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A variational principle for the case of a steady incompressible viscous Huid
has been derived using Euler-Lagrangian functions. The viscosity u of the
fluid has been considered as a function of space coordinates (g = p(, ¥, 2)].
The principle has been applied to the cases of plane laminar flow and
Poiseuille’s flow,

1. INTRODUCTION

The variational principle appropriate to a given dissipative system assumes
a form exactly suited to and dependent on the particular mechanism of dissi-
pation, and is generally not capable of extension in unchanged form to other
forms. This makes it easy to formulate such a principle in the case of fluids.
It may, however, be remarked that the appropriate variational principle is
something more than the reformulation of the equations of motion, and may
provide methods for handling constraints otherwise beyond the scope of
original equations. This has led us to derive a variational principle for the
case of steady, incompressible viscous fluid, the viscosity of the fluid has been
assumed to be variable.

In this work we first discuss & variational principle of the type § f Ldr =0
| 4

applicable to a steady, incompressible fluid with variable viscosity [u=
wx, y, 2)}. Here the symbol & represents variation, L the usual Euler-
Lagrangian density function, dr the volume element, and the integral is
extended over the volume V of the fluid under consideration. We have,
of course, imposed the customary condition that the variation of velocity is
zero at the boundaries of the region of the fluid considered. It has been
established that the variational principle yields exactly the Navier-Stokes
equations for such a flow provided that either the vorticity of the flow is
zero or is everywhere parallel to its velocity. This is generally the casefound
in most of the practical flows. It may, therefore, be said that this variational
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principle is the extension of Millikan’s (1929) variational principle taking into
consideration the variations of viscosity. Next we have discussed two cases
of motions, the plane laminar flow and the Poiseuille’s flow. The discussion
gives exactly the relations given by Navier-Stokes equations applicable to
such flows. It may be pointed out that throughout the discussion no account
has been taken of body forces, since in a steady flow if such forces occur and
have a single-valued potential, they may be included in the term involving
pressure, thereby leaving the nature of equations unaltered.

2. O~ THE EXISTENCE OF VARIATIONAL PRINCIPLE

The Navier-Stokes equations of motion appropriate to the problem are
the following :

p(U.9)U+vp=uvelU+(Vp). VU+(Vp. V)T GV

where the symbols in this equation have the following meanings :
p denotes the density of the fluid.

7 denotes the velocity vector at a fixed point and has components
(u, v, w).

p is the pressure.

p denotes the coefficient of viscosity, which is a function of space
coordinates, i.e. u = u(®, ¥, 2).

The equation of continuity of matter for the case of steady, incompressible
fluid is
v.U=0 N €

Following Helmholtz (1928) we define & as the rate of work done by
external forces upon the fluid in the volume under consideration. In this case
these external forces are the pressure and viscosity forces. Next @ is defined
as the rate of dissipation of energy inside the volume of the fluid considered.
Following Millikan (1929) we introduce a quantity R which is defined as the
rate at which the kinetic energy is carried out of the region across the boundary.
Since in the discussion that follows we take these quantities per unit volume,
we, therefore, define the density functions P, ¢ and R as follows :

@=f Pdr
V .

Q:f quTP N .. NN )]
v

ﬂ/=f Rdr
v /
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Where ¥V denotes the volume of the portion of the fluid under consideration,
¢ is generally called as the dissipative function (Lamb 1924). This has the
same role to play in the energy equation as an actual heat transfer, and is
often called as ‘ Frictional-heating *. This in general is given by

¢ =plveve—(v x0)*—2U . veU] @)

For simplicity this may be written in the form of velocity component deri-
vatives as follows :

¢ = L[2u3 4200+ 200+ (wotvs)2+ (ug+wy)2+ (v +u)2] .. (5)

where the subscript 1 denotes differentiation with respect to x, 2 w.r.t. ¢, and
3 w.r.t. z. Also double subscript denotes second differentiation. It may be
remarked that eqn. (4) is the general equation for the flow of any fluid compres-
sible as well as inc'ompressiblé.

Helmholtz (1928) has considered a slow motion of the fluid in which
squares of velocity are neglected, i.e. R = 0. His equation of conservation
of energy is therefore

$_9=0.. .. .. .. .. (6)
and the corresponding variational principle is
(P-12)=0 .. .. .. .. (D)
This leads to the equation
Vp =pvel T

for the flow of fluid.

Millikan (1929), on the other hand, has considered the general case for a
steady, incompressible fluid considering viscosity as constant. The energy
equation for his case is

P-2-R=0 .. .. . . 0
and the corresponding variational principle is
§(P-12-R)=0 .. R ¢ 1)
which yields the relation
YU+ Up=pvel .. .. .. .. (1)

We are now considering viscosity as a variable, i.e. p = pu(x, y, 2), therefore,

our energy equation is also eqn. (9), and the corresponding variational principle
we take as

H(P—a2—yR)=0 .. .. .. .. (12

where a and ¥ are numerical coefficients to be determined empirically.
Now & may be written as a surface integral extended over the boundary

of the fluid under consideration. After performing variation this will evolve
3B
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another surface integral involving 8U as multiplying factors. But since the
variations in velocity over the boundary is considered zero, ¥ contributes
nothing and may be omitted in the evaluation of eqn. (12). Introducing the
continuity condition (eqn. 2) we write eqn. (12) in the following form :

af {a¢+y3—pv.ﬁ}df=sf Ldr=0 .. .. (13)
Vv Vv

where fB is the Lagrangian undetermined multiplier. In the evaluation of
this relation ¢ may be used as given in eqn. (5).

In order to evaluate R we take the boundary surface of the region of the
fluid of volume ¥V to be as 8, and ds as its surface element, and let 7 be the
unit vector in the direction of the outward normal. Then ® which is a measure
of the outward flow of kinetic energy is given by

R,=f "RV
v
==%Pf Un. U ds
s

=ff n. (0. U)ds.
2Js
An application of divergence theorem gives

R = L’f U. v U,

2 14

Therefore, density vector

R-_-gff.vm OO )
using cartesian coordinates we get

R = plusu,+v2vg+wtiwg+ uvv; + uwwy + uvttg +vwwgfuwugt+owvg] .. (16)

Substitution of the values of R and ¢ in eqn. (13) yields
L= 2#“{“?'*“'%"‘”’2'*‘ Hwe+vg)2+ Hug+w1)2+Hon +u2)2}
+¥p{ uuy + v80s - wlwg 4-uvvy 4 UWw, + uvug - VW,
+uwug+vwvg} —P(uy+vg+ws) . .- .. (16)

Now the appropriate Euler-Lagrangian equations corresponding to (13)
are

a(aL)+a(aL)+9(aL) L _o.. .. ..(amn

% \0u) " 0y\Guz) T3 \Bug) ~ Tu
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with two analogous cquations for v and «. Considering p = p(%, ¥, z) and
substituting for L from (16) we have

2pa[vzu+aa (V U)]+)’P[u V—l}— 820]-{_

B _ 5 .
==0. .. (19

ou ou op -
Qo (2 = (v P e it —
20> (2u1) +2a 3y (v us) + 2 5 (usz41,)
Similarly for v and w, we get respectively the following relations :

0 = = 0
D] 2,1 + —_l 2
,_,uoc[v z,+ay(V.U)]+VP|:1V.U ZayU]

0 7 7 0
+ 22 E’EL (v1+u)+2¢ 55(202)+2a ’af:,‘(vs'l'wz)— 97’5 =0 .. (19)
~and
%) 2 a —-)) ¥7 1 a 2 B all' < a”’
2ux| 7 1v+&(v N7 RUAVAR U—'ga—zU +21-a—3(2w3)+2155(u3+wl)
+Zag—g(uz+r3)— %é =0 .. (20)

Combining equations (18), (19), (20) and applying the continuity condition of
eqn. (2) we get

202U — 3PV U24+26(Vp) . VU +20(Vp. 9V — VB =0
or
WPV U+ VB = 2u0v2U+20(Tp) . VU +20(Vp. V)T =0 .. (21)
Now if we write a=14Y=1land f=7p
we get from eqgn. (21)
PV vp = uveU+ (V). VU+(Tp. VT .. .. (22)
Eqn. (22) is equivalent to Navier-Stokes eqn. (1) if
wve=o(T.9)T .. .. .. .. (23
Now
(T.9)0 =1vve=Ux(vx0) .. .. .. @49
Therefore, it is seen that the condition of eqn. (23) is satisfied if either the

vorticity (v x U) of the flow is everywhere zero or it is everywhere parallel to
the velocity. It may be pointed out here that in most of the cases of viscous
steady flows these conditions are satisfied, and, therefore, the validity of
eqn. (23) is justified. Hence, our variational principle glves the appropriate
Navier-Stokes equations.
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3. (a) PLaye Layinar Frow

As a first example we discuss plane laminar flow using cartesian co-
ordinates. In this case

'w='v=0and§;=0 .. e .. (25)

and the only component of velocity left is ». But the continunity condition
gives

gg=0 .. . . . .o (26)
We, therefore, take u and p as the funetions of Y, i.e. .
u=wu(y)and p = H1(y) .. .. .. .o 2n
In order to retain the three dimensional analogy we take
dr = drdy . 1 . . .. .o (28)

and J. ds = line integral in the z, y plane. Substitution of these conditions

in Navier-Stokes equations gives
dp 0% Ou du 5

Here the motion has been considered between the two parallel walls
x = @, and = x, and the region of the fluid under consideration is bounded
by these two walls and by two perpendicular planes

Y=y, and y = ya.

Next in this case the outflow of the flux of kinetic energy is zero, therefore
R = 0. Hence the variational principle is reduced to

NP —1D) =0 e (80

Now under the conditions specified in section 2, eqn. (30) does not yield
eqn. (29). We, therefore, make a little change in our procedure. Instead
of considering ¥ as a surface integral, we take it as a volume integral and
define a density function p as follows:

P= —fph’.uds: --f 7. puds.
Applying divergence theorem we get
® = -—J Y . (pu)dr

- f f 2 ey

= — J‘Uu%dr
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therefore .
P=—u%.. Y -1 )
and eqn. (5) gives
d=pi .. .. .. . (32
Now the application of the variational principle
§(P—32)=0

yields
mE Lo .. .. .. .63

The eqn. (33) is exactly the Navier-Stokes eqn. (29)..

3. (b) PorsEviLLE’s Frow

In this case of the flow exactly the conditions of the above case are satisfied
with the difference that the velocity component % is a function of distance
from the axis (x-axis) instead of being the function of Y. Therefore, we take

w=u(r) .. .. .. .. .. (34)
and similarly viscosity

p=np(r) .. . .. .. .. (35)

where r is the distance measured from the z-axis.
The remaining factors remain as usual, i.e.

dp
P=—=u _a—a; (36)
ou\?®
= "(5;)

The Navier-Stokes equations for such a flow are reduced to (cylindrical
coordinates)

ap_pa( 8u) oudpy 37)

o~ ror\ or) T oror -
In this case also the outflow of the flux of kinetic energy is zero and hence
R=0.
Therefore

Hence the variational principle is

2 *2 ra 2
ou op
o[ zarms [T {é#(—) +022}riirdo = o
v 0 Jxdo or oz
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where a is the radius of the tube.
This yields a constant, say

K = 2n(xy—2;)
as a multiplying factor.
We take
L' = KrL
and the principle is reduced to
i(ai) Ay
or\our ou
where
’ uy = (Ou/dr).

Substitution from (39) in (40) gives

1dudu 1@ au) 19p
wararty a“r(f ar
This is exactly the Navier-Stokes equation for such a flow.
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