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Exact wave solutions of the Hinstein-Rosen cylindrically symmetric space-
time corresponding to the field equations of Lichnerowicz’s ‘total radiation’
are derived. Three solutions describing different physical situations are
considered. The first solution describes a universe filled with Lichnerowicz’s
waves, The second and third solutions describe space-times filled with
Lichnerowicz’s waves going respectively into static empty space-time and
Weber-Wheeler’s gravitational pulse waves over a sharp boundary. Physi-
cally, the solutions are interpreted as representing fluid distributions of
photons with null geodesics as world lines of flow.

1. INTRODUCTION

The Riemann curvature tensor plays the most fundamental part in
Einstein’s theory of gravitation; non-vanishing of at least one of its components
at a point indicating the presence of the gravitational field at that point.
The algebraic and differential properties of this tensor have been studied in
great detail by several authors with a view to characterize wave fields in
general relativity. Following Lichnerowicz (1960) whenever discontinuities
occur in the Riemann curvature tensor Ry, jz across a null hypersurface of a
Riemannian four space we say that a wave is being propagated with the
fundamental velocity along the null geodesics and at every point of the wave
zone there exists a null vector wf such that

(L.1) 1Ry, s+ onBap, e+ o Bip, s = 0,
(1.2) ‘ W Rpg, g = 0.

From (1.1) and (1.2) it follows that

(L3) Rl = 1wy,

where 7 is a scalar. Lichnerowicz defines this as a state of ‘total radiation’
and when = 0 one gets pure gravitational radiation. The problem of pure
gravitational waves with cylindrical symmetry has been discussed by several
authors in particular by Einstein and Rosen (1937), Rosen (1954, 1955),
Bonner (1957), Weber and Wheeler (1957) and Marder (1958). But the
more general waves given by (1.3) (r £ 0) which are distinct from pure gravi-
tational waves do riot seem to have attracted much attention. In the present
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paper we propose to derive certain solutions of the geometrical equation
(1.3) when 73 0 for the well-known Einstein-Rosen (1937) cylindrically
symmetric space-time and later an attempt is made to give a physical inter-
pretation of these solutions.

2., Tue METRIC ForM AND THE F1ELD EQUATIONS

We take the same metric form, as that used by Einstein and Rosen (1937),
which in cylindrical polar coordinates 7, ¢, z and time ¢ may be expressed as

(2.1) ds? = 2~ H(d12—dr?)—r2e~Wdp2—eMdz2,
where ¥ and s are functions of » and ¢ only. The non-zero components of the
contracted curvature tensor obtained from (2.1) are

7
Ri = 62‘//-27(——)’,1+'}'44+'/’11"¢44"2¢f+ 1-:--l‘bl) ’

R; = _Rg = "’2'#_2"(‘/’11 +—¢;1 —9[’44) )
2.2)

g
R: = 62"l"zy(—'}'11'|'7'44‘|'‘»[’11—'/’4,4'|'2l/’i'|'l/j—'-—l " 1) )

R =~R = 62¢_2Y(2¢1¢4" '%) .

Here and in what follows the subscripts 1 and 4 after ¥ and ¢ represent partial
differentiation with respect to » and ¢ respectively.

If the direction of propagation of the wave is the r-direction we have here
w? = w8 =0, ol = wt and therefore from (1.3) and (2.1), we get the field
equations

R1+R: =0,
1

(2.3) RI4+R, =0,
2 3

R2 = R3 == 0.

Making use of the expressions for R} given in (2.2), the relations (2.3) give
the three differential equations

24) ut —g =0,
(2.5) Y14+Ye—r(r1+¥)2 =0,
(2.6) i —744+¢§—'/’Z =0.

So we have three equations for the determination of two unknowns 4 and ¥
and one ean easily verify that they are all consistent. Therefore we drop
(2.6) and solve the remaining two equations for ¢ and 7.

1B
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It is worth pointing out here that in the case of pure gravitational waves
(2.4) and (2.6) remain the same while (2.5) decomposes into two equations
(2.7) yi—r(¥i+¢5) =0,

(2.8) Ya—2r1y = 0.

Thus if f and § are the solutions of the equations (2.4), (2.7) and (2.8) then
it can be easily seen that
(2.9) ¥ =,

(2.10) ' = y+f(r—1),
. are the solutions of the equations (2.4) and (2.5). It can be verified that this

function f cannot be transformed away and so waves described by ¢ and ¥ are
distinct from the pure gravitational waves described by i and 5.

3. ParTIcULAR WAVE SOLUTIONS
We give below three solutions of (2.4) and (2.5) describing different

physical situations.

Solution (1): § =y = 0.

Then from (2.9) and (2.10) 'we have

(3.1) b=0, y=fr—1).

With these values of ¢ and ¥ we have

R} = ——Ri = Ri = -—R: = —e 2fr = e~ f'r,

Here and in what follows an overhead dash represents a differentiation with

respect to the argument (r—t). Since the values of Jj, 3, chosen here imply
- flat space-time, we can take this solution as a universe filled with Lichnerowicz’s

waves. It can be easily verified that Lichnerowicz’s conditions (1.1) and

(1.2) are satisfied for this solution everywhere.

o

Solution (i1): § = % log (kr%), y = } log (kr2c®), & and ¢ being constants.
Then we have from (2.9) and (2.10)
[ $ =1 log (kr?),
{ ¥ ==} log (kr2°2)+f(r—t).
With these values of  and ¥ we have

7= ~f'ir.

(3.2)

It is well known that the values of i and 7 chosen here are essentially
those obtained for the external field of a static cylinder of finite cross-section
and infinite length filled with matter. By comparing this field with the corre-
sponding Newtonian potential field it was shown by Levi-Civita (1919) that
at the Newtonian level of approximation ¢ = 2M, where M is the Newtonian
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mass of the cylinder. expressed in relativistic units. In the next section it
will be shown that the i, ¥ field given by (3.2) can be fitted with the , 5
field over a finite boundary and that there is a loss of mass in the cylinder due
to the propagation of waves.

It can be easily verified that Lichnerowicz’s conditions (1.1) and (1.2)
are satisfied for this solution asymptotically.

Solution (ii1):
In this case we take for j and j the expressions given by Weber and

Wheeler (1957) in the case of gravitational pulse waves. Then the expressions
for ¢, ¥ and = are given by

o = B[{(a—it)24r2} " 4 {(a+it)24r2} ],

(3.3) 4 r= %2 [(a-2—r2{(a—it)24r2} " 2—r2{(a+it)2 4,2} ®
( —a~2 (124at—r2) {t8 4+ 202(a%—12) + (a2+:2)2} "] 4,
T= ~f'[r.

For this solution also Lichnerowiez’s conditions (1.1) and (1.2) are satisfied
asymptotically.

4. EXTERNAL FIELD oF A PULSATING CYLINDER OF FINITE CROSS-SECTION

Let us consider a static cylinder of mass M, infinite length and finite
cross-section, the radius of the cross-section being R, If at ¢ =¢, this
static cylinder starts radiating, at any later time, the material boundary of
the cylinder will be, say, R(¢). The wave zone will then be spread in the region
R(t) <r <t+R, This zone will be surrounded by static empty space-time
of Levi-Civita type corresponding to mass M. This picture of the gravi-
tational field of a radiating cylinder can be substantiated with the help of our
solution (i) because it is possible to fit the 4, ¥ field with j, $ field given
there over a definite boundary. The complete field is then given by

(4.1) ds? = 2 p2ele-1) (2 — dr2) — o~ 1 y201-0) b2 — kr% 422, (R(t) < r < t+Ry),
(4.2) ds? = r2e=1) (di2—dr2) — k-1 r2(1-6) dB2 —fer2e dz2, (r > t-+Ry),

where f(R;) = 0. It has been verified that across the boundary r = {+R,
between the fields (4.1) and (4.2) the necessary jump conditions of Lichnerowicz
(1955), or their equivalent form given by O’Brien and Synge (1952) for the
coordinates used here, are satisfied. Thus (4.1) and (4.2) can now be inter-
preted as the exterior gravitational field of a radiating cylinder of finite cross-
section and infinite length, the mass within a coaxial cylinder of radius r in
the radiation zone being given by
m=M—f/2]log r,

which over the boundary r = R, leads to the original value M = %
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5. PHYSICAL INTERPRETATION OF THE SOLUTIONS

In order to describe the physical contents of the solutions given in
section 3, making use of the field equations of general relativity

—8nT] = RI—1g'R,
we obtain
(5.1) T’ = oww?, (0= —7/8n).

Thus our solutions possess an energy momentum tensor which has four
eigen values equal, each being equal to zero and the corresponding eigen
vector is null. This means that the energy of the field is being propagated
with the fundamental velocity.

It is well known that the energy momentum tensor for a null electro-
magnetic field can also be put in the form (5.1). That is with the energy
momentum tensor of the form (5.1) we can use a skew symmetric tensor F;
such that

(5.2) T] = —Fy B+ 1giFapFob,
(53) Fﬂb Fab = 0: Fﬂb *Fab = 0:

where *Fgp is the dual of Fgzp. But it is also known that such an Fy; will not
necessarily satisfy Maxwell’s equations (see Witten 1962).

For our solutions (3.1), (3.2) and (3.3) if one tries to describe the physical
contents by means of a Maxwellian electromagnetic field Fy; and the corre-
sponding Tf given by (5.2), one finds that for all the three solutions the Fy;
vanishes and therefore they cannot be characterized as Maxwellian electro-
magnetic fields.

Naturally the question then is, what is the substance described by our
solutions ? For this purpose we take natural coordinates at a point and see
what contents our energy momentum tensor has in these coordinates. Denot-

ing the values in the natural coordinates by a suffix (0), we can verify that

1 pld _ ompid
T(O) - T(O) - T(0)

] O',
, o= 99 =1

Synge (1958) has shown that in special relativity such a tensor describes
a stream of photons. Using the principle of equivalence, we can therefore
interpret our solutions as describing streams of photons moving in the r-direc-
tion and following Synge we can easily show that if the namber of streamlines
of photons having a momentum 4-vector Mw" cutting a three element dS
normal to a time-like unit vector 7* be N dS, then

MNdS

e

w

8
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Note added in the proof : The conclusion drawn in section 5 that the solu-
tions presented here do not represent Maxwellian null electromagnetic fields is
further strengthened by the theorem of Robinson (1961) (J. math. Phys., 2,
290). It has been verified by the author that the congruence of null rays
associated with the field given by (2.1), (2.9) and (2.10) is geodetic, hyper-
surface-orthogonal with non-vanishing shear and divergence.



