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Classical methods of statistical mechanics of a mechanical system with a finite
number of degrees of freedom have been applied to study the random vibra-
tions of a circular membrane. The two statistico-mechanical models pro-
posed here are based on Poisson process (Part I) and Brownian process
(Part II) respectively. KErgodic property of the latter process has been
proved. Incidentally, an inversion formula for the Hankel-Stieltjes trans-
form has been obtained. Tt is found that the transverse displacement is a
random funetion stationary and almost. periodic in time.,

1. INTRODUCTION

During the past decade or so one finds a series of papers devoted to the
extension of classical statistical mechanics in the realm of continuous media.
Notably, Kampé de Fériet in a series of papers (1951, 1956, 1958, 1960, 1961)
investigated such questions very systematically in a rather broader setting,
since statistical mechanics may be considered, when stripped off its physical
interpretation, as a part of the theory of random solutions of partial differential
equations. Such questions recur in the statistical theory of turbulence
{Birkhoff and Kampé de Fériet 1958).

One may summarize the main features of the classical statistical mechanics
as follows:

{@) Definition of the phase space §2: every state of the system is charac-
terized by a point w €£2, whose 2k co-ordinates are the Lagrangian parameters
91, ¢, - - - & and the conjugate momenta p;, ps, . . . px; thus if E2¥ is 2k-dimen-
sional Euclidean space, 2 c K2k,

(b) Proof of existence and uniqueness theorem for the Hamilton-Jacobi

equations:

dgy _oH dpy oM . =12 .k

Fral A aqJ,H—-H(w), (Gg=1,2,...k).
For a given initial state we®Q the subsequent states Tiw (0 <<t < o) are
completely determined.
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(¢} Definition of & probability measure p on a Borel field of subsets of 2:
the measure p must satisfy the invariance condition under the transformation
Tww.

In the classical statistical mechanics formulated by Gibbs, one assumes
that the initial state is not known exactly, instead one knows the probability
ofwedcQ: ,

prob [we 4] = p(A4).
In the case of continuous media the following two important points present
themselves: ,
(a) The state of a continuous medium cannot be characterized by a
finite number of parameters, but by a finite number of functions.
Thus, the finite dimensional phase space is replaced by a
function space £ suitably restricted.
(B). The law that governs the motion of system is in the form of partial
differential equations. Then one has to solve the initial value
problem, given the probability of initial point we 4, 4 being a
subset of 2.

With these considerations in the background, this paper proposes two
statistico-mechanical models of a vibrating membrane. In Part I, we discuss
the model based on the Poisson process. In this case, the phase space
consists of all functions of bounded variation. £ is even a Banach space
when .suitably normed. In Part II, the basic process is Wiener process.
C‘onsequently, the function space £2 consists of all functions that are continuous
with probability one in any finite interval. This model permits one to prove
‘an ergodic theorem for the velocity. The energy is time-independent, a
consequence of the normal, random velocity function. Both models are
_stationary (weakly) in time.

Partr I

2. FRE®-BOUNDARY PROBLEM OF CIRCULAR MEMBRANE

Consider a circular membrane of very large radius r, 0 <r < +o00. In
what follows only flexural (transverse) vibrations, having circular symmetry,
‘aré discussed. The differential equation governing the transverse displace-
ment of membrane, for polar co-ordinate system, reads as follows:

0% 102 1 0%

oz rar (2 572

where z = z(rr, t) is the transverse displacement of membrane, D and 7' being
the region of membrane and the entire {-axis (— o0 <t < 4 o0) respectively.

in DXT, .. .. .. (@21

The constant ¢ = % , where 7 is tension and p the density. For proper choice
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of units ¢ can be made always equal to unity. Then (2.1) can be written as

0% 10z 02
5,—§+;a—r='aﬁ_ e . .o L) (22)

The two elementary solutions of (2.2) are given by

cos (Af)Jo(Ar) and sin (A1)JSo(X7), .. .. .. (23)
where A is the wave number and Jg(Ar) is the Bessel function of the first
kind of order zero. The solutions are periodic in ¢ of period g/\f . Let

ws(A), =1, 2 be two arbitrary functions of A. TFrom (2.3) we can constrmct
a solution of (2.2) in the form

2r, 1) = f cos (A)Jo(Ar) dw,(,\)-}-J~ sin (A)J (A7) dewg()). .. (24)
0 0

The integrals in (2.4) are to be interpreted as Riemann-Stieltjes integrals.
Tt follows that the initial displacement and velocity are given by

! 2("; 0) =f(7‘) - f ’]0(/\7‘) dwl(A)!

Bt O o G .. .. (25)
10z(r, L _
*‘ = = g(r) = f . M o(Ar) devg(R).

g; , %E R g—j—z and %:—;’ can be obtained from (2.4) by formal

differentiation. For example,

The expressions for

w

gi:= ~ f A sin (A0)7o(Ar) dw,(h)+f A cos (A1) Jo(Ar) dwg(h).
o 0

Definition.—By regular solution of (2.2) we understand those solutions
z(r, t) for which 2(r, t) and its first and second order derivatives with respect
to r and ¢ are continuous.

TarorEM 2.1. If the two functions wy(d) and w,(3) are of bounded
variation in every finite interval
0<a<A<b<+0,and if

2 [ +]
Zf 22| day(\)| <40, (28
0 N

=
then z(r, t) is a regular solution of (2.2) in DxT.
Proor: The proof depends on the continuity and differentiability of

Riemann-Stieltjes integrals containing parameters. We first prove the conti-
nuity of 2(r, t) in r and ¢ (Cramér 1946).
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Let N(tp) be a neighbourhood of ¢, and consider a sequence of instants
{ts} € N(ty) and converging to t,. Then, for ¢, e N(f,), one has

{2(r, tn)| = fo 08 (Aln)J o(Ar) dewy(2)

+ f sin (Ma)Jo(Ar) desg()
0

< f Idwl(h)l+f |dwy(2) ]
0 0
Then it follows that

Lt f [eos (Atn)T o(Ar) dewy(A)+sin (M) To(Ar) dewg(A)]
o

tn =ty

= f [cos (Ate)To(Ar) dewy(X)+sin (Ato)To(Ar) dws(M)] .
Yo
This proves continuity of z(r, t) for t =4¢, Since this property holds for
every open interval on t-axis, it holds for all t e 7.

Similar reasoning for the parameter r proves the continuity of z(r, t) in D.
The continuity of all the derivatives of z(r, ¢), up to and including second order
in (r, t), follows from the hypothesis (2.6), and the argument given above.

3. TaE InvERSION FORMULAE FOR HANKEL-STIELTIES TRANSFORMS

The integrals in (2.5) exhibit the relation between the arbitrary functions
wj(A) and the given functions f(r) and g(r). More precisely, f(r) and g(r)
may be interpreted as Hankel-Stieltjes transforms of the functions wj(A),
j==1, 2. The determination of these functions in terms of f(r) and g(r) is
possible due to the inversion formula given in the following theorem :

THEOREM 3.1. Let w(x) be any arbitrary function of bounded variation

o

in any finite interval [a, b] and such thatf do(r) <4o00.
0
If
s = [ ooy
0
then
w(b+0)+w(b—=0) w(@+0)+w(@—0)
2 2
A
= Lt f {0 1 (bu)—ad(aw) } f(u) du, .. . (3.)
A=+ 0 J g

where a < b,
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If a and b are continuity points of w, then
A
wb)—w(o) = Li f {01 1 (bu)—aT (@n) } f(u) du,
A0 J g

Proor: Consider the integral

I = fA uf(u){ fb xJ y(zu) dx}d'u. .. . .. (3.2)
0 a

Integrating and substituting for f(u)

A * dw(z)
Iy=1"5 fo J1(bu) du f zJ (@) %

0

A a
—af Jy(au) duf xJ o(2u) dw(m),
0 0 x
which further reduces to

I = r duw(z) fbAJl(a)Jo(g a) da
-—fdwx)f )J0 )dﬁ. S (3.3)

Let Lt I, = I. Then using a well-known propertx of Bessel functions, (3.3)

A—> @
may be written as, for A— o0,

w(b40)+w(b—0) _ o(a+0)+w(a—0)
2 2 )

I =

This proves the assertion of the theorem and (3.1) is the inversion formula
for the Hankel-Stieltjes transform.

4. FuNcTioN SPACE AND SEMI-GROUP OF TRANSFORMATIONS

The equations (2.5) and the inversion formula (3.1) express the 1—1
correspondence of the functions w;(A) and the initial given functions f and g.
The same may be expressed as (f, g) @ (w;, wy). Then it seems natural to
associate the phase space of the system with the function space £ defined
by the following relations :

A point w : [wi(A), wa(A)]e R, if

(i) wj(A) are real valued functions defined in 0 <A < + oo forj = 1,

(i) ws(A) are of bounded variation in any finite interval 0 <a < b < + o,
forj=1, 2.
But we wish to consider £ as Banach space, i.e. a normed, linear, vector
space complete in the norm topology. For this purpose, the norm may be
defined as
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| = Zf ldod)]. .. .. .. (4])
d=1v0

It is well known that function spaces with elements as functions of

hounded variation are not separable.

Transformations—The initial displacement and velocity completely
determine the initial state of the membrane. To these initial values corresponds
the unique point w: [w;(A), wy(A)] € 2, defining initial state of the system
in the phase space 2. All the subsequent states of the system may be
obtained from the initial state by the following transformation :

w¥(d) = Tww, wOA) = Tow = [w, .. .. .o (4.2)
de; () cos At sin X |[dwy(d)

e L .. (43
dwy(A) —sin Al cos (M) | | dwo(A)

where dw';(A) is the differential form of the transformation. The transfor-
mations (4.2) or (4.3) form a family of one parameter Abelian groups and have
the group property that
Tips = TiTs.

These transformations are linear and bounded and hence continuous too.
If o' and «" are any two states, then

| Tew' —Th" [} = {| T —") | <Y Tell | ' —o" |- - (44)
This property reflects the continuous dependence of any state at time ¢ on the
initial state. This fact assures us that the problem is ‘well set’ in the sense
of Hadamard. The transformations may be considered as transformations of
2 into itgelf. For fixed weR, Thw, for all {> 0, define a ‘trajectory’ in
the phase space 2.

5. PrOBABILITY MEASURE SPACE (2, p, ¥)

In order to construct statistical mechanies of vibrating membrane, a
probability measure p, on the Banach space 2, should be defined. A prob-
ability measure space is a triple (2, ¥, p), where probability measure u is a
non-negative, completely additive set function defined on o-algebra ¥ of
subsets of 2, and for which pu(2) = 1. This probability measure can be
defined in the following manner :

One supposes that ws(d) are random functions of A for 0 <A<+ 0.
For the sake of definiteness one may take the Poisson process P(A). Then
it is well known that for almost all sample functions (i.e. excluding the
sample functions with probability zero) of the P01sson process P(A) have the
following properties (Doob 1953):

(a) P(A) is monotonic non-decreasing ;
(b) P() increases only in jumps of magnitude +1;
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(c) the sample functions of a ‘separable’ Poisson process are not
continuous ;
(d) the points A, Ag, .. ., Ag, . . . Where the jumps occur are distributed
at random on [0, + o] according to the following law:
Ay Aa—2Ay, Ag—Ag, . . .3 An—Au_y, . . . are independent random
variables, having all of them the same probability law,
prob Ag—2An_y < £ =0 for £ <0 ‘
=1—eé¢ foré>»0n=12,... .. (5.1)
Then it follows that the probability distribution for A, is given by
prob [A, < £]=0 foré <0,
1 (¢ .
=0 18 § . . o .
1)1 fo st~ le=sds for & >0 (5.2)
For the averages of random functions of A, the following formula obtains.
Consider any function F(s)eL [0, oo]. Then the expectation of the nth
event is given by
' T ® F(s)sn1e8 ds
F(Aﬂv) - fﬂ (,"’_1) ! b
then summing up over all events one has

> Fow) = f ® Fis) ds. L. 63
#n=0 0

The following lemmas proved by Kampé de Fériet (1961) will be adapted to
the present discussion of probability measure .

Levma 1. If AQ2) > 0 and A24(A) e L [0, 0], then
' 2
() .-=f ANIPQ) .. e e .. (B4)
0

defines a random function of A with the following properties :
(i) &(}) is a non-decreasing step function,

(i) fo 22 |da()| < + 0.

Proor: Since @&(}) is constant for A, <A <<Anyq and has the jump 4(As)
for A = Ay, (5.4) has the representation

GN= > ADw) - e . (55)
An <A
The number of random points A, Ay, ...in any finite interval on A-axis
being finite with probability one, the sum on the right of (5.5) is almost surely
finite and thus &(}) is a well-determined function of A._ From the hypothesis
on A(}) the assertion (i) follows,
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To prove (ii) one considers

f A2da(p) =f A24Q)P()) = Z AZA(An).-
0 0O

Using the formula (5.3) and the hypothesis on A (A)

Z XA, = f ABANAA < + 0.
[{]

na=1

This implies, from a well-known criterion [1], that

prob l Z AzA(A,,) = f Azda(d) <+ oo] 1.

n=1

This completes the proof of the lemma.

Lemma 2. Let A(A) satisfy the conditions of lemma 1, and let [p,, ps, . - .
Pa, . ..} be a sequence of random variables such that | p, | < 1 for all n. Then
the random function

w(d) = Z AMPa . e L. (5.8)
An < A
has the following properties :

(iii) it is of bounded variation in every finite interval,
(iv) it satisfies the following relation :

f)«z]dw()«)1<+oo... N (- % )
0

Proor: It is evident that w(A) is constant for any A, An_; <A < Ap, le.
the jumps of &(A) and «(A) are the same. Since

z Au(Aa)pn ZA(A,,) = a()),
MnA ,

|w(A)]

w(A) is of bounded variation in every finite interval. Further

f)@]dw(h)]<f Mda(A) < + o0
0 0

by (ii), lemma 1. This proves the lemma.
"The following theorem connects the elements of the Banach space 2
with a pair of arbitrary functions A(}), B(}).

THEOREM 5.1. The random functions ws(}), j = 1, 2 defined by

@)= D {4(a) c05ant+Ba) 008 fa}, .. .. (58)
An <A
@y(N) = Z {AQn) sin ag+B(\y) sin B}, .. .. (5.9)

As A



STATISTICAL MECHANICS OF VIBRATING MEMBRANE 375

where A(X), BQ) > 0, X24(A), A2B()) € L[0, o] ,
and {ap} and {Bs} are two sequences of independent, random variables
uniformly distributed over [0, 2n], an and B, being independent of each other
for all n. Then it follows that

prob [w: (wy, wy) € Q] = 1.

Proor: By the hypotheses on A(}), B(A) and the independence of {ay,}
and {Bn}, all the conditions for the validity of lemmas 1 and 2 and
theorem 2.1 arve satisfied. From this follows the assertion of the theorem.

These considerations give the procedure of constructing a probability
measure space (2, o, p) from the function space £2 of functions of bounded
variations.

6. REPRESENTATION FOR DISPLACEMENT, VELOCITY AND THEIR UORRELATION
. FuncTrions
Defining the random functions wj(d) as given by (5.8) and (5.9), the
displacement z(r, t) in (2.4) can be expressed as follows:
From (5.8) and (5.9),
dawy()) = [A()) cos a4 B()) cos B]
dewg(d) = [A(A) sin «+B()) sin £]
Substituting these in (2.4) and after rearranging the terms, one gets, by
virtue of A(A) and B(A) being step functions of the form (5.6), the following
expression for z(r, £):

0

r, 1) = Z JoOar)[A(An) 08 (Anf—an)+B(Ag) 008 (Ani—Bn)]- .. (6.1)
We assert that .

THEOREM 6.1. 2(r, f) is a random function stationary in time. Almost
all samples are regular solutions which are almost periodic functions of ¢.

" Proor: Evidently the conditions on 4(x) and B()) in theorem 5.1,
combined with the formula (5.3), lead to the fact that
A TP E— (6.2)
Z A [AGn)+B(As)] <+ 0. . .- .- (6
n=1
Hence the series (6.1) converges absolutely and uniformly with probability
one.*

* We use the following criterion for almost sure convergence :
If Xy, X5,...Xn...are independent random variables such that

2’ lxﬂ‘<+wy

#a=1

then prob[ f‘ Xn < —‘i-oo]zl.

LR
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Since any uniformly convergent series of eontinuous functions converges to
a continuous function, z(r, t) must be continuous in r and tin DX 7. Almost- .
periodicity in ¢ (in the sense of Bohr) of z(r, t) follows from the fact that different
terms of the series (6.1) have different periods. -

To prove the second assertion regarding the stationarity of z(r, t) in ¢,
one knows that the statistical average of 2(r, t) is zero, i.e.

Z(r, 1) =0, .e . . .. (6.3)
gince

€08 0y = 8in uy = 08 Bp = sin B, = 0.

For any two arbitrary points (+, ¢’) and (r”, t"), the covariance is given by

o]

Ar, Da(r, 1) = f JoM" )T o(Ar") X [A2(A)+BE(A)] cos (' —t") dA.  (6.4)
0

The covariance depends only on (#'—t"), therefore any translation in time
does not change the covariance function. This translation invariance of
covariance function proves stationarity (weak) of 2(r, t).

Differentiating formally the expression for z(r, ¢) in (6.1), one obtains
the representation for velocity

> —dndo(ar)A(As) sin Ai—oa)+B() sin Ont—aa)).  (6.5)

n=1

0z(r, t) _
ot

With the hypothesis on A(A) and B(A) as in theorem 5.1, one can prove,
following the proof given for theorem 6.1, the following theorem:

TerorEM 6.2. The velocity U(r, ) is a continuous function of r and
for (r, t) e DX T; almost periodic and stationary in £.

Pawr 11

7. SoMme PrReLIMINARIES OF WIENER-LEVY Ranpom Fuwnorions

Interpretation of the integral in (2.4) in Part 1 as Riemann-Stieltjes
integral leads one naturally to the phase space £, the space of functions of
bounded variation wy(?), satisfying (4.1). But other function spaces may be
introduced by another interpretation of :(2.4). In this part, we construct
a statistical model corresponding to a phase space £2, a space of continuous
functions wj;(A). The probability measure p on this function space is the
measure introduced by Wiener (1923).  For any set of » points ry, rg, .. ., 7
and a set of instants (3, fg, . ..%s), the corresponding velocities U(ry, #),
U(rg, tg) ... U(ra, ts), and the curvatures at these points for the times follow
& 2n-variate normal law. '
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We recapitulate the main properties of the Wiener-Lévy random functions
W(A) (Kampé de Fériet 1961),

(@) W(0) = 0, |
(0) for A > 0, W(2) is a normal random variable with inean W) = 0, and

variance W) = A, :
(¢) for Ay > Ay > 0, W(dy) — W(}y) is a normal random variable (N.R.V.),

such that

[W(2)— W(A1)]2 = Ae—A,
(d) WOW() =1 for0<A<p '
=p foro< <A,
(©) HOKA <<z <Agee-- < Aznoy < Azn
W) =W, -+ v s Wiken) = W(kzn-1),
are independent N.R.V.,

(f) on every finite interval [0, ] almost all samples of W(A) are continuous,
(9) on every finite interval [0, ¢] almost all samples are not of bounded

variation,
(k) for a > } and for almost all samples
lim W) _ 0
Ao E T

The regular solutions of (2.1) will be expressed in the form of integrals of the
type '
pr, 1) = '[ F, 7, ) AW ). I ¢ 5 0
0

This integral cannot b'e considered as Riemann-Stieltjes or Lebesgue-
Stieltjes integral because W(A) is not of bounded variation with probability
one. In the usual interpretation of (7.1) (Loeve 1955, Doob 1953), the
function p(r, ) is continuous and differentiable only in the quadratic mean.
As we are interested in the continuity and differentiability of p for almost
all samples, we follow the interpretation of (7.1) given by Kampé de Fériet
(1961).

Suppose that any arbitrary function f(d) satisfies the following conditions:

(i) f(2) is absolutely continuous in every finite interval [a, ],
(i) fA) = 0(a~%) for a > 1,
(i) %73 « LA[0, eo],
then we have, by partial integration of (7.1), using (a) and (), the following
expression for p:

1)(7~,t)=~f:f’(A)W(z\)dA, ('E;;\), X
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which exists as Lebesgue integral with probability one. Then we have the
equality

ff(A)dW()):——f SOWNEA .. .. .. (13
[\ 0

This formal equality will have meaning only when one shows that the integral

on the right retains all the statistical properties of the left integral. From

the property (#) of W(A),
LIPS

The existence of p, as represented by (7.2), depends on the existence of the
integral

f A%(A) 4.
N
But

X @K

f XN dd = | A% f)] ——atf X1 F() d,
N N

Due to the hypothesis (ii) the first term on the right of the above equation is
finite. By Schwartz inequality,

J-Z/\“‘lf(h)dz\< ”:Xlid,\]i_ U: {Aa~f()\)}2d)\]’}<+oo.

Thus we see that the random variable p is well defined by (7.2) for almost
all samples of W(A).
The random variable p is normal with mean and variance given by

=~ f FOFR) () =0,
1]

P = f f2(2) da.
0
We consider the following expression for p(r, t):
p(r 1) = f cos QoSN AW(A). .. .. .. (14)
0

Icet ¢()) satisfy the following conditions:

(a) ¢(A) is absolutely continuous for every [0, a],

() $(3) = 0A-%=1), x> 0, « > ,

(€) A*+1g(A) e L2[0, 0]
Since cos (A)J4(Ar) and sin (Af)Jy(Ar) are bounded by one in absolute value,
it is evident, by the conditions (a), (b) and (c) on ¢(}), that the integral (7.4) is
defined by the formuls (7.3).



STATISTICAL MECHANICS OF VIBRATING MEMBRANE 379

Definition.—A function f(x) is said to be normal random function (N.R.F.)
if for any arbitrary set of points ;, # . . . 5 the values of f(z;), f(xz), . . . f(%s)
follow n-variate normal law.

Lesma 3. If #() satisfies the conditions (a), (b) and (c) given above,
then p(r, t) is a NR.F. of (r, t) e DX T.

Proor: Consider a set of n space-time points (rq, ), (*2, &2), - - - (¥n, tn).
Then the n variables p(ry, 1), P(*e, t2), - « -2("n, s) are all NNR.V. But any
linear combination of p(r¢, &) = P,

P = ayp1+agpe+t ... +05Pn

is again a N.R.V. This implies from a well-known theorem of P. Lévy that
py follow a n-variate normal law. This proves the assertion in the lemma.

8. REPRESENTATION FOR DISPLACEMENT VELOCITY AND
THEIR CORRELATIONS

To construct a statistical model based on Wiener process or Brownian
motion process of vibrating membrane, we take two independent ‘copies’
Wi(d) and Wy(d) of the Wiener-Lévy random functions with the properties :

aWya) =0, .. .. - .. .. .. (8.1
AW (A)dWr()) = dudA (34 Kronecker delta) .. .. (8.2
AW,X)dWr(A") =0, A" F£A" .o .. .. .. (83)

Let A(d) and B(d) be any two non-negative arbitrary functions subject to
the following conditions:

(a*) A(X), B(A) are absolutely continuous in every finite (a, b).
(5*) A(A), B(A) =0(A~*"1), A— 0, a> 4.
(c*) A%+14(}), A%+1B(A) e L2 [0, co].
Now one defines the functions wy(A) introduced in (2.4) of Part I by
dwy(A) = AdW1(A)+BdWo(A) .. . .. (8.4)
dwy(A) = —BdW,(A)+4dWe(A). .. .. .. (8.8)

Substituting for the functions ws(@) in (2.4) from the above equations, the
displacement z(r, t) can be expressed as

2(r, t) = J. 008 ()T o(Ar)[AdW 1+ BAW,]
0 B

+ f sin (M) o(Ar)[AGW p—Bd W], e .. (8.8)
0



380 N. E. JOSHI

Then the following theorem for z(r, £} holds:

TaeoreM 8.1. For almost all sample pairs the displacement z(r, £),
(r, tye DX T given by (8.6) is a solution of (2.1).

Proor: The proof is an easy consequence of the conditions (a*), (b*)
and (c*) and lemma 3.

A similar theorem holds for the velocity as well and will not be proved
here. Instead we prove the following theorem for velocity:

TrEoREM 8.2. The velocity U(r, ) given by

[=¢]

Ulr,t) = f M o(Ar)A(N)[cos At AWy —sin At d W]
0

- f Mo(A)B(N[cos At dWy+sin A dWs] .. .. (8.7)
4]

is a N.R.¥. of (7, t) e DX T stationary in time.

Proor: Again application of lemma 3 proves the first assertion. To prove
the stationarity one has to calculate the moments.
Let U(ry, t;) = U;, then the mean

@

Uy = f Mo(Arg) A(M)[cos My AW ,—sin Aty d 4]
-0

- J. Mo(Ar)B(A)[cos Aty dW 1 +sin Aty dW,]
4]

=0. e e 88

The covariance of Uy and Uy is given by

w

U;05 = J. AT ()T ore) €08 Aty —tk)[A2)+B2A) dA. .. (8.9)
4]

Since covariance depends only on #;—ig, the stationarity of velocity in time
follows. .
In particular the variance

U= J. A2T2(Ar)[A2(X)+B2())] da. ce .. (8.10)
0

The mean total energy of any region of membrane bounded by radii
o < r < b may be calculated as follows:

The energy E(a, b) is given by

E’=§J:ﬂdﬂjj[(g§)z+(%)z]rdr A X § )

7B
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Averaging this we have

E(@, b) = ﬂf: [@2+ (%Ejz]rdr.

Substituting for the velocity and curvature (which can be easily calculated)
in the above equation and after simplification, one obtains

E=x f [Ae(,\)+BZ(A)]A2{b2(J§(,\b)+Jf(/\b)—,\bJoJ,)
1]

—a2(J§(/\a)+Jf(Aa)—AaJo(Aa)J1(Aa)} .. .. .. (812

For a = 0, this reduces to

b

2(0,b) = =b? f L4200 +B2(N)] [JZ(Ab) + TXb) —AbT o1 ] dA.
1]

Time independence of mean total in any finite region is a consequence of
stationarity of the velocity and curvature.

9. Ercopic BEHAVIOUR OF THE SYSTEM

In any statistico-mechanical discussion of a dynamical system one has
to consider two types of averages: (i) time averages, (ii) ensemble or statistical
averages. In general these two averages are not equal. Theoretical ensemble
averages are easier to calculate, whereas in practice what one observes is the
evolution of the system in time, that is to say, the time averages. It is well
known that these two averages are linked by ergodic property of the system.
A system is ergodic if the time average is equal to ensemble average. But in
deciding whether a system is ergodic, one has to prove the ‘ metric transitivity’
of the system, which again is a difficult problem. But in some special circum-
stances it is comparatively easier. In proving an ergodic theorem for velocity
we avail ourselves of a theorem by Maruyama (1949). It states: ‘For a
normal stationary random function the metric transitivity follows from the
continuity of the spectrum.’

We prove

TrerorEM 9.1. The stationary random velocity function Uf(r, £) is metri-
cally transitive with respect to time.

Proor: From the equation (8.9), we have
0
Ttr, ) U(r, ) = f A2T2(xr) 008 Ally~ik)[A2() + B2(N)] da. . (0.1)
0

This shows that the velocity has absolutely continuous spectrum with respect
to time. Then from Maruyama’s theorem metric transitivity follows.



382 JOSHI: STATISTICAL MECHANICS OF VIBRATING MEMBRANE

Now let ¢(a) be any Borel measurable function defined in —© < a < .
For each fixed (r, t) ¢ DXT, U(r, t) is an independent N.R.V. Thus by
definition

¢7(7£)=‘/_ﬂ; dea, ce e (9.9

where

ot = T T) = f XA+ B

As a consequence of the above theorem, we have the ergodic property for the
velocity.

TuroreM 9.2. If the integral (9.2) exists (as a Lebesgue integral), then
for almost all samples time averages exist and are equal to phase averages,
that is,

HU) = T‘_“:‘wa EYUAY e (93)
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