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In this paper we have proved two theorems connected with Meijer’s Begsel-
function linear integral transform

€0

Rl f:p1= f (pe) b po)fla) das.

0
In Theorem 1, a relation between the original function f{1) and the image in the
above transform of a function y(z)Rrv[ f:x] is obtained where g(z) is a
function of a defined class, In Theorem 2, the relation between f(x) and
g(m)ﬂv( i ;1) is given. Corollaries of the two theorems obtained by

specializing g(x) ave also given as theorems. Further, these theorems are
illustrated by certain examples, thereby giving certain integrals involving
Q-function.

1. Meijer (1940a) gave the generalization of the well-known integral
transform

o

LLf(x):p]= f e~ P2 (x) dx, .. . . .. (1L.1)

0

where the kernel ¢"»2 has been replaced by a function involving modified
Bessel-function of second kind, in the form

Rulf(@) : p] = f (p2)Hou(pa) (z) dev. e (12)
0

We shall call the transform defined by (1.2) as Meijer transform and
R’#[ f(x): p] as the image of f(z) in the said transform.
By virtue of the relation

-\
kyy(x) = (@;) e?,
we have ,
m\
Raalf(2) p] = (5) LUf(x): pl. ce e (L3)

In this paper are given two theorems relating to the Meijer transform.
The first theorem gives us the image in the Meijer transform of a function
g(z) . k(x) and the second theorem gives us the image of g(z)A(1/z), where

VOL. 30, A, No. 3.



SHARMA : THEOREMS ON MEIJER’S BESSEL-FUNCTION TRANSFORM 361

h(p) is the image of f(t) in the similar transform of the same or different order,
in terms of the original function f(¢). Here g(z) is any function that belongs
to a certain defined class, the class being so defined that the integral involved
remains convergent.

Since g(x) is any function of a defined class, many of the particular
cases can be obtained from both the theorems by taking definite functions
from that class for g(x). A few of such particular cases are given here also.

We write

I'(a4b) = D(a+b)(a—b),
D 1) = f(=1)+f0)

v, =¥

b a+b, a—b
2F1(a:;: ; .1:) == 2F1[ ; x].

¢

and

2. Toeorem 1: If f(t) and R.[(tx)ku(tx)g(z) : p] both € L(0, o), g(t) «
L(0, R), R(3tp) > 0, R(1zpv) > 0 and R(p) > 0, then

Ra[(g2)Rulf(t) - 2] : p] = f FOR (@) kp(at)g(z) : p1dt. .. (21)
0

Proor: Since

Ry[9@RR{ S0 :2}:p] = fw (), (p2)g() { f " (e () @ }dx,
0 ) 0

therefore on changing the order of integration, we have

r.hs, = fo §{0)] { fo (p)k,(px)(2t)¥ep(at)g(z) dx}dt,

which gives us the result (2.1). .
The change of order of integration involved here is admissible for the
conditions given above as

B4, () f(£) ~ [ A1+ 4 A o4~ 1] f(2) for small ¢,

~e~#tf(t) for large ¢,
and
2k (pr)k,(tr)g(x)~21L#E%(2) for small 2,

~e~H%g(z) for large z,

and thus every involved integral is absolutely convergent.
Below are given some of the particular cases of the theorem which I feel
are worth mentioning.
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TEEOREM 1.1: When u=4, Theorem 1 reduces to one for Laplace
transform as below:

If f(t) and R [e*%g(z):p] € L(0, o), 9(t) € L(O, R), R(}+v) > 0, R(p) > 0,
then

Ry[g(x);ﬁLf(t) 1x]: p] = f FO) L(pr)rk.(px)g() - t] dt. .. (2.2)
0
Further, if we take v = }, the theorem reduces to the following one :

_ TrEOREM 1.2: If f(t), Lg(x):p+t] € L(0, ), 9(93) ¢ I(O, R) and R(p) >0,
then

L[g@) LIf@) : ) : p] = f SO Llg(=) : (p+0)1de. .. .. (23)
0
If we take g(x) = 27277, then since (Erdélyi 1954, p. 145)
Rol(t)ty(wtyr=o"2 : p)

F{i(—optV)} 11vo 0 smvio p |BE—0tp) | p?
2 s prverospovie P |RUTORKL B 2

we get the theorem given by the author (Sharma 1958) in a slightly different
form, namely,

THEOREM 1.3: If f(t) € L(0, ), R(—oc+u+v) >0, R(p) > 0, then
Ralz= "2 R,[1(t) : ] : p]

-0 v ® Av—o
_______F[%(F(f;;i N o- u—apwfo t%-v+af(t)zF1|:2( _Ui“); 1—%’;] dt. (2.5)

THEOREM 1.4: If f(t) € L{0, ©), B(}+p) >0, R(p) >0, RAxptvip) >0,
R(3+v) > 0, then
RalzA"2kp(cx)Rulf(t) : 2] : p]

= z Z 22-4pt v+ 2 (A vt ptp)4-r] 7
I v+ 14-r) T (A4 v+ 2r)cAtatv+2 gig (—vg)

AFv4-2r

Also if f(¢) vanishes exponentially for large £ and f(t) « L(O, R), R(}+u) > 0,
R(A+p—1) >0, R(3+v) > 0, then

R, [\ 2kp(c) Rl f(1) : 2] : )

=5 i P-4p T (A+pdvtp) +7] 7
T L Z rU Tt T3+ p+2ro B+ sin (—pr)

YA+p+vEp)tr o1 [
2F1[ Apt2r ”‘%J jo pefE)d . .. (27)

x f tHuf(t)zpl[W'"”"'“*”)"'T; 1-52] i .. .. (28)
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Proor: If we take g(x) = @*~2k,(cz), then
R, ()i, (2)g(2) : p]

= f (px)*k,(px)(tx)*k,‘(tx)zf\‘Zlcp(cz) dx
0

= (pi)t f A1k, (1) by () () dz
o

_a(pt)t

2 sin (—»7) xf\‘lf,,(pz) w(tx)kp(ca) dz, oo . .. (2.8)

or
(pt)arguz_ngﬁ(_l% f 0 APkl do. e (29)

The integral in (2.8) and (2.9) can be evaluated with the help of the
result given by Bailey (1936). If we take the value of (2.8) in Theorem 1,
we get the result (2.8), while if we use the value of (2.9) we get (2.7).

TreOREM 1.5: If 9(2) € (O, R), R [(at)P~tky(at)2g(2) : p] € L(O, 00), R(}p+p)
> 0, R(p) > 0, then

R, [0(@) 7] = 2
v gr) pl=——
I'{yptp+d)}

The above result is obtained by taking f(t) = #*~! and replacing g(z)
by x’g(x) in Theorem 1,

iR, [zHPk,‘(tz)g(x) ipldi. .. (2.10)

3. Now we illustrate Theorem 1.4 by a suitable example.
If we take

¢ ( CYy e ooy ®@ )
f( ) h 18+2 ﬂl’ R ﬁh %+%P’» i’—%f"’ !
then by virtue of the result (Erdélyi 1953, p. 215)

0
Ay, eu.ylp o—4v, a4 3y, a1,...,a,,)
- nomn nt2
fo Y= h(2y )Gﬂ(xy bl’“.,bq)dy ga;;m( bo - o , (3.2)

valid for 2(m+n) > p+g, |arg | < (m+n—Lip—ig)m, R(—ativ+by) > —1, the
relation

1—b,1—al  I'(a)I'(b)[(c—a)(c~b)
22 — s 1= 2
G22[z o,c—a—b]_ (o) oFifa,b; ¢; 1=2], (3.2)
-and (Erdelyi 1954, p. 422).
" [ TINY: ANTY c1,...,c,)
J. s ( b,,...,b,,)Gfs(B"‘ PR L

- a"le'H”'H" B b]_, “ e —bm, C1s . .. s Cos —Omyls o0 —bq) (33)

atrpts =Q1y .00y —Qy, dl: ey dl: had 7 7S TR "'a'p ,
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" the result (2.6) of Theorem 1.4 gives us, when A is replaced by A+§,
[ o (A5 5

0 ﬂl: L] ﬂs

9A- 3pv+2f
- Z Z ! (v 142r) sin (—var)cA v+

v, =vr=0

Eps v ooy &

A+ v+P A+v—p (8.4)

9 -+, 31:-’-:3&‘)

valid for R(p+c) > 0, 2(m+n) > l+s, RALvEp+2+420) >0,[j=1,2,...,n]
If we start with
2 5 PRCIPR al)
pl: LI ﬁm ’

where m > 1 and |arg a| < (m——l)% , then f() vanishes exponentially and can

Is+2

Gm+2n 2
X (° +7,

fO) =677 (at

be used in (2.7). Using the above value of f(t) in (2.7), we get

x? a1y« +« 5 Op )
dz
da|ip, —%m b, v v vy i

2 Tidtpdvie)+r) J.Ijl P(1~ay+ jp+ 1) Smp?

®
J. :cz\-lk,,(p:c)kp(cx)Gi’;'Jr 2(
0

: P
p-pr=0(p+14+r)'(A4u+2r) .Hl I'(1—b;+4u+7) sin (—pior)
ji=

o ST Qb pkpbn) 4 | p?
S atptvizr 1 At p+2r : |’

valid for I < m+2, |arg a] < (m—I+2) ’2—’ R(Atptvtp) > 0, B(p+c) > 0.

4. TuroreMm 2: If #E#(1) e L(O, R), R(p) = 0, ttf (YR [x-thu(t/z)g(x) : p] €
L(0, ), then

Rv[g(w)ﬂy[f(t): }C] : p] = J: t*f(t)ﬂ,[w‘*kp(;t:) g(x):p] dt. .. (4.1)

Proor: Since

Rofs@irel 105 ):2] = | eyl : (2 hultff @) dh d,

therefore on change of order of integration, which is admissible, we get (4.1).

If we take g(x) = '~ we get the theorem given by Varma (1959), since
the value of Ralz-Hu(t/z)g(z): p] is obtained with the help of the result
(Meijer 1940b)

J. ka_q(st)k“(l/t)ta+q—1 dt = 20+a-3 §-a~¢ G4o (S
0

16 a’ ql %"LJ ) (4'2)

6B
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When we substitute 3 for u or », we get theorems for Laplace transform.
TuroreM 2.1: If f(t) e (0, ), R [e=% g(z) : p] € I(0, o0), R(p) > 0, then

R. [g(z)_i [f(i) :1] ] f f(t)a% e~ g(z) : p] dt. o oo (4.3)
TarEorEM 2.2: If f(2) € L(0, 00), L [e~% g(z) : p] e L(0, oo) R(p) > O then
4 [g(i'):i [f(t) 5] :p] =‘f0 JOLle " glz) pldt. - L (44)

Many more particular cases can be obtained by taking some definite
function for g(x) in the above theorems.

5. Now we illustrate the above theorem by some suitable éxamplés:
Example 1. If we take f(x) = 2" #,(b/z)ko(cx) and g(x) = 2! in
Theorem 2, then by virtue of the relation

G o(xla, b) = 2aie+ok, o (2¢/2), .. .. .. (B1)
and the results (3.4) and (4.2), we get

v, H—1v, §p, ~1}#)

f £ 15y (b/t)eo(ct) G4o(p 2
0

QP+26427 - BpP -1
o Z Z r! I'(p+1+42r) sin (—pm)pPto+2

xGoo(b D2

Hitp+o+v) 47, bl+p+o—1)+7, Hotp+p), Hato—p) 1) —%v\),
2

where R(b) > 0, R(c) > 0, |argp| < 1»; .

Further, if we pub p= 4 = v, write 2I for I and then substitule t—I--}
for ¢ in (5.2), we get

QP+2k+2r ~5,p+2r
f- t""'IICA(b/t)kP(Ct)kZI(Z'\/Pt Z z 1 F(P+27+1) sin(—pw)p”“”
xG“"(”p Hod+k4+r, Jp+k+I4+1)+r do+k—1), Hp+k—I+1, {2, — )

(5.3)
for R(b) > 0, R(c) > 0, R(p) > 0.
Example 2. If we take g(x) = ky(24/az) and f() = " ¥ in (4.1) then by
virtue of the result (5.3), the integral (Erdélyi 1954, p. 418)

© II F(bj+P) HP(].—(ZJ—p)
J’ . 1@"’ ( ap-..,ap)dx____ ji=1 a-?, (5.4)
0

bl’ sy bﬂ H I'( —bj_P) H P(aj+p)
j=m+l
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and the relation (Erdélyi 1954, p. 127)
R,[0-1: p] = 2=+ + Dl Go— b +1), .. .. (5.5)
we have for K(p) > 0, R(a) > 0, R(ptvEtA+1) >0,

f 2k (pa)koN(24/ az) d
0

Hv+at+e+1), Hv+a+p+2) p’)
3v+1), $-+2) ' a?
(5.6)

= > D=t vier+ yp2v=ta-r=r-1py
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