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Certain new theorems on Laplace transform, defined by

$(p) = p J e Pth(r) ds,

U

which enables one to evaluate some integrals of special functions occurring
in applied mathematics, have been established.

1. The Laplace transform of a function A(t) is defined by the integral
equation

o€

¢(p)=pf ePht)dE, .. .. .. .. (1)

0
provided that the integral is convergent and R(p) > 0.

Throughout this note the conventional notation ¢(p) == k(f) will be used
to represent (1).

The main aim of the present note is to establish certain new theorems
on Laplace transform and to evaluate some infinite integrals by their appli-
cations.

2. Turorem 1. If

and
b, p, @) =t~A-EK (a/t) A(t),
then

e —1 w4l 1-22  142)
¢<v’p‘a)=§’\_ﬁ:}.‘\0 t/\-!‘S2(‘-’—2~f~—- B) ’__:1_._.. 7y ;}at)

X (p+t)"1d{p+1) di, .. . - .. 2
provided that the integral is convergent, B(p) > 0, a > 0 and A(t) is indepen-
dent of a.

Proor. We know that if
M) = k(1)
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then

¢(;:bb)¢e—bt;,(t), e (B

We also have (Erdelyi 1954, p. 282)

Pt AR (aip) = 2-) .z.ﬂm-isz(”; < 3 ———1';2’\, - ———~H;2A; iaz) .

where
a>0, R(&v/2—)2—-1) <.
On using (3) and (4) in the Goldstein theorem, which states that if

$1(p) == k1(t) and do(p) = ko)
then

—
St
=

f (Ot dt = f T(Ode(0)~ 1, ..
1] ]

provided the integrals are convergent, we obtain

f ¢~ B=A~EK (afOh(t) I = m¥2=A- f M-%SZ(VZI, e e AN ¥ %at)
4 0 “ 2 4 4

/

o

X (b+1) (b +1t) dt.
On multiplying both sides by b and replacing b by p we arrive at the

result.

(‘oroLLARY. If

$(p) = h(t)

and

, .
$(p, a) = t'f\(z_’;) e alth(t),
then

mig-ae 7 AL —
Wp, a) =T ft2JA-I(zx/avt)(p+t>-1¢<p+z>dt, . (6)
0

provided that the integral is convergent R(p) > 0, @ > 0 and A(t) is independent
of a.
(6) can be derived from (2) when v = 44 on using the formula

Salx, a3, B, B+3; @) =2 HE LIy o (4v/2).

Example. Let (Erdelyi 1954, p. 146)
Rh(t) = A-te-clt
= 2pt- N2H+K) 1 4(2V/ cp)
= ¢(p),
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where R(c) > 0, B(p) > 0, we then have (Erdelyi 1954, p. 285)
tARK (af/t)h(t) = 1t e ¢tK (a/t)
= 20K,V (e+a)p+V/ (c—a)p] KLV (c+a)p—Vic—o)p]
= (p, v, a), R(c+a) >0 and R(p)> 0.
Substituting these values of ¢(p) and (p, », @) in (2) we find that

D

wif A-Hp4t)M-1K, 4 {24/ c(p+1) }
0

v—1 vl 1-2) 142
2

=(V—E)A”Kv[\/(c+a>p+\/(c—a>pJKv[\/(c+a)p—\/(c—a)p], )

where
R(A+v/2—1)> 0, R(p) >0, R(c) >0 and a > 0.

When ¢ = a, (7) reduces to a result recently obtained by the author
{Saxena 1961, p. 53).

3. Taeorem II. If
$(p) = k(1)

and

(v, p, @) = t~¥2exp (%t) D_.(A/at) (1),
then

a Jw -1 P(a-+bx+cx?)
0

a+ b+ cx? dx = F(V)(ZC)-vﬂl/,(y’ a, b2/26), . (8)

provided that the integrals are absolutely convergent, R(a) > 0, R(c) >0,
R(v) > 0 and A(¢) is independent of «.

Proor. Since
€X

$(p) = PJ e~ Pth(t) dt,
0
we therefore have

f g platbat ),
0 a-+bx+cat

=f xv—l{f e—(a+bx+cx2)th(t)dt dzx

0 0

= [ e““‘}l(t){ f x"-le’(b‘“""’)‘dm}dt
v 0

0

= ]"(v)(2c)“"/2J: ¢t exp (l;—zc‘)D_v( / %_?)h(t) dt

= I'(v)a~Y(2c)~"/2(a, b%/2c),
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on 'cha,nging the order of integration and evaluating the ‘x’-integral by means
of the formula (Erdelyi 1954, p. 146)

- 2
tr-letz-at¥dt = (2a) -2 (v) ox i-)I)_,, __z___—) , .. 9
I} @) oxp (300 i )

where
R(y) > 0, R(a) >0 and R(2) > 0.

The change of the order of integration is permissible by virtue of de la
Vallée Poussin’s theorem (Bromwich 1955, p. 504) under the conditions stated
with the theorem.

We now illustrate the theorem by an example.

If we take
R(t) = tP-1

= I'(p)p'-*
= ¢(p),
where B(p) > 0 and R(p) > 0 then (Erdelyi 1954, p. 211)

t-v2Zexp (%t)l)_,,(\/a—cz) h(t)
= tP-v2~Texp (%)D,,,(\/E?)
= D(2p — )/ 2n 212~ P2~ pVI2=PIZ+¥(2p g )k -PI2
- 7)
b4 - —
SANE
= (p, ),

R(2p~v) > 0, B(p+1) > 0 and R(p) > 0.

Applying (8) and replacing §—p by A, p—v—1} by ¢ we derive a known
formula (Erdelyi 1953, p. 160)

where”

T(l=24p)l(—2—p)
I'(t—2)

xn*o#/2a—#/2‘*(4ac-b2)”2p,"‘ (A/Ib:—c) , . - (10)

J' z-A-B-Ya4-bx-t cx2-idr =
0

where
R(A+4p) < 0, B(1—A4p) > 0, R(a) >0 and E(c) > 0.

4. Tarorem III. If

#(p) == h(?)
and )
lﬁ(v, 2, a) = t’l"}Kz,,(U-\/t)h(t),-
then
oo, p, 20/3) = 2—% f e o) "Sg’:'tt) &, ..
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provided that the integral is convergent, R(p) >0, R(a) > 0 and hk(t) is
independent of «.

The proof of (11) can be developed on the same lines as that of (6) if we
use the operational relation (Erdelyi 1954, p. 283)

2v/ap Ko, 2V ap) == 1=He AW, (aft),
where R(p) > 0, R(a) > 0 instead of (4).

CoroLLARY. If
B(p) = A1)
and
Wp, «) = w-1K, (xy/D)h(1),
then

- _ Tlp+1p (7

Wp, 2v/@) = TEX DR [ i p rgprna . a2
2\/0 0

provided that the integral is convergent, R(n) > 0, R(p) > 0 and A(#) is inde-

pendent of «. Here kgu(2) is the Bateman’s function defined by

Faul®) = oy Wi (22)
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