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This paper discusses a circuit for simulating fourth order linear systems
using a single operational amplifier, Every one of the four forms considered
is illustrated by one arbitrary simple choice of circuit elements. Simulation
is possible for only a limited range of values of the system.parameters. The
circuit can be extended by adding more laterally inverted L-sections to
simulate higher order linear systems,

1. INTRODUCTION

Analog simulation was carried out at the initial stages by means of
passive circuit elements alone. On account of the loading errors involved
in that method, use was made of an amplifier which isolated one section of
the passive network from another but did not play a role in generating the
transfer function to be simulated. Later, a high-gain D.C. amplifier in con-
junction with an input-feedback passive network was employed for analog
simulation; this amplifier is now known as Operational Amplifier because
it also contributes to generating the transfer function. With operational
amplifiers, one may use the method of successive integration which offers
many advantages that are well known but has the disadvantage of using a
large number of amplifiers. On the other hand, one may conveniently simulate
complex transfer functions with only one amplifier if the function-parameters

“do not change frequently ; the systems are initially in a relaxed state and the
derivatives are not needed.

Many workers have attempted one-amplifier simulation. Bridgeman
and Brennan (1957) proposed a network for simulating second order systems
with ome amplifier. Wadhwa (1962a, b, 1963) has extended the same
circuit configuration to third order systems. This configuration uses a large
number of passive elements. As far as the author is aware, a generalized
workable design analysis of that configuration has not yet been worked out.
Stanley (1961) has discussed an input-feedback network which enables us to
synthesize the numerator and the denominator of a transfer function separately
and is convenient to use, particularly if the numerator and the denominator
occur in a factorized form.
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The author has pointed out a different and simple circuit configuration
of an input-feedba.ck' passive network for use with one amplifier to simulate
complex transfer functions (Aggarwal 1963a, b, in press). The network is a
chain of inverted L-sections comprised of resistor-capacitor combinations pro-
viding multipath feedback across the amplifier. Kven within this configuration
attempt has been made to employ a minimum number of passive elements.
This network has lent itself to a generalized design analysis for third order
and a general form of fourth order systems. The voltage transfer function
of this network for nth order simulation can be written straightaway without
actually performing any nodal analysis. On the basis of the work done so
far, it is expected that many generalized workable design solutions of this
configuration will be possible for simulating transfer functions of any order
higher than four.

One-amplifier simulation with this configuration, as well as with the
earlier ones, is possible for a restricted range of values of system-parameters
on account of the fact that values of the resistors and the capacitors must
all work out to be real and positive. Within a general network, many alter-
native resistor-capacitor combinations are available, each one putting its
own restrictions on the system-parameters. Some of these limitations are
common for all resistor-capacitor combinations, while others are not. The
former alone limit the over-all range of applicability of the circuit as a whole.

In this paper, the application of the circuit of Fig.-General to simulate
four special forms of fourth order linear transfer functions is illustrated by
arbitrarily chosen simple resistor-capacitor combinations.

Yo Ya Ye Ys
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e

The voltage-transfer function of this network can be shown to be

fo _ ~Y,YYsY,
e Y1Ys(Y3Ye+ Y, Yo+ Y, Yo)+ Yg(Y+ Y (Yo Y+ Y ¥+ YoV )+

(YoYi+ Yo Yo+ Yo Yol (Y Yyt Y ¥+ Y1 Vst Yo ¥yt Yo ¥+ Yo Yt Y3Y, + Y Yy)

A generalized analysis of the various alternative registor-capacitor combi-
nations available to simulate many forms of fourth order linear transfer

(1)
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functions is possible and that will form the subject-matter of other communi-
cations on this topic.

2. CONSTANT NUMERATOR

Consider a fourth order linear transfer function of the form
—b,
aSt+asS34a,82+a,S+1"°
where b, and the a’s are all real and positive non-zero constants.
To simulate (2) with the general network, let us choose the y’s arbitrarily
as follows:

F(S) = (2)

Yl_Y9=Y5=%,Y4=Y6=Y8=SO .. .o (8)

Vo= 80+, ¥r= 2 ' (4)

2 — BR’ 7—aR .. .. . .. -
and we put

T = RC.

The resulting network is shown in Fig. 1.

All the variables «, 8, and T are required to be real and positive indivi-
dually. Substituting (3) for (1) and comparing the coefficients of like powers
of 8 in the resulting expression and in (2) we get

bo =B O (1)

ag=T%B .. .. .. . .. (8)

Gy =THE+Bat28) .. .. .. .. (]

as = T23(1+2B)x+(2+98)] S )

a; = T[(1+Be+(5+98)] .. .. . .o (9
From (5) we put the value of g into (8) and (9) to get

as = T2[3(14 2bg)a+ (24 9by)} . .- .. (10)

ay = T[(1+bo)a+ (5+95;)]. O ¢ § )
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By eliminating 7 between (10) and (11) we get

.‘4212"'441“"-{10 = O, . . . . (12)
where
Ap = ay(14bg)2 .. .. . .. .. .. (13)
Ay = 2a5(1+b,)(5+9bo) —Ba%(14-2by) .. . .. (14)
Ao = ag(5+9bg)2—al(249b)2 .. .. e (19)
so that

— Ayt AP — 44,
24, o

We can easily determine 7' from (11) and (16). From (6), (7), and (9) we
get another equation to find the value of o,

(16)

Bya24 Bix+By =0, .. .. .. .o (17)
where
By = ag(14bo)(1+5bo) A 4 1)
By = a (4762 4-36by+5) —aymb, .. . (19
Bg = 2bgay(54+9b). .. .. .. .. ..o(20
Since values of « determined from (12) and (17) should be identical, we have
Ao Ay g
Further, for o to have a real positive value, either
A 4,4
1o 0] (22)
A1 >0
or
o0 o .29

When o is ensured a real positive character, equations (5) through (9) show that
T and B are also real and positive.

Equations (5), (11), (16) give the values of the resistors and the capacitors
while (21), (22), (23) prescribe the corresponding limit on the values of b,
and the «’s for which simulation of (2) is realizable by means of Fig. 1.

3. SmMpLE LEAD

To simulate fourth order transfer functions of the form

—b,8 ‘
2,89 F 0308 +agS® 42,841

F(8) = (24)
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let us arbitrarily choose
Y= Yy= T4 =Yg =8C

Yo= 1 (25)
- , 1
) o = .}5 = Y7 = &—R
and denote
T = RC.

"The resulting resistor-capacitor combination is shown in Fig. 2.
«R l c l c ‘L

C R AR o R
Fic, 2.

Substituting (25) for (1) and comparing the coefficients of like powers of §
in the resulting expression and in (24) we get

by =Tu .. . .. .. oo (26)
g = T4a3 (27)
ag = T3a2(2a4-5) (28)
ag = T2a(8x+7) .. .. .. .. (29)
a; = 372« +1). (30)

From (26) and (30) we get

36y

= .. 31
%= a1—6b, (3D
:I',=al_‘3'691 U 'Y

Equations (27), (28), (29), (31) suggest that simulation of (24) with the help
of Fig. 2 is possible provided we satisfy the following relations :

a4 = b2 (a; —6b,) . .. . .o (33)
3a; = b7 (50, —24b;) .. . . .. (84)
3@2 == b1(7a1—- ].Sbl) .. v .. P .. (35)

ay > 6b, R ¢ )
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4. DovusLE LEaD

Transfer functions of the form

—byS2
@St 03884 0,824a,S+1

F(S) = (37)

may be simulated by the general network with a following arbitrary choice
of the ¥'s:

Y =Y;=Ys=Yg=58C

)2=Y4=Y7=;'—E .. .. v e . (38)
1
Yo=1
and we denote
T = RC.
Fig. 3 shows the resulting configuration.
s
?Edﬂ «R —=c —=c
A
c c R « R
Fie. 3.
Proceeding as before we get
by = T202 . .. . . .. (39)
gg="T3 .. .. .. .. .. (40)
ag = T3a2(3x+5) .. . .. .. 41
ag = T2a(8x+47) . .. .. oo (42)
a; = T(5a+2). O 7. )
From (39) and (40) we get
b
%= -2 (44
- (44)
o2
T2 =2, .. .. .. .. .. (45)

=13
b,
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Equations (41), (42), (43) give the following limitations on the a’s and b,
for which simulation of (37) is possible with Fig. 2:

ahe = (5ag+3b0)° .. .. L. .. (46)
aghy = (Tays—8b2) ee . .. (47
aibl = (2m,+563)° .. .. .. .. (98)

5. TrIPLE LEAD
Finally, a fourth order system with triple lead characterized by
_ —byS3 '

@, St+03884-a9824a,841

is considered. To illustrate its simulation with the help of the general network,
let us choose the Y’s arbitrarily as

Y 1=Y3=Y;,=Yg=S8C

1

F(S)

(49)

Yr=1g (50)
- , 1
Yp=Y,=Yo=
and we denote
T = RC.
Fig. 4 shows the configuration obtained.
«R
L I
" N
¢ ¢
As before we get
: by = T3 N (1 )
ay = T4a8 .. . .. . .. {52)
a3 = 3T%2(x+2) .. .. .. .. (53)
ay =5T%(2a+1) .. .. .. .. (54)
a; = T(6a+1). O 13133
From (51) and (52) we get
b4
ad = a—g (56)
4
T=32¢ N ()
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The range of applicability of Fig. 4 to simulate (49) is limited by the
following expressions:

2160 = by(a;—3bg)3 .. .. . .. (58)
abt=125(a+2}) .. . . L 9
216b} = (abg—ay)s. .. .. .. .. (60)

6. CoNoLUDING REMARKS

Preliminary experiments carried out by the author seem to indicate that
simulation errors are due more to the imperfections in the Operational Amplifier
than to the component tolerances. Using the available precision components,
the accuracy obtained should be acceptable for many applications.
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