3) cos w~(1/8+2+/2) 1)
(v/6+4/2){(1/84+2+4/2) cos w—1} B -
5w _ 0Q2002—0Q2
o8 (Ié‘“""‘x) =" 300.00
_ (//64+2+4/2)—2(V8+4/2+1) cos w
(v/64+4/2)

(62)
and

sin(w+e)=§=cosw. e e

The complete combustion of the triangle XYZ corresponds to w = 30°, the
complete combustion of the triangle PQR corresponds to ¢ = 15° and X = 0°,
ie. when o= 39° 43, from (51), and the complete combustion of the
square E'F'G'H’ corresponds to § = 0°, i.e. when w = 45°.

Thus the total combustion of the grain corresponds to = 45° and
during this period when  varies from 0° to 45°, ¢, X and 6 vary at the same
time from 0° to 15° 105° to 0° and 90° to 0°, respectively.

Table 2 gives the values of ¢, X and 6 when w varies from 0° to 45°.
When the section of the prisms become like PQR or XYZ or E'F'G'H’, their
common length is given by

A= L—e—2(r—I)

= [P'7n+ 1—-

(m+1) ] d (54)

('\/?3+2+'\/§) COB w
The total combustion of the grain occurs when the squares like E'F'G'H’
vanish, with the condition that A in the domain of variation of w (0° to 46°)
is & decreasing function of , and is positive up to w = 45°. For this we have

(V8+2+4/2)c0s45°  (4/3+4/241)

pm4-1 > (56)
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TABLE 2 .
@ w ¢ ¢ X b4 0 0
Degrees Radians Degrees Radians Degrees Radians Degrees  Radians
0° 0-00000 0° 00’ 0:00000 105° 1-83260 90° 1-57080
5° 0-08727 1° 39" 0-02879 92° 4/ 1-60687 80° 1-39626
10° 0-17453 3° 18 0-05760 79° 6’ 1-38056 70° 1-22173
15° 0-26180 4° 59° 0-08697 66° 6 115367 60° 1-04720
20° 0-34907 6° 45 0-11781 53° 1! 0-92531 50° 0-87266
25° 0-43833 8° 36" 0-15010 39° 50° 0-89522 40° 0-69813
30° 0-52360 10° 35 0-18471 26° 30’ 046252 30° 0-52360
35° 0-61087 12° 44/ 022224 13° 00" 0-22689 20° 0-34907
39° 43° 069319 15° 00’ 0-26180 0° 00°  0-00000 10° 3¢ 0-18442
40° 0-69813 .. .. .. . 10° 017453
42° 30" 0-74177 .. .. . .. 5° 0-08727
46° 0785640 .. .. . .. 0° 0-00000
or
. 1 __(v/3+v?) (56)
(V3+4/2+1)  (V3+V2+1)m
Let us write
pa = L __(V3+v2) (67)
(V3+4v2+1) (V34+42+1)m
8o that .

P> P3.
Also it is found that (i) P is always greater than Py, and less than py, (ii) Py is
less than P, if m is less than 20. Let us now consider the area of the seotions
like E'F'G'H’', XYZ and PQR of the prisms; we have

Area, OFE'F'G'H' = area [JABDC —8 area AAEE'—4 sector AE'F’
But area C14ABDC = 412 .. .. .. .. .. .. .. (68)
area AAEE = }lrgin w .. . .. .. .. .. (89
sector AE'F' = §r20 .. .. .. . . . .. (80)
Hence (58), (69), (60) with (53) and (46) give
ares OB FGH =22 (2—-2 tan w-— pvwe w]
= _(mt1)*diE(w) .o .. .. (8D
2(4/6+2+4/2)?
where
Elw) = [2—2 tan we— poer w] (62)
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Area AXYZ = area AOAB —6 area AAXE —3 sector AXZ
But area AOAB=212sin60°=+/38 .. .. .. .. (63)
ares AAXE = }lr sin w . .. .. . .. (64)
sector AXZ=}r2(§—-2w) R ()
(68), (64), (65) with (53) and (46) give
area AXYZ =12 [\/5—-3 tan w—3 (g -w)(1+tan5 w)}
= (m't 1)2d2F (w) (68)
4{1/6+2+4/2)
where
F(w) = [\/5—3 tan w—3 (g —w)(1+ta,n2 w)] ce .. (8T)
Area APQR = 2 area PQM
= 2(sector QOM +area ACL(Q—area AOPL—sector PCQ) .. (68)
But sector QOM = $0@* (.11% _¢)
(m+1)2[/6+2+4+/2—sec w]”{f’g - f ds
= — — . .. (69
8(v6+2+/2) )
Also from AOCL, we have
CL _ o0 _ oL
v ie
? in (%“““’”) sin (‘;’—’2’+w)
or ’
CL (V6+4/2) OL
- = = " . (70)
gng (5n . (b
sin (ﬁ+w+¢) sin (-1—2—+w)
so that area ACLQ = }CL.C@siny
(V6+1/2)(m+1)2d%sin $sin y L

and

8('\/5+2+'\/§)2 gin (%+w+q§) €os w

area AOPL = }OL.OPsin (i"E - )
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(v 844/2)(m+1)2d2 sin (%+w) sin (-132_4,)(24. v/ 3+tan w)

- - " . (72)
8(1/6+2+4/2)% sin (E+w+¢)
Seotor PCQ = $r2x
(m+1)3d2 X
B
Hence (69), (71), (72) and (73) with (68) give
__ (mtlpae o
wos APQR = 2 T {V8+2+1/Z—s00 w} {_ _¢é
+ {(\/5+\/§) sin ¢ sin x|
< bm L
‘ sin (E+w+¢) co8 w ‘
1(\/6+\/2) sin (12+w) sin ( )(2+\/3+tan w),
| s (12+ +¢) i
X
- {cos’w}]
(m+ 123G ()
=4(\/§+2+\/2)2 .. .. . . . . (14)
where,
¢(w) = | {V/8+244/2—se0 w}”{f’g —¢}+ J(V?’:‘/E) sin ¢ sin x|
A ( sin (i-g+w+¢) COo8 w ’
|(v6+ﬂ> s (F5-+a) sn (5 =) (2+v/3+san )|
( ( 2+w+¢>) }
—{coéw}]... N 1)

Let us write
E(w) + F(w)+G(w) = H(w) ce e (1)
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(62), (67), (75) and (76) show that E(w), F(w), G(w) and H(w) are all func-
tions of w since ¢, X and 6 are all expressible as functions of w from Table 2.
In Table 3 we have calculated the values of K(w), F(w), G(w) and H(w) as
functions of w.

TaBLE 3

w E(w) Fw) Gw) H(w)

0° 042920 016125 0-62837 1-21882

5° -41808 0-15057 0-60512 1-17377
10° 0-38766 0-12333 0-54631 1-05730
i6° 0-34174 0-08643 0-45996 0-88813
20° 0-28380 004718 0-35226 0-68324
25° 0-21747 0-01440 0-23686 0-46873
30° 0-14719 0-00000 0-12500 0-27219
35° 0-07938 .. 003590  0-11528
39° 437 0-02692 - 0-00000 0-02692
40° 0-02439 .. . 0-02439
42° 30’ 0-00680 . . 0-00880
45° 0-00000 .. .. 0-00000

Let us now denote:
(i) The volume of all prisms of base identical to B'F'Q'H’, (6 in all)
by V(E'F'G'H’).
(i) The volume of all prisms of base identical to XY Z, (12 in all) by

V(XYZ).
(iii) The volume of all prisms of base identical to PQR, (12 in all) by
V(PQR).
Then (64), (61), (68) and (74) give
3A(m+1)Y2d2E (w)
VIEB'F'GQ'H) = = 77
( ' (Wererver (
3A(m—+1)2d2F (w)
V(XY Z) = St (78
S WaservaR )
and
. 3A(m41)2d2Q (w)
VIPQR) = ———F— 79
(R (V6+2+4/2)F 79

Therefore from (77), (78) and (79), the total volume remaining at any instant
during the second period of combustion is given as

V(E'FGH)+V(XYZ)+V(PQR)

3(m4-1)2d8 (1) ‘
e - e e L 1— /_ Elw F o o
(\/6+2+\/2)2[P " (v/642+4/2) cos w][ (@) + Flw) +Glw)]
3(m-1)2d2 (m+41)
TN Erorr o) 1 = H(w
(Ve+2+V 2)2[pm+ (4/6+42+1/2) cos w] ) (50)
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The fraction of the charge burnt at any instant during the second phase of
combustion is given as

_ Vod—[V(E'FGH)+V(XYZ)+V(PQR)Is

4 7
_ . VEF@H)+V(XYZ)+V(PQR)
=1— 7o . (81)
From (5), (80) and (81), we have on simplification
12(m+4-1)2 1 (m+1) .
Z =1~ — = — - = = H 82
(\/6+2+\/2)21r(m2—19)[ *om (4/64244/2)pm cos w] (w) - (82)

Equation (82) enables us to tabulate Z as a function of « during the second
period of combustion (Table 11).

For w = 0°, we have § = 72-1, ¢ = 0° and X = 105°,
B(w) = 2— ’—2'
Flw) = \/5—3

Hew) = (2\/§+\/é+\/§+1)% —(4/3+2)

and

H(w) = (2V/3+1/6+4/2-6)F
so that from (82) and (83) we have

[Zlemgr = 1— 2(2\/§+\/6+V§—5)(7:L+1)2 [1 1 (m+1) ]
i (Vo422 mi—19) | P (v/8+2+4/2)pm

(mn—1/8=1/3-1) e
= = — 604261/ 64264/2484/3)m2p
(V64244/2)°(m2—19)mp d v V2+sV3)
+(2764804/34+984/6+4984/2)mp+2(24/3+/6+4/2~5)(m+1)2] (84)
= @, the value of Z at the end of first phase of combustion. For w = 45°,
H(w) = 0, and accordingly Z = 1, the value which Z should attain at all burnt.
Let us now define f again during the second phase of combustion as the
ratio of the distance receded (from the beginning of the second phase of com-
bustion to the instant considered) to the initial thickness ¢; we then have

2(l—r) _ (m+1)(1—sec w)

e (m-—'\/é—'\/g—l)'
The function (I—sec w) of » takes the following values when « varies from
0° to 45°.

f= (85)

(1—=v2)(m+1)
(m—4/6—12-1)’

For w = 0°, f = 0, and for w = 45°, f =
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TABLE 4
w 00 50 100 150
1—sec w 0-00000 —0-00382 —0-01642 —0-03527
w 20° 25° 30° 35°
l—sec w - —0°06418 —~010337 —0-15469 —0-22077
w 39° 43’ 40° 42° 30’ 45°

l—secw  —0-30003 —0-30641 ~0-35633 —0-41421

a function of m, of which the absolute value, a decreasing function of m, has
the minimum value (4/2—1) == 0-41421.
Also, with (85), (82) can be written as

P 12(m+1)2{(1/6+2+4/2)mp—(m—4/6—1/2—1)(1—f) } H(w)
(V6424 /2)°(m2—19)mmp

Again, for the second phase of combustion we can find a relation between w
S

(86)

and 5o
Differentiating (82) and (85) we have
dz _ _ 12(m+1)2 1 (m+1) ,
T = T (Wot2t v/ 2 n(mi—19) [% TR vy e S
- (m+1) sin o Hw] P £ 1
{(\/?i+2+\/§)9m cos? w} ) ®D
and
ﬂ=_(m+l)secwtanw ’ (88)
e (m—"/6—/3—1) . . ..
dz
dz  dw
i~ df
dew

l2(m+1)(m-—\/§-—\/§—1)[{(\/ﬁ+2+\/§) (np41)— P2 B) oos? ;(m+1)mw>]

cos w sin w

\/6+2+\/2)3 2 —19)nmp

. (89)
and accordingly

s _(g)
* (@)

3(m+1)[(m+1 { H{w) cot w+H(w)} { V/64+24+4/2) (pm+1H(w)°s‘::}]
(34+4/6+4/3+4/2){2m2p+38mp4+m3—19}

(90)
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Let us write for simplification

I{w) = H'(w) cot o+H(w). .
and
cos? w
Klw) = H'{w)

go that (90)'ca.n be written as

§ _3(m+1) Lm+1)I(w)—

(V6+2+4+4/2)(Pm+1)K(w)]

So

(3+4/6+13+4/2){2m2r+38mp+m2—19} =

Differentiating (62), (67) and (75) we have

E’(w) =

F ' (w) =
and

(4w —m) tan w sec? w

(6w —m) tan w sec? w

() = [_ HV/64241/2) a0 0} 52
—-% 2(1—"2 —¢)(\/6+2+\/§-—sec w) sec w tan w %

+% (4/644/2) cos ¢ sin X cosec ( +w+¢) gec @

l

+% (v/64+1/2) sin ¢ cos X cosec (
(

_.g (4/644/2) sin ¢ sin X cosec

(-
Pl §

3 V6+4/2) squszcosec(

El%"

-—% (V644/2) cos (?—127+w) sin (

’E-;Iﬂ

+% (V6+4/2) 81n(12+w s(

’sla

{(\/b+\/2 sm(12+w) sm(
%(—\/b+\/2)sm l2+w m(

+2))

—{sec* m%} — {2y sect w tan w}]

‘Ea'lﬂ

Elﬂ

x oot (—+w+¢)(

}
+w+d Becw——}

d$
dw

+w+¢ sec w tan w}

¢) 2+ 4/ 3+tan ) cosec (5—‘”+w+¢)

¢) 244/3+tan w) cosec
¢) soc? w coBeC ( +w+¢)

¢)(2+\/3+tan w) cosec (? +w-!-¢)

193

(e1)

(92)

(04)
(95)

+w+¢,) cot (i’—;+w+¢’) 860 e (1+%) %

a——

(08)
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with
dé _ (20/3+2+4/2) tan wsec w o)
dw (\/§+l){(\/3+2+\/§)—secw}2sin¢
and
dx 2(4/6+42+1)sinw
= - = -1 .. .. .. (98)
(V/6+4/2)sin (1—2+w+x)

Thus (91) and (92) with (94), (95), (96), (97) and (98) enable us to tabulate
I{w) and K(w) when « takes different values in the range 0° to 45° as shown in
Table 5.

'CABLE B
@ I(w) K(w)

0 —11-27614 -~ 12:49499

5° —9-60741 —10-74010
10° —8-45330 —9-36614
15* -7-28291 --T7:87333
20° —6-04283 --6-32042
25 -~ 473424 -~ 471550
30° - 319638 ~3-00389
35° --2-05206 — 177637
30° 437 — (59644 — 047950
40° -~ 057045 — 045567
42° 307 --0-31427 -—0-23672
485° 0 0

For o= 0°, Kw) = (24+11\/6+ 11V2+2V3)

3(v/6+2+4/2) "
I = - B=2V3),
and
S n+1)[(484224/6+4224/2444/3)mp—(26—24/3)m +(23+64/3+4224/64224/3)]
[ 2(3+V/8+/3+V/2){2m% +38me+m—10}
= a, the value at the end of first phase of combustion.

For w = 45°, H(w) = 0, H'{w) = 0 and accordingly:% =0.

Part C

In this part we shall use the relations already obtained for caloulating
the values of the various constants for nineteen-tubular powders, correspond-
ing to different sets of values of m and p.
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Let us first summarize the results already obtained:
(i) m > (V/6+4/2+1), m varies from (4/64+4/2+1) to 0.

m—\/ 6—4/2—1) o

7 Werzrvam

(iii) The complete combustion of the grain corresponds to w = 45°, i.e
the length of the grain is not consumed earlier than the prisms
resulting from the rupture disappear, if

1 _ _(B+v3)
(‘\/§+‘\/2+1) (V3+v2+1)m

(iv) The powder is progressive during the first phase of combustion if

(29+\/6+\/§)m+(11—8\/6 8\/2
9/ 642+4/2)m
(v) The powder is degressive during the first phase of combustion if
' m+-19
: Om
{(vi) The powder is first progressive and then degressive during the
first phase of combustion if

Py <P < Pg.

(i)

P> Py =

P> py=

PPy =

1
vii) Py, i8 an increasing function of m varying from 0 to —=————=,
(V) P ¢ e (VE+2+4/2)
i.e. from 0 to 0-1706, when m varies from (4/6+4/2+1) to oo.
(viii) P; is an increasing function of m varying from

(V6=v/3+1) 1
(3+5\/2+2\/6+3\/3) * V3+ve+1)
i.e. from 0-0851 to 0-2411.
(ix) P is an increasing function of m varying from

(48+22\/6+22\/2+4\/3) 29+\/6+\/2
10+4\/3+3\/6+3\/2 9(\/6+2+\/2)
1.e. from 0-5451 to 0-6227,
(x) Py is a decreasing function of m varying from

(20+v8+v2)
9(\/6+\/2+1)
i.e. from 0-5450 to 0-1111. '
Thus in order that our formulae may be apphcable for both the phases
f combustion, we should have ’

P> Pmin, and p>> pg
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or, since py is always greater than pn;,, we should have

P > pg.

1
Thi dition is al tisfied if h P> = 0-2411.
is condition is alwgys satisfied if we choose (V3tv/3+1)

We shall now see how the different constants ocourring in our treatment vary

~ 1
when m varies from (4/644/2+1) to o and p from V3rvarD)

First case: Let i = 5, then from (11), (12), (13), (28), (29) and (30) we hdve

__(4—v8-+2) = 5 2
__15(vé+2+v§)sp[30(48+19\/6+19\/2+10\/3)P
+36(24/34+1/6+12~5)],

_ (4=4/6=+/2)" . 5 = 5
= (Va2 r /% [15(v/ 8+2+414/2)p—2(20+4/644/2)],

3(4—4/6—4/2)

T 5(v/6424+4/2)%

_ 5(244114/68+114/24+24/3)p— (51 —84/3—11y/6— 11\/2
(341/64+4/3+4/2)(40r+1)

_ (4=v6-v2)[15(v/6+24+V2)p—(52—1/6—/2)]
2(3+4/6+1/34+/2)(40p+1)

and
94— V6—v2)
T 4B+V/E+/3+VE)0p+ 1)
During the second phase of combustion (85), (86) and (93) give

‘=———-——§—————-— - 86C w

I=vimv !

N 72 = Vo (daea/Bea/N] — w

lmlm e ﬁ)sﬂp[a(\/6+2+\/2)p (4=4/6—4/2)1 =] H(w)
and

8 _ 3[6I(w) ~(v/8+2+ v/2)(5p+ Dk(w)]
So (341 6+4/3+12)(40p41)m
Also (37) and (38) give

8

15

py = (02=V8-V2)
' T 15(v/8+24V2)

Py =
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Hence

. 8 . .
(i) Forp < G’ the form function is degressive.

. 8 (52—4/6—=12)
il) For — <P < = g ion is at fi -
(it) For 1= 15(v/6+24/2)" the form function is at first progres

sive and then degressive.

From (41), we find that the maximum of s is obtained for

So
f= (62—4/6—4/2)—15(1/6+24+4/2)p
9(4—1/6-v/2)
521/ 6~1/2
(iif) For (52— v/6=+/2) < p, the form function is progressive during

15(v/6+2+4/2)

the first phase of combustion.

52—4/6—14/2
When 1( ;)( \/3\:- 2+\\//2é)) = p, the maximum of 5; is obtained for f = 0, and
it is then «.
Table 6 gives the values of a, b, ¢, «, § and ¥ for some values of p.

TanLr 6

P 3 1 2 5 20 ©
a 0-195132 0-191355 0-189257 0-188334 0-187767 0187578
b  —0-000138 0:000741 0-001230 0-001445 0-001577 0-001621
c 0-000015 0:000007 0-000003 0-000001 0-000000 0-000000
o 0-998663 1007812 1-013099 1-015469 1-016939 1-017434
B —0-001567 0-007702 0-013051 0-015453 0-016939 0-017434
v 0-000230 0-:000110 0-000048 0-000016 0-000000 0-000000
Srmin —18:2337

Second case: Let m = 7, then from (11), (12), (13}, (28), (29) and (30), we

have

" 102(&-/-(_3\:211//?)% [(609+2454/6+245v/24+119y/3)p+

16(24/3+V/8+4/2-5)]

"= 102?&%?21‘(/2;3,, [63(4/B4+2+4/2)p—8(20+1/8+/2)]
. 3(6=v/B-1/2)
38(v/6+2+4/2)%
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28(244+114/6+4114/2+424/3)p—4(76—104/3~114/6—114/2)
(84+4/64+4/3+4/2)(182p+15)
g = 6—1/6—1/2)[3(4/64+2+4/2)p—(214—\/6—1/2)]
2(3+4/6+4/3+4/2)(182p+15)

and
Y 27(6—4/6—1/2)% _
4(34+1/8.-4/3+4/2)(1820+15)
During the second phase of combustion (85), (86) and (93) give

=iy )
, 128 V _ . o ,
As1—-35(\/6+2+\/§)sﬂp[7(\/6+2+\/2)P-—-(6-—\/6—\/2)(1—f)_|H(w)

and
S 12[81(w)— (V6424 v/ 2) TP+ K (w)]
So (34+4/64+4/34+4/2)(1820415)x
Also (37) and (38) give

26
fy =

6:

_ (214—4/6—1/2)
"~ 63(vE+2+v/2)
Hence

(i) Forp < the form function is degressive.

(214—14/6—4/2)
63(v/6+2+4/2)’
sive and then degressive.

6'3’

(1) Fm = < pP< » the form function is at first progres-

From (41), we find that the maximum of — 18 obtained for
Se

_ (214—4/8—1/2) —63(1/6+2+1/2)p
27(6~4/6—1/2)
(214—v/6—+/2)

a 2 <p m function is provressive during &
63(v/642+/3) y the form function is progressive during the

(iii) For
first phase of combustion.

When (214-._.\/6‘\/.2.) == p, the maximum of -—S-—is obtained for f = 0, and it is
83(v/64+2+4/2) 8o

then «.
6B
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Table 7 gives the values of a, b, ¢, «, 8 and ¥ for some values of p.

TasLE 7
P 3 1 & 5 20 ©
0-741283 0-726174 0717821 0-714146 -711891 0711139
--0-002674 0-038483 0-061348 0-071409 - 0-077582 0-079644

0-008290 0-004145 0001842 0000829 0-000207 0-000000
1-003999 1-118662 1-190241 1-223781 1-245025 1-252246

—0-020806 1100470 0-181800 0219906 0-244046 0252246
0-033806 0-018192 0-008441 0-003874 0-000979 0-000000
—1-5511

E“imﬂ"»i“:
.

Third case: Let m = 10, then from (11), (12), (13), (28), (29) and (30) we
have

(9—4/6—1/2)
= 10(438 41794/ 64+1794/24+804/3)p+121(24/3+ /6 4+4/2=5) |
105(v/6+2+4/2)% L VE+ITIV2+80V/3 VE+Vi+V2

_ (9—-1/6—4/2)* - N .
= sVt VE)SP[W(V6+2+V2)P 11(20+4/6+/2)]
_ 9(o—/6—v/2P
T 405(V/6+2+1/2)%
_ 220(24+11/6+114/2424/3)p—11(227 —264/3—224/6—221/2)
2(3+4/6+1/341/2)(580p+81)

(9 AV 6=4/2)[90(1/6+24+1/2)p—(301+24/6+24/2)]
(34+4/64+1/3+1/2)(580p+81)

and
27(9—1/6—1/3)?
2(34+4/6+/3+4/2)(6580p+81)
During the second phase of combustion (85), (868) and (93) give
11

f= \/6 \/ {lnsecw}
242 . 5 Gn/B
Z=1—135( Py ET \/E)sﬂp[10(\/6+2+\/2)P—(9—\/6—\/2)<1—f)lﬂ<w>

and

S _ 33[11U(w)—(v/6+2+ v 2)(10p+ ) K(w)]
So (3+V6+V3+vz)<5w+81>n
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Also (87) and (38) give
29

P1=9—6

(3014+2v/ 642v 2)
90(v/6+2+1/2)

o =

Hence

2
(i) Forp < Q,the form function is degressive.

: 3 6 2
(i) FO"% <p< (9(())1(*\./23\-!/-212\/\/52)) > the form function is at first pro-

gressive and then degressive.

From (41), we find that the maximum of -g is obtained for
Do

_ (301 4-24/6424/2)—90(1/6+24+4/2)p
27(9—~1/6—1/2)
(3014-24/64+24/2)
90(4/6+2+4/2)
the first phase of combustion.
(301424/64+24/2)
90(1/6+2+1/2)
is then a.
Table 8 gives the values of a, b, ¢, «, g and y for some values of p.

f

(ii1) For

< p. the form function is progressive during

When

. S . . .
= p, the maximum of g is obtained for f = 0, and it
0

TABLE 8

p 3 1 2 5 20 o

0833167 0-815449 0-805659 0-801397 (-708647 0797731

0-000882 0-085695 0-132813 0-153545 0-166267 0-170507

0-029871 0-014935 0-006638 0-002987 0:000746 0-000000

1-039424 1:260660 1:408677 1-480840 1-527647 1-543687

—0-072254 0-187980 0-378785 0-466944 0-524104 0-543687

0111679 0-062680 0-029892 0-013896 0-003543 0-000000
—-0-8871

'E"-emnao:

Fourth case: Let m = oo, then from (11), (12), (13), (28), (29) and (30) we have
o = (60+264/6+-261/2+81/3)p+2(2V/3+V/6+1/2—5)
(V6+2+v2)%
b o 18(VB+24+4/2)p—~2(204+4//6+V'2)
(V8+2+v2)
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18

RV IRy

(48+4-224/6+22v/2+44/3)p—(25—~24/3)
2(34+4/64+4/3+4/2)(2p+1)

_ 9(V6+2+4/2)p—(2944/64+4/2)
(3+46+1/3+v2)2p+1)

B

and
27

During the second phase of combustion (35), (86) and (93) give
f=(1—sec w)
12 -
Z =1 = = 3L D)0 (] o (

and

8 _3llw)—(v6+2+V2)pk(w)]

So (834+4/64+V3+1V2) 20+ 1)n
Also (37) and (38) give

1
Py = §
= (29+6+4+v2)
9(v6+2+4/2)
Hence
(i) Forp < % , the case is not admissible since (Pmin) -0 > %,
1
also (P3)m = o = 7
SN CVE RV

.. 1 (204+4/6+4/2) .
ii) For e < P < 25— ———=, the form function is at
( (V3+v2+1) 9(v/6+2+4/2)

first progressive and then degressive.

From (41), we find that the maximum of :S’é is obtained for
0

= BV V) -0(VE+2+ V2
27

(294 V6+1/3) . . .
iii) For 22— ¥ "T V¥ =/ & p, the form function is progressive during the
(i) 9(4/642+1/2) Prog g

first phase of combustion.

When w = p. the maximum of S is obtained for f = 0, and it is
9(v/64+2+V'2) S

then a.
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Table 9 gives the values of a, 4, ¢, «, 8 and ¥ for some

values of p.

TaBLE 9
[ 3 ¥ 5 20 o]
« 0-810781 0-887689 0-874860 0-869215 0-865751 0-864597
b 0-069975 0-286785 0-418302 0-476169 0-511706 0-523515
¢ 0178561 0-089280 0-039680 0-017856 0-004464 0-000000
o 1-444050 2-295580 3102015 3-585873 3940308 4-069731
B —0-352806 0-772071 1-816464 2-443098 2:901999 3-069731
y 796856 0-523504 0-285551 0-142775 0038309 0-000000
Jmin — 04142
TasrLe 10
s f 0 09 0-8 07 06 05 04 03 02 01 0
= g o 0-0195  0-0306  0-0685 00780 0-0975 0-1170  0-1366  0-1561 0-1756  0-1951
- g, 10 0-9998  0-9997 09996 (9995  0-9994  (-9992  0:9991 0-9990  0-9988  0-9986
J 10 09 0-8 07 06 0-5 04 0-3 0-2 01 0
me=>b z 0 -0101  0-0381 00572 00764 0-0955 0-1146 0-1338 01530 0-1721 0-1913
- 8
p=1 5 1-0 1:0008  1-0016  1-0024  1-0031 1-0039 1-0047 1-0055 1-0063 1-0070 1-0073
) f 10 09 08 07 06 05 04 0-3 0-2 01 0
mo=5 g 0 0-0188 0-0376 00565 0-0754 0-0943 0-1132 0-1322 01512 01702 -0-1893
PTY g, 10 10013 10026 10039 10052 1-0066 1:0079 10092 1-0105 1-0118 10131
J 10 09 08 o7 06 05 04 03 02 01 0
m=1 Z 0 0-0661 0-1335 0-2022 0-2721 0-3433 0-4158 0-4995 0-5644 0-6405 0-7178
— ¥ S
p=" 5, 10 1-0198  1-0394 10588 1-0781 1-0972 1-1162 1-1349 1-1535 11720 1-1902
f 0 09 0-8 0-7 0-6 05  04. 03 0-2 01 0
m=10 -z 0 00681 01390 02128 0-2894 0-3688 0-4509 0-5356 0-6231 0-7131 0-8057
== 8 S
p=3 A 10 10435 1.0865 1-1289 1-1706 1-2118 1-2524 1-2923 1-3317 1:3705 1-4087
r 10 0-9 08 07 0-6 05 04 0-3 0-2 0-1 0
n=© gz 0 0-0466 0-1030 0-1688 0-2438 0-3279 0-4207 (-5221 06317 0-7494 08749
. 8
p== 5 10 1-2359 14661 1-6906 1-0093 2-1224 23297 2-5314 27273 29175  3-1020
f re 09 0-8 07 06 06 04 03 0-2 01 0.
me=00 g 0 00393 0-0802 0-1494 02202 0-3014 0-3931 0-4953 0-6079 0-7310 (-8646
- 8
p=x® X 1.0 1:3070 1-6139 1-9200 2:2279 2-5349 2-8418 3-1488 3-4558 3.7628 4-0607
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Table 10 gives the values of Z and % for various values of f (during the first
A So

phase of combustion), while Table 11 gives the values of f, Z and %for various
So
values of w (during the second phase of combustion) for some set of values of m

and p. The (z, SE) graph is given in Fig. 6.
[1)

2
Fro, 6.

The equivalent form factor 8 for the nineteen-tubular charye
Following Tavernier (1956), the equivalent form factor ¢ for the nineteen-

tubular charge for the period before the rupture of the grain is given by
t=b—c=(14+0)(1—f) .. .. . .. (99)
w=0=A%e) .. .. .. .. (100

liminating f, we have

(1462 (a—b—0)?
e bte

. (101)

which gives
o —la—b—r+20+al£@~b—0{(u=t=c)+4(b+q)}} (102)

0 2(6+40)
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We shall take that sign with the radical which gives a value of 8 less than I.
Also the relation hetween English and French coefficients of progressivity is

.

given as

18
1(:---——-—(1_*_0),l . .. .. .. (103)
From (101) and (103) we have
. __Hb+o)
K = m .. (104)

The values of 8 and K for some sets of values of m and p are given in Tables
12 and 13.
TasLE 12

8 for the nineteen-tubular charge before the rupturc of the grain

d b 1 ¥ 5 20 o
m
3 .. 0-0041 —0-0200 00328 —0-0384 ~0-0418 —0-0432
9 .. —=00102 —0-0776 —0-1154 —0-1321 —0-1423 --0-1457
10 .. —0-0437 -—-0-1442 —0-2007 —0-2257 --0-2411 --0-2462
w .. —02764 —04440 ~0-5452 —~0-5900 —06176 —0-62658
TasrLE 13

K for the ninetecn-tubulayr charge before the rupture of the grain

£ 3 1 2 5 20 oL
m
5 .. 0-0129 0-0823 0-1395 0-1656 0-1820 0-1875
7 .. 0:0415 0-3649 0-5898 0-7013 0-7738 0-7989
10 .. 0-1910 0-7878 1:2568 1-5056 1-6745 1-7336
0 .. 2-1113 57467 10-5412 14-0380 16-8951 180001

Mean value of 8 for the nineteen-tubular charge

Following Tavernier (1956), the mean value of 6 for the nineteen-tubular
charge is given by :
0 = (a~b—=c)(1 —fmis)—1 .. .. .. .. (105)
Table 14 gives the mean values of 8 for some sets of values of m and p.

TaBLE 14
Mean value of 8 for the nineteen-tubular charge

p
1 2 5 20 [ve]
N 3 ¢ °

3 .. 2-7555 2:6661 2-6164 2-5945 2-5811 2:53766
7 0-8768 0-7438 0-6700 0-6376 0-6177 06111
10 .. 0-5142 0-3489 0-25672 0-2169 0-1919 0-1836

« .. —00493 —0-2765 —0-4104 —0-4694 —05056 —0-5176
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From (105), (L1), (12), (13) and (85) we have ,
(146) = (2 —b—c)(1 —fmin) .. .. .. (106)

H344/64+4/3+4/2)(m—14/6—=4/2—1){2m2p4 38mp+m2—19}

(t=b=¢) = (,\/6_1_2_{_—\/'2_)3(7712—19)7"/’

. (107)
and

(—fore) = | VIm=/6-1/2)
min ' m-—'\/é-—'\/é—l ‘ .

(108), (107) and (108) give, on simplification, the ratio of the length to the
exterior diameter of the grain as

(ve- 22 -

3(\/6+2+\/2)(1——-)(1+9) 2(1+ )(\/2 \/6+\/2)(

The values of p for some values of m and 6 are given in Table 15.

. (108)

P = . (109)

TaBLE 15
Values of p
\\\ “ 10 ; 20 -
7 ( 2
0 ‘
~0-2 .. .. .. 0-759
—01 .. .. 4-395 0:577
0 .. . 1-413 0-466
0-1 . .. 0-842 0-390
0-2 .. .. 0-599 0-336
03 .. 3-909 0-465 0:295
04 .. 1-210 0-380 0-263
0-6 .. 0-716 0-322 ..
06 .. 0-508 0279
07 .. 0-394 0-246
08 - 9-322 0-322 ..
09 1-270 0-272
1-0 0-681

Table 15 enables us to determine the values of p, for which a charge with a
given value of m will behave as a charge with a given value of the form factor 4.
When p is infinite, (109) gives on simplifieation .

_ (18V/2—-1/8)+/(654—72//3-T6v/2) + T6{(3+ 16+ V/3+ v/2)62+ (/6 +1-1/3)6]
{(vV6+2+v2)8+(v/6+2-4/2)}

o (110)
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r4

Table 16 gives the values of m for p = oo, when 8 takes up the values 0-5,
0-4, 0-3, 0-2, 01, 0, —=0-1 and —0-2,

TaBLE 16
8 .. 05 04 -3 0.2 01 o —~01 —02
m .. 8129 8746 9554 10641 12-153 14-346 17715 23-380
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