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In a complex two-dimensional non-analytic manifold Sp & special (uni.
modular) complex trensformation scheme with regard to ‘spinors’ has been

framed, A mixed spinor Hf’ undergoing this transformation is then shown
to be associated with a vector h, undergoing an induced Lorentz trans-

formation in a de Sitter space. One thus obtains the representation of the
five-dimensional Lorentz transformation in terms of the complex spinor
transformation coefficients. An allied representation by means of real
transformation coefficients has also been obtained on replacing the complex

mixed spinor H::' in Sg by an ‘equivalent’ real mixed tensor Af in the

auxiliary four-space Rg4.

1. In a recent paper (Ghosh 1962), hereinafter referred to as I, a new
generalized theory has been developed in a non-analytic complex two-dimen-
sional manifold S, having an auxiliary real four-space R, associated with it.
It has been shown that a general Lorentz transformation in the R, induces a
‘ Minkowskian’ spinor transformation in S; with (1-1) correspondence, the
coefficients of the respective transformations being linearly connected. The
object of the present paper is to obtain a spinor representation of the five-
dimensional Lorentz transformation in a de Sitter space by utilizing the
transformation coefficients of a unimodular spinor transformation defined
in the complex non-analytic manifold Sg. It is further shown that on going
over to the induced real transformation scheme in the R, which corresponds
to the unimodular non-analytic spinor transformation in S, one can obtain
an allied representation of the same five-dimensional Lorentz transformation.

2. RBtarting with the set of general real transformation equations in R,
from coordinates zr to 7 and vice versa

z'" = ¢"(x0, x1, 22, 3)
(r=0,1,2,3), .. .. (21
x = ¢TIz, 21, 2’2, x'8)
which also effects a non-analytic transformation in S, of the system of complex
coordinates X#(X1 = 204423, X2 = x1442?) into the system X'# and reciprocally
from X’#* to X*#, one obtaings (Ghosh 1962) the relevant coefficients of the
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non-analytic general spinof transformation in the following transformation
formulae of the coordinate differentials :

dX' = (£, X'W)dX*

’ @r=1219, .. .. @292
dX* = (£, X")dX"™

where
g .0 g .0
=3 (556 ) = %(é‘ﬁ ~izms)
a ‘dot’ indicating that the complex conjugate is to be taken while a ‘dash’
refers to the system X'¢,

To define the unimodular non-analytic spinor transformation we introduce
an elementary covariant spinor ¥, in S, with 16 components

Yu=ve=0 y=—yva=1"7%y =0,

,B=12 e 2.3
Yaf = ©ONj YaB, Vo4 = conjYeg =0 (e £ ) (2:3)

and postulate that under this special transformation it remains invariant, i.e.

T =Ye=0, V,=-Y=1 Yep = 0,

’ ) ’ . (ay 18 = 1: 2) A (2'4)
Vg = COMIYop, Vg = CONj YVgp = 0.
Referring to the transformation formula (I, 2.7) we have then
Vo = VapEXNEXP), (0, B v=1,2,1,9). .. .. (25)

Making use of (2.3, 4) we obtain from the above the set of conditions for a
unimodular non-analytic spinor transformation as follows:

’ 1 ’ 2 — ’ 2 ’ 1 s > ’ 2 - ’ ’ H — . — —_

(E[LX ) (EVX ) (fy.X ) (EVX ) +(fp.Xl) (pr ) (fy.Xﬁ) (val) =1, if B = L,v=2,
=0,ifu=1, v=2,
=0,ifu=1,v=1,
=0, ifp:?, ve==2.

(2.6)

Utilizing the identical relations (I, 2.5)

(EX")(6,X%) =5
(EX")EXH) =0
we can express (2.5) in the form
Vi(E6X") = ¥,(£,X"). L (28)
Substituting for the ¥’s from (2.3, 4) in the above we obtain the relations
EX1=8X"2 X0 = —£ X2 X1 = —£X, £,X2 = £,X1,
£ = X0 X = —fX2 X = ~ X1 £XE= X0, L. (29)

r=12172), .. .. .27
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in which a contravariant coefficient is expressed as a covariant coefficient.
Denoting the coefficients
£XL X2 X1, X2 by «, 8,7 8 and £XI, £X2 ¢ Xi, ¢ x?

by A, u, v, o respectively and substituting these in conjunction with (2.9)
in the identical relations (2.7) expressed in matrix form we get

« B A1 8 —B & —4 1 000

Y & v o —Y o —d 01

Loy PooA 00 .. (2.10)
Aoe B N 0 01 0

ORI - A=} & 0 0 01

which is equivalent to the set of conditions (2.6). Interchanging the order
of the matrices in (2.10) we get an alternative set of conditions for unimodular
non-analytic spinor transformations (Goto 1950).

To verify directly the group property possessed by these transformations
one may consider the transformation equations

(EpX™*)(6,X"7) = £gX"%,
(EX™)(E,X%) = £pX™, -3

for the product of two transformations. The resulting transformation coeffi-
cients will be found to satisfy the typical relations (2.9) for a unimodular
non-analytic spinor transformation when relevant substitutions from (2.9)
are made in the members of the product.

Let us now introduce the associated contravariant spinor ¥* defined by
the components

Y= y22 == O, Y12 = —y21 = |, .yciﬁ =0,

Vi = conj ¥, yef = conj ¥# = 0, .- . o (2.12)
with the transformation equation given by (I, 2.6),
Y = yoB(£,X7H)(6,X"). L (213)

Then by virtue of the above conditions this will also remain invariant under
unimodular non-analytic spinor transformation.

The spinors ¥, 7,, will be used as metric spinors in 8,. Raising and
lowering of indices may be performed under the scheme
VG =Y, =4,
where
g Y/ — s
PY="", =8, .. .. .. .. (214
3. We shall next consider the spinor representation of the Lorentz
transformation in the five-dimensional space with coordinates kg, %y, kg, hs, by
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characterized by the invariance of AZ+h2+ hg-—kg-—ki. Observing that
(—B2—h3—h5-+hi+R.)" is the value of the determinant (Goto 1950)

by 0 hy+iky  hg+ho
0 hy hs—hy  ~hy+ihg
: (3.1)
—hy+ihy —(hoths) —hy 0
ho—'h3 h1+’£7l2 (7] “‘7L4
we construct the mixed spinor HY, having components
H:=H=ihy, Hy=H;=0, '
H = ily—hg Hy = i(hg+ho), H} = i(ks—ho), H = —ihy~hy, .. (3.2)

BB
The special structure of the mixed spinor HY as defined above can be expressed

Hg — conj H, H® = conj Hya, f=1,2)

by the equation

By, =H. N X))
If we apply the rule (2.14) of raising and lowering indices, (3.3) shows that
H" has to be constructed by means of a pair of spinors ¢* ¢, in accordance

with the scheme .
HY =ylg =™, .. .. .. .. (34

This special form leads to the relations
1 2 1 1 1 i
H1= Hz, H2= —-H2 =0, Hi = Hg, H; = _Hé,
H=-H=0,B=-H H=H, .. .. . (35

as contained in (3.2).
It may be noted that a mixed spinor of the form

) =+,
cannot have the structure (3.5).
k
Let us now introduce a set of spin-tensors 7 % (k=0,1, 2,3, 4), defined

by the following sets of non-vanishing components:
0 . 0 A o 7
T2=Z, 17 1= —1, T2=-—2, T1=z,

1 1 1, 1
Ti=i, Ti=—i, Ti=—i Ti=],
2 2 2 2

1 2 i
Ti=T;=Ti=ri= -1, . .. (3.6)

'3 3 3. 3
Ti=i, Ti=i Ti=—i T'l{= -

4 4 4, 4
1_ . m2__ . i mé_ -
Ti=i, Ti=i Ti=—i, Tj=~i
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The relations (3.2) can then be represented by
k
H§=T By (£=0,1,2,3,4). .. .. o8
To invert (3.7) we define inverse spin-tensors‘T:ﬂ given by
i I
gleg=T%ﬂ’ nggﬂ=T§, .o v .. (38)
grt, g% denoting tensors with the non-vanishing components

grn=g1=1,gop =02 =1,g35=98 = 1,0y =9¢0= -1, g =g = —1. (3.9)

Thus, we write

dhy = TrgHB@. f=1,2,1,2). .. .. .. (3.10)
It is easily verified that :
: k
TETE =48 .. .. .. .. (@31))
Further we notice
k k
T Bywyg=1TH . L. L0 (312

Let H! undergo a unimodular non-analytic spinor transformation, then by
formula (I, 2.8) we have

Bt =Haxs)(exs), .. . . 313)

where the coefficients of transformation satisfy (2.6, 9).
Referring to (3.3) and making use of (2.8) in conjunction with the associated
formula
Y'FV(§;Xﬂ) = y“ﬂ(faX '.U)
we obtain
Hiyry,,=H®, .. .. .. .. (314

which shows that the structure of HY will be preserved after the unimodular
non-analytic spinor transformation.
Following (3.7, 10) we can therefore write

/ ko oyt ’ ,
Hy =TFh, 4h=TpHL. .. .. .. (315
Consider now the invariant corresponding to H} in S,
v rTh
H.HY.

Using (3.7, 8) this can be expressed in terms of % as
Ag¥%hy. .. .. . e .. (3.16)
Hence we remark when H* undergoes a unimodular non-analytic spinor

transformation the induced real transformation’tra,nsforming hy into h; will
be a five-dimensional Lorentz transformation leaving g**hih; invariant.
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Let us write
by = ahy, .. .. .. .. .. (8.17)

a’s denoting the coefficients of the five-dimensional Lorentz transformation.
- Substituting from (3.13) and (3.7) in the second equation of (3.15) we then
obtain

T, P gt
o, =y Th(EX)EXE) .. .. .. (318)

which expresses the Lorentz coefficients in terms of the spinor coefficients
satisfying the conditions (2.9, 10). We give below the values of the coefficients

1. .
a, in matrix form:

1
]

0 0 0 o0 0
@y @y Gy a3 @
11 1 11
Gy ay @ Gy a4,
2 2 92 2 g
Gy @ @ 03 &
5 8 3 3 3
a, @, @, @ a
4 4 4 4 4
a @ a4, % 4, |
T & oy P —x —v ]
. B s B —B —o
« £ ¥ & ) g ¥ 0 y & —ia ¥
B a & Y g N9 v , .
s p - 5§ &

=31 B —ix @8 —iy g —i} & —ip
[—u B —y 8 —=) p—b o

B A—a v—p &—p || THTO o

. (3.19
l —A —v wo A Y ( )

—_y = A =y —x

| —0 —k —ip —a -B

Putting A = p =» == 0 = 0 in (3.19) we notice that all a’s with index 4 except
a: vanish. This will yield the representation of proper Lorentz transformation
in a 4-space associated with an analytic S8,. On the other hand, if we put
«=f=7=28=0 we can derive from the above the representation of the
improper Lorentz transformation.

We proceed next to consider the connection between the spinor and the
Lorentz infinitesimal transformations. The relations (3.10, 15) yield

Shy = 3TESH(k=0,1,2,3,4), .. e (3.20)
where 8H§ is the infinitesimal change in the spinor H g given by (I, 4.5).
8Hg = e[ Hy(¢pF™) — Hy(£pF*) J(< small) .. .. (321)



SPINOR REPRESENTATION OF FIVE-DIMENSIONAL LORENTZ TRANSFORMATION 389

and 8k denotes the induced infinitesimal change in h; expressed as
Shy = wihy. N X35
Referring to infinitesimal transformation equations (I, 4.1)
" =z efr (20, a1, 22, 28)(r = 0, 1, 2, 3) .. .. (3.23)
the spinor transformation coefficients are expressed as
E XM =8 eb F', £ X'B = e FA,
£ XP = S—ef F¥,  EXP= —cf FE, .. .. (3.24)

where
=fO+4ifs. F2=flyif2.

In the above the infinitesimal transformation coefficients satisfy the conditions
of unimodularity, namely

—61F = 6B — £ = &, §F = & FL £ 12 = 6FF, L (3.25)

which follow from (2.9) and (3.24).
From (3.20) we then obtain

W=7 fu[Tppr“ ¢ 7 (320)

The computed values of wz are written as follows:

1 2 3 4
o = w =w,,=wg=w4=0,

o) = w? ‘“[lez—ngl—s Fi46,F1,
wy = wy = e[ £1F1+£;F1],
wg = —wg = e[szi—fl.Fé],

wy=—oh = —ie[EF1-EFT, 0 L0 L0 L0 . (327)

wy = —w; = '[§1F2—52F1+EF2 —&,F1),

h = o = —e[EaP 1),

2
w

f= ) = S (0B ol — i — 4,1,

w} =—ie[¢ Fi—gF1],

= —e[beF1+£,F%).

= ot
=
= ot
=@y =

w3
4
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4. Let us now frame the particular transformation scheme in the real
four-space R, which is associated with the unimodular non-analytic spinor
transformation in S,. If Cp, denote the. tensor in R, correspondmg t0 Y
then by applying the formula (I, 3.10) we have

Cpg = y#,,Squ(,u, v=1,21,9), . .. .. .. 4])
where S‘; is & spin-tensor with non-vanishing components
S=1,81=1,8=1 =1 =i 8= —i, Si=i, Si=~i. .. @42

The non-vanishing components of Cp; are then
Cor =2, Ojg= —2, Cog =2, (39 =2, . .. (4.3)

Inverting (4.1) we get
Vo = OMTﬁTg(p, 9=0,1,23), .. .. .o (49)

where Tﬁ is the spin-tensor with non-vanishing components

72l 0 1 1 2 i m2 b 3 /13_; 45
I'=3}Ti=4} T,=4 T5=4T,= — 5 T =3 T1=—§, fi—-é- {4.5)
Referring to the general transformation equations in R, (2.1) the transformation
equation of Uy, is given by

’ ., 0xP Oz

C =0C

o= Cpgarnamlr s =0,1,2.3). .. Co L (46):

If we now postulate the invariance of Cp, under a special transformation
scheme in R, we obtain what may be called a unimodular real tensor trans-
formation in R, which corresponds to the unimodular non-analytic spinor
transformation in S;. The conditions which the transformation coefficients
must satisfy can be expressed in the following matrix form :

@61 ©-0 O —(i’)] 1000

GOOO-0 0-0 O |oroo|

© 06 6 G -6 6 ~6 0010}

looooll-o 0-0 of oo
where we have used the notation (f) to denote 9x?/dxz'7. The associated
contravariant tensor C'7¢ will have non-vanishing components

Col=} C10= —} (2=} (82=—], .. oo (4.8)

- (4.7

It may be noted here that the contravariant and covariant coefficients are
connected by the relations
ox'e oxzr

o = Ol 0 . .. (49
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Explicitly written the conditions of unimodularity contained in (4.7) are as
follows:

() +Gs) =1L G)+Gs) =0, G)+Gs) =0,
©+G) =0 G)+G) =0, )+ =1 .. .. (410

where the symbol (f Sq) denotes

oxr? 0Ox9 OxP 0x¢

ErrRic it R o IR .. (411)

Equivalent to the above we have the set of conditions

(ef5) -2 (22 o )+ o

01\ , (23 01\ , (23 01) , (23
(12)+(12) =0 (13)"‘(13) =0 (23)"'(23) =1 - (412)

By combining a pair of relations of the type (4.9) one can verify that a set of
unimodular tensor transformations will possess group property.

Next, we construct the mixed tensor Af which corresponds to the mixed
spinor HY as defined in (3.2). First we observe that the structural equation
of A? is given by '

. b, s
APCreCpe =4, .. .. L L (413)

which corresponds to (3.3). The above yields
0 1 42 8 40 3 42 1
Ay=A4;, A, =45, 4, =47, 4;= 45,
1 8,2 0 40 1 2 8
Al= —a? A%= 4, A=al=0, A2=43=0. .. (414

Now A? will be conmected with H" by means of the equation (I, 3.10)

Al = HYTLS,. R % [
Since by (3.7)
HE = TR,
the above yields
A? = kaTﬁthk. N ¢ 8 1))

The compound spin-tensors defined by

kp k
Tt =TS



392 N. N. GHOSH

are expressed below in matrix form:

e[ 001 014 _f0 0 0172 [~1 000
! 000 =1} ° 0 0—-10[ ~ 0—-100
—-100 O 0-1 00 0 010
010 0}, 1 0 00} 0 001}],

g _[0010] 4% _[00 0 -1

! 0001 ! 00 ~1 0

. (4.17)
1000 01 0 0
0100], 10 0 0

The above matrices will be found to satisfy the structural relations (4.13).
They, however, belong to the set of 16 E-matrices introduced by Eddington
(1936).
Writing (4.16) as
AP = 1", R 7 1)
and making use of (4.17) we get
AS = —hg, A2 = hg, A = hytho, AL = hg—ho, AL = —~(hge+hy), A% = hy—hy.

Inverting the above we have

dhy = T, AL, e (419

which is analogous to (3.10). The spin-tensors T;p are connected with the
spin-tensors (4.17) by means of the relation

i
Tkp=glej>' ‘e . .o ‘e (4.20)

Let the mixed tensor 47 undergo a unimodular tensor transformation given
by
- g ox'q  Oxr

A=A . (4.21)

then, in view of (3.14), we remark that the structural relation (4.13) will be
preserved after transformation. Thus, we can write

. -
A? =T, e e e (422)
hy=3T0,47. . L L L (423)

Putting h, = a;%; and using (4.21) and (4.18) we obtain

I ox'T oxd

?
=TT 1 %m o8 az'l"

. (4.24)
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analogous in form to (3.18). The coefficients of transformation in (4.24)

satisfy the conditions (4.7, 9). Evaluating (4.24) the results may be expressed
in the following symbolic matrix form:

o [(03, 12)(13, 02)(01, 32)(12, 30)(02, 31)

(] = (03, 12)(13, 02)(01, 32)(12, 30)(02, 31)

To obtain the (I, k)th element in the matrix on the left we take the (I4-1)th

element from the first row and (441)th element from the second row in [ ]

](k, 1=0,1,2,3,4). (4.25)

on the right and construct the symbol like (Zr)sq 300

3

(€§)+(ﬁ)+(z)+(z) c e (4.26)

) which means the sum

where (f Sq) stands for

(f ) denoting dz?/ox'".

The coefficients a;, as expressed in (4.25) will satisfy the Lorentz condition
gilaya; = gmn(k, I, m,n =0, 1, 2, 3, 4). .. .. (4.27)
This can be seen by considering the invariant
AfA;(p, r=0,1,23).. .. . .. (4.28)

which corresponds to the mixed tensor 47 in R, undergoing the unimodular
tensor transformation.
Now, by (4.14) the invariant (4.28) can be written as

4(AA+ A4+ 4743 ce e (429)
which in terms of ki becomes
ARIHREHRE—RE—RZ). .. .. .. .. (4.30)

Hence under the induced five-dimensional transformation which %z undergoes
we must have

gklh;h; = g¥lhghy
whence (4.27) follows.

To find the connection between the infinitesimal transformations corre-
sponding to unimodular tensor transformation in R, and the five-dimensional
Lorentz transformation, we revert to the relations (3.27) in conjunction with
the conditions of unimodularity (3.25) and express them in real terms involving
the coefficients of real infinitesimal transformations.
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