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The author has studied the problem of similitude in case of rockets and has
found the solutions of the equations of the internal ballisties of rockets
using multitubular powders having N number of holes where, when N = 2n,
all the holes are in the ring and, when N = 2n+1, one hole is in the centre
and the remaining even number of holes are in the ring. The formfunction
for the first phase of combustion of these powders is z = (1 —f)(a —bf —cf2).
The solution for the first phase only has been discussed.

Further the solution of the equations has also been obtained for modified
multitubular powders having N number of holes, where the second stage
of burning is eliminated by cutting out the slivers, which are expected
to be formed at end of first stage of combustion, right from the very begin-
ning and inhibited from burning. The formfunction in this caseis z = (1—f)
(1—Af—Bf#) throughout.

InTRODUCTION

Sarrau (1882), Gossot and Liouville (1905), Emery (1923), etc., have
studied the similitude problems of the ballistic solutions based on different
hypotheses. Roggla (1914), using some transformations, has been able to
find the solutions for all the possible values of the form factor 8 occurring
in the quadratic formfunction. Pappas (1931) and Corner (1950) have also
studied the problem in a simple and general manner. Gupta (1959) applied
the transformation of Roggla and reduced the number of parameters in the
solution of the internal ballistics of rockets. But all these authors have
considered the problem with quadratic formfunction z = (1—f)(1-46f) or its
particular cases.

In the present paper, the author has studied the problem of similitude
and has solved the equations of the internal ballistics of rockets using multi-
tubular powders having N number of holes, the formfunction for which is
z = (1—f)(@a—bf—cf?) for the first phase of combustion as deduced by the
author (1962a), whether N be even or odd; however, when N is even, all the
holes are in the ring and when N is odd, one hole is in the centre and the
remaining even number of holes are in the ring. Further the problem has
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also been solved as a particular case for the formfunction z = (1—f)
(1—Bf—Cf2) which holds good in the case of some typical forms of powders
and, as shown by the author (1962b), also includes the modified multitubular
powders where the second stage of burning is eliminated by cutting out the
slivers, which are expected to be formed at the end of first stage of burning,
right from the very beginning and inhibited from burning. The case for the
particular values of N = 3, 5 requires some modification in the general theory
and is to be discussed in.a separate paper.

Notations :
mp == The mass of the charge grain in grammes.

p = The ratio of the length of the grain to the diameter of the grain = % X
1

~ m = The ratio of the diameter of the grain to the diameter of any hole = %—1 .-
D = The web size of the charge in cm.
z = The fraction of the charge burnt at any instant ¢.
f = The fraction of the web size remaining at any instant /.

Cp = The coefficient of discharge, which is in the neighbourhood of 0-075
for most of the rockets using smokeless powders as propulsive
agents.

A = The section of the throat in sq. cm.

p = The pressure of the chamber in bayers.

Vo = The volume of the chamber available initially to the gases in cm3.

V = The volume of the chamber available to the gases at any instant ¢
in cm3.

Vp = The initial volume of the charge grain in cm3.

pg = The. density of the gas at any instant ¢.

C'\\'amoer
Nozfe Throat Ngzzle Exit

F1a, 1. The essential features of a rocket.

FouNDAMENTAL EQUATIONS

On supposing uniform pressure in the chamber, the fundamental equations
of the internal ballistics of rockets (using the general cubic formfunction)
are

d d
mp£=CDA¢p+Ei(VPg).. O ¢ )
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Si!f—— —(K1+K2p) .a .e .n .. (2)
2= (A=fla—~bf—cf) .. .. .. (3
V=V0+Vp2.. .o .o .o .. (4)

where K; and K, are constants.

We shall introduce dimensionless parameters in the above equations.
If we take ¢ = Lr, L being chosen conveniently afterwards, the equation
(2) becomes

a _df .‘ié =L -
b UL L ktkp)=—nay) .. .. ()
. . 1 | Dn
which gives =——[———K]. . . . .. 6
gl P .K2 T 1 ( )
Using (5) and (6) and taking py; = By where B is some constant, (1) reduces to
dz CpA d
mp = = D ‘(Dn —KiL)+ Vet Vp2)Pg) .. .. .o .o (7)
A B d D
=0 ‘(Dﬂ KlL)+EE; [(V0+ sz)(—Ll’ —KI)] e e (8
or
d= _ CodDm _ KiCpAil, BV, [1+y£ ] dn
dr = " Kgmy Kemp ' KympL | @r
BVy Vy[Dm _ ] dz
m.—ﬁg[ K1 i ‘e .o .o s e (9)
BVD _ __BV,D
We put Koyl = 1, so that L = Kmy© .. o (10)
(9) and (10) then give
dz da dz
E_— e(-rr—g)+(1+Kz)a:+(1r—g)K$ ‘e .o . (11)
where
C AD
DAt
©= T 12)
__K,BV,
-3 (13)
and
Vo
k= 7% (14)

The equations (3), (5) and (11) are now given in dimensionless form with =

as the independent variable and f, z, = as the dependent variables. These

equations contain only five parameters e, ¢, k, m and p since the quantities
4
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a, b and ¢ occurring in the formfunction (3) for the first phase of combustion
of the multitubular powders having any number of holes N are expressed
in terms of m and p as follows (Jain 1964):

(m—a-—1)
CFN3(MmE=N)mp

[A+2) @A+ N+3)m2r+ A+2) MV +1)+3N+1}mp

=

+{(A+1)2—N}(m+41)2] .. (15)
_ (m~A=1)2
2+ 0¥ (m2—N)mp

_(N=1)m—=p—1)3
T (24))3(m2—N)mp

(¥N=D@+Amp—2m4+1)A+N+1)] .. .. (16)

a7

where )\ = cosec — with N = 2n-or 2n 1.

2n
. . _ _ _ KBV,
Initially for + =0, f=1, =0 and » = Ky
condition does not introduce any new parameters. Therefore in the above

equations = as well as z or f are functions only of = and of e, g, k, m and p.

=g, so that the initial

This is equally valid for the function %Eand in particular the equation ((‘Zi—") =0
T

determines the valué of = at the instant of mp,, in terms of e, g, k, m and p,
The maximum pressure Py,: is therefore given by

Kl Tmax
o= e

= %—1 X a function only of e, ¢, &, m and p.
2

Now the equations are

2= (1—=f)la=bf—cf2) .. .. . .. .. (3

af _
=T .. . .. .. .. .. .. (5)
g; = (w—-g)e+(1+Kz)‘%+(n—g)Kg-f_. e . (11)

(11) can be written as

dz
L o =g (KT - —pK % 7

df
or
a[l—K(mr— 9)] df— (9—7’)9+(1+K2)‘" df . .. (18)
(3) gives '
d-‘—;.— —(a—b—c)(z—Bf—7f2) o .. (19)

4B
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where
__atb _ ()20 2)A+1+N)mp+ (02 —3N —Lim+3x2+ (6+2NA+N+3]
a—b—c C+A)22m2p+ 2mNp +m2—N)
, (20)
g 2b—c) _ Am—A=D(N=1)@+mp~BN+ 2+ 1pm+ (N=3N—(N+3)] o
a—b—c A (2+20)2(2m2p+2mNp+m2—N) (21)
g3 _ 3(N—1)(m—)—1)2
Ta=b—c  (2+)N)*2m2p+42mNp+mi—N) (22)
and ax—fB—y =1,
(20) and (21) give
a(l—a)4-b(1+a)+ca =0 ce e (29)
aB—b(2+B)+c(2—B) = 0. Y ¢-71)
Solving (23) and (24), we get
a _ b _ c _a—b—c §
T B3 g3 23— 6 M)
gmbec=0k .. .. .. .. (25)
Now (18) and (19) give
d
(l4-kz) E’f—T+6;z(a-—ﬁf—7f2)vr[1—k(n—g)]—(w—g)e =0. .. (26
To solve this differential equation, we put
T = q0+q1Z+QQZ2+Q3Z3+Q4Z4+ A .o . (27)

where Z = 1—f and ¢y, 91, s, 93, 94 - - - are constants. Initially when f=1,
Z=0,1=¢y=4g.

7 =g+ Z+qZ2+qsZ3+q 24+ . ... .. .. (28)
(28) gives on differentiation '
dn dm dZ
______ 2 3
il /A (q1429:.Z+4 39322449, Z%+ . . ..) .. (29)

Also (38) gives
z = Zla—b(1—2Z)—c(1—2Z)2]

= Z[6p+u(38+6¥)Z—2vuZ2) .. .. .. (30)
On using these relations, (26) becomes
G0+ 0T 028+ B+ . . . . )1 +BEZp+ (BKy+3kB)pZe
—2vRkZ8)(q, +2922 +3¢3Z2% + 4,28+ . . . . )+6ulg+q:Z
+qe22+qeZ3+q 24+ . . . ) 1+(B+2VZ—vZ2)(1~kg,Z
~kqoZ2 —kq3Z8—kq Zt— . . . . ) —eq:Z—eqaZt—eqsZ®
—eqZh— ... =0, Y 1}
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Comparing the coefficients of the different powers of Z, we obtain

GI=06B ..  vr e e e e 32

¢ =§;_‘(gs—e—12ykg) e e 3

q3 = !—]‘;[216#2k2g2+6#(5keg+2e—6k928)+e2—698—2792] .. (39

where 8= (8+27). .. .. .. - .. ‘e .. .. (35)
Thus it has been possible for us to get » as a function of Z or f involving
q1, 9s; 43, .- .. wheret ¢q, ¢a, g3 are given by (32), (33) and (34) in terms of

the parameters e, g, k, m and p. Now we proceed to get Z as a function of
7. We have put Z = 1—f. From (5), we get

df
_dTr = —7
dz _ df _
E;—_E_ﬂ.' . ) .. .o (36)
To solve this differential equation, we assume
Z = bo+bym+bor2+ bgr3+ byt .. .. - .. (37)
Initially 7=0,f=1and Z=0, .’ b =0,
o Zo=by7+bor2 b3 +brtt L - .. (38)
Z
and ‘fz—r = by +2bgr+3bgr2+4byr3+ . . . . ce e (39)

Using (28), (38) and (39) in (36), we get
bi+2bor+3bgr2+-4by73+ .. ..
= g+ qu(bir+ber2+byrd+berdt ... . )
+qa(b17+bgr2+bgr3+byrt - . L. L )2
+q3(by7 +bor2+- b8+ byt ... L )8
+ ... O 1))
Comparing the coefficients of the different powers of 7, we get

BI=0 e ee ee e e .. (4))
be=30g1 .0 ee e e .. (42)
b3=%(qf+2g_q2). R ¥ )

Thus (28) and (38) enable us to get = as a function of Z (or f) and Z as a
function of 7 in terms of the parameters e, g, k, m and p only.

1t It is assumgd that g1, ¢g, 98, .... (and also the quantities by, by, bg, . ... occurring
in equation (38)) are such that the series is convergent. '



EQUATIONS OF INTERNAL BALLISTICS OF ROCKETS 336

Case of Modified Multitubular Powders having N Number of H oies

If we use modified { multitubular powder with the same number of holes
the equations (1), (2) and (4) shall remain the same, while in place of (3),
z = (1—fYa—bf—cf?), we shall have (Jain under publication)

2= (1=f)(1—A'f—B'f2) .. . . .. (44
with
g = =A=DIN =12+ N)mp — 2N +1+2)(m+1)] (45)
T NGB+ N)m A (NF1)A+3NF1]me
B (Y —1)m—r—~1)2 (46)

CFNBFAFN)m+ (N + 1A+ 3N+ 1jmp

and )\ = cosec — , where 2 is the number of holes in the ring whether N = 2n

2n’
or 2n +1.
Also g-}:—(1—-A’—-B')(a’—;3’f—-7’f2) @
where
Y 2(m+1)(NV 41421 (A42)mp—m4A+1]
1—-A"=B" [2(A+2)2m2%+ 2N (A+2)2mp+(2A+ N +3)m2~2{(A+1)2— N }m
—(N4+1A2—22N+1A—=3N—=1] .. .. .. .. (48)
. 2A4'=B)  2m=A—D[(N=1)(2+Nmp—(3N+ 22+ Iym— (N —3)A—N —3]
F=1—7—p= (PA+2)2m20+ 2N (A + 2)2mp + A+ N + 32
—2{(+1)2—N}m— (N4 1)A2—2@N+1A—3N—1] .. (49)
yo 3B 3(N—~1)m—2r—1)2
1—~4 =B~ [2004+2)2m20 42N (\+2)2mp+ (2A+N +3)m2—2{ A+ 1)2— N }m
~(N+1))2—2@N4+1A=3N=1] .. .. .. .. (50)
with o —f =¥ =1.

Hence the value of = in terms of Z and that of Z in terms of - can be
obtained from (28) and (38) by putting 1, 4’, B, «’, 8/, ¥’ in place of «a, b, ¢,
a, B, 7. '
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1 Modified multitubular powders are those powders in which the second stage of burning is
eliminated by cutting out the slivers, which are expected to be formed at the end of the first
stage of burning, right from the very beginning and inhibited from burning.
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