APPLICATION OF THE VARIATIONAL PRINCIPLE FOR THE CASES
OF LOGARITHMIC SPIRAL AND PLANE COUETTE FLOWS

by N. K. SHaArRMA* and J. M. Gaxpu1, Department of Physics,
University of Rajasthan, Jaipur

(Communicated by F. C. Auluck, F.N.L)

(Recetved January 4, 1963)

The variational principle derived by the authors (Gandhi and Sharma 1964)

_ for the case of viscous, steady, incompressible fluid having variable viscosity
p = p(x, ¥, z) has been applied to the case of (a) logarithmic spiral flow
and (b) plane Cousette flow. It is shown that the principle gives exactly the
Navier-Stokes equations applicable to such flows.

1. INTRODUCTION

A variational principle of the type 8f Ldr = 0 applicable to a steady,
1 4

incompressible, viscous fluid was derived by the authors (Gandhi and Sharma
1964) assuming viscosity as a function of space co-ordinates [u = u(x, ¥, 2)].
The expression for L wunder such conditions has been found to be

L = (P—a¢—7R) and the variational principle & f (P—a¢—YR)dr = 0 gives
v

the Navier-Stokes equations applicable to such a flow under the conditions
that either the vorticity of the flow is zero or it is everywhere parallel to the
velocity. This principle was applied to the cases of (a) plane laminar flow
and (b) Poiseuille’s flow. The same has now been applied to the more general
flows like logarithmic spiral flow and the plane Couette flow. It has been
established that the variational principle gives exactly the Navier-Stokes
equations applicable to such flows.

. 2. RELEVANT DISCUSSION OF THE VARIATIONAL PRINCIPLE
The appropriate Navier-Stokes equation for the case of a steady, incom-
pressible, viscous fluid is
o(U. 9)0+vp=puV2UH(Vp). 9O+ (Tp. VT .. .. (1)
The continuity equation is
v.0=0 .. .. .. .. .®
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The variational principle derived by the authors is

Sf Ld~r=8f (P—odp—YR)dr=0 .. .. .. (3)
v v
Also @=f pd‘r
v
@,:J ddr - .. .. .. .. .. o 4)
v P
and ’R,:f Rdr
v /
$=plvel~(vxT)—20.v20] .. .. .. (5

where the symbols in the above eqhations have the following meanings :

p denotes the density of the fluid;

U denotes the velocity vector at a fixed point in the fluid and has components
(v, v, w);

dr denotes the volume element;

o denotes the pressure; ‘

w is the coefficient of viscosity of the fluid which is a function of space co-
ordinates, i.e. u = u(z, ¥, 2);

L denotes the Euler-Lagrangian density function;

V is the volume of the fluid under consideration;

% denotes the rate of work done by the external forces upon the fluid in the
volume under consideration ; '

9 is the rate of dissipation of energy inside the volume;

R denotes the rate at which kinetic energy is carried out of the region across
the boundary of the fluid ;

P, ¢ and R are the density functions corresponding to ®, 2 and R respectively.
¢ is generally called as the dissipative function. « and ¥ are constants to be
determined empirically and 8 denotes variation. The variational principle
characterized by equation (3) with the inclusion of continuity condition eqn.
(2) gives in general the following equation for the flow of a steady, incom-
pressible, viscous fluid, the viscosity of the fluid being a function of space co-
ordinates, i.e. p = u(z, ¥, 2):

VUL Vp = pOtT+(Tp). VOH(Tu. DT .. .. (6)
This equation is equivalent to Navier-Stokes eqn. (1) if
T.9VW=3v02 . .. .. .. .. D

V_Veknowthat
(T. w0 evtz—vx(vxD) .. .. .. @®
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therefore, eqn. (7) is valid if (i) either the vorticity of the flow is zero, or (ii) it
is parallel to the velocity so that

Ux(vxU)=o.

It may be pointed out that in most of the practical flows either of these
conditions is satisfied, and our variational principle gives exactly the Navier-
Stokes equation for such flows. Further it may also be remarked here that
our variational principle is the extension of the Millikan’s (1929) variational
principle for the case of a steady, incompressible, viscous fluid taking viscosity
as a function of space co-ordinates.

3. LocariramiCc Sriral Frow

Hamel (1928) gave a very elegant discussion of a flow of this type. He con-
siders a two-dimensional motion in which the streamlines are restricted to
coincide with an isometric family of curves, and he establishes that this family
is a logarithmic spiral. In this discussion it is desirable to use orthogonal curvi-
linear co-ordinates. We take x,, 5, x3 as the family of orthogonal curvilinear
co-ordinates; hy, he, ig the line vectors, and «, v, w as the velocity components
along these orthogonal curvilinear axes respectively. Then

Iy = xl(x’ Y, Z), Tg = -’Ez(x, Y, Z) and Tz = .’Ea({l?, Y, Z) . (9)
and the line element ds is given by
ds? = Widw® 4 hide?+ hidw? R ¢ (1)
and the volume element .
dr = hlh2h3dx1dx2dx3 .. . . .o (].].)

In orthogonal curvilinear co-ordinates the expressions for vp, v. 5, vzﬁ,

v xﬁ, (U. v)U and AU have been used from the standard mathematical
works (Gandhi and Sharma 1962; Milne-Thomson 1960). Since we are
dealing with two-dimensional flow, we take

]
a—x—;—-O,hB-l,andw-O . .. .o (12)
and define ' 7
' z+iry = Yz +iy) = 2(2) .. A )

where 2 is a function of the complex variable z = (x4 iy). >

This implies that %y, = k; and 2, = constant and x, = constant constitute
two orthogonal families of isometric curves. We take the velocity of the
fluid everywhere tangent to the family of the curves x; = constant.
Therefore,

U=wando=0 .. .. .. .. (14
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Also the continuity condition eqn. (2) implies that

T=u=l® . ay
by

where f is an arbitrary function of x,. With these restrictions we find that
the Navier-Stokes equation (1) is reduced to

op P, 0 f
E=—§fzax( )+ aa:( ) hzax [f(xg)] .. .. (18)

op 1
and 3_$é 2f Frm (hz) faa: ( ) .. .. .. .. (17

where f’ and p’ denote the differentiation of these quantities w.r.t. z,.
It may be pointed out that
Bo= (@) .. e e ... (18)

Hamel (1928) has shown that the equations #; = constant and x, = constant
must coincide with the following orthogonal families of logarithmic spirals :
ry=blogr—ab )
Zp = alogr+4b0 f
where a and b are arbitrary real constants, and r, 6 are polar co-ordinates.
For convenience we introduce two new real constants 4 and B such that

(19)

A=a-2%a,ndB=az—2_;_l—b2 S (20
Then it has been established that
B = A®at By .. . .. ..
Eqn. (21) gives
K2 (l) o 4o~ (42, + Bay) )
ory h?

and

SRS,

(22)

9 (1N _p,—(de+Bry) |
0z, hf

The differential equation in terms of f is obtained by partially differentiating
eqns. (16) and (17) with respect to @, and «; respectively in order to eliminate
p and then on equating the two expressions so obtained.
A little simplification gives

Apff' +u(A2+BY)f —2Buf" + 2u'f +pf " +u'f —2Bpf =0 .. (23)
This on integration yields

A—gﬁ+(A2+Bz)pf—(A=+BZ)fy'fdx2—2Bpf'+yf"+#T=K (24
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where K is an arbitrary constant of integration. This is the Navier-Stokes
equation for the logarithmic spiral flow.

Next we have to find the appropriate Lagrangian density L which may
yield eqn. (24) on the application of the variational principle.

As usual, we consider flow between fixed walls which coincides with two
members of the chosen family of logarithmic spiral. We take these two walls

Xy = “71 and x; = «, as boundaries of our region. The other two boundaries
are formed by the orthogonal family of curves z, = w; and z, = x; Further

we take 23 boundaries unit distance apart.
It is also specified that at these boundaries

87 = 8u=0.
Now the Lagrangian density L specified by our variational principle is
L.—:P—-otqb—‘)’R P ... P e (25)

Since at the walls 87 = 0 there is no work done on the fluid in the region under
consideration due to the viscous forces acting across these boundaries.

Therefore ® = — f pi . Uds. Applying divergence theorem and continuity
8§

condition we have — f U.V pdr
v

therefore P=—-[.vp
—ur P -
uvhl axl
f o '
Sa e (20)
1
Since the term p has been eliminated from eqn. (24) and an_ arbitrary

constant K has been introduced, we must replace ;—f— by an expression involving
1

%, ¢ and their derivatives and K. In order to do this we proceed as follows:
We have

— 2 BI-"f, 1 ] 141
é_x:_?;f—?-l-h—i(#f-l-"f) e o .. (16)

and the eqn. (24) for spiral flow as
" 1] ’ A'P 2
wf'+uf” = K+2Buf' +(42+ B?) f p'fdze—(A%+B)uf— Tf . (29)
Making substitutions from (24) to (16) and simplifying, we have

g% = — %[(A2+B2)ﬂf—3pf’—(A2+Bz) f w'fdas— K] .. @n
1
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therefore

P = (424 BYfe~ Buff —Kf~ (424 B f Wil .. .. (28)
1

Further the expression for ¢ in terms of orthogonal curvilinear co-ordinates,
using eqn. (5) under the conditions specified, is given by

¢=h—’1{(.42+,132)f2—23ﬁ’+f’2} N )
1

Lastly R = g f Ui . Uds
S

=§f » (U2, U)ds
S

which on applying divergence theorem and continuity condition yields

R=gf ﬁ.VUsz
Vv

and hence . R=gﬁ.v02.. e

This under the conditions specified is reduced to

1p .
R=—}E§Af3 N 3§
therefore, from eqn. (25) we have (taking o = 3)
L= exp”"‘”‘mz)[(A2+BZ)yf2—Kf—(A2+Bz)f f w iy

_%“f"2+y_2_PAf3] . {32)

Now the transformation of Lagrangian density from Cartesian to orthogonal
curvilinear co-ordinates demands that the variational principle is to be used
in the form

3” Lkﬁdxldxﬁzs”LodxldzZ:o e (33
14

But this on substitution in the appropriate Euler equation

LNUANE .
0zp \ of’ of
does not yield eqn. (24). _

We, therefore, use the variational principle as such without making any

modification due to this transformation.
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In this case L is as given by eqn. (30)\ and substitution in
2 (a_L) _L_,
oz, \of’)  of

yields

37 Apf2—2Buf +f +pf (A2 BO)uf — (424 B?) %f f wfdey = K.

We put ¥ = 1 and after further simplifying this equation taking %l—;= 0 (as p

is not a function of f)
we have

A% 9Buf '+l (A B~ (424 B f Wfdmy =K .. (39)

This is exactly the Navier-Stokes eqn. (24) applicable for logarithmic
spiral flow. Further it may be mentioned that if @ = 0 in eqn. (19), i.e. B=0
in eqn. (20), then the flow is plane radial flow.

Also when b == 0 or A4 = 0 in eqns. (19) and (20) the flow is the radial Couette
flow. For both these cases also we have separately seen that our variational
principle gives exactly the Navier-Stokes equations applicable to such motions.

4., Prase CovertE Frow

In the case of plane Couette flow using Cartesian co-ordinates (Pai 1956)

op_ 7 _ 20 _
—a—z—O,U—u,,v-—w—Oandé;—O.. .. .. ‘(35)
continuity condition gives
ou
==0 .. . .. @39
and = u(y))
. 37
w=p(y} &7
Therefore, the Navier-Stokes equation for such flow is (from eqn. (1))
0%u  Odudp _
pataay =0 - o o - B9

In order to derive this equation from the variational principle eqn. (3), we
remark that in this flow P = 0 and R = 0 and therefore

L=ad .. . .. .. .. (39
The value of . )
ou\?
(;[):,ll-(gy—) . . . .. . (40)

Therefore

2
L=a.p.(-gg) .. .. . .. (41
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. . 0 (oL oL 1) .
T - _— ] — = = -
he Euler-Lagrangian equation 5 ( au’) 5 O(ac 2) gives
%u  Oudp 9
#a—y2+—a—y E:'y‘ — 0 .. .. .. . (4—)

where »' = (%) eqn. (42) is exactly the Navier-Stokes eqn. (38) for plane

Couette flow.
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