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Equipment replacement policy has been studied by using the functional
equation technique of Dynamic Programming, and the possibility of
replacement by a used machine, instead of a new one, as given by earlier
workers, is presented in this paper. A numerical example is also given as an
illustration.

IxTRODUCTION

1. Dreyfus (1960) and Dean (1961) have studied the replacement policy under
various assumptions. Dreyfus has used functional equation technique of
Dynamic Programming (Bellman 1957). He has computed an example where
the replacement of a machine by a new machine is considered. In this paper,
we shall make computations on the basis of a recurrence relation given by
Dreyfus and extend the scope of the investigation by considering the case of
replacing a machine by a used machine. The computation has been done by
using functional equation technique. The cost of a used machine may be
evaluated by the use of an empirical result given in Dimitris and Chorafas
(1958). The replacement of a machine by a new machine is a particular case
of x = 0, where « is the age of the used machine.

Dywamic PrROGRAMMING FORMULATION

2. In industry, it is very common that in any particular year, we are faced
by the necessity of making a replacement decision. The replacement deeisions,
in general, are of the following types:
(@) Keep the machine—(K).
() Overhaul the machine—(0).
(¢) Replace by a used machine of age 2-—(P;), where z =0, 1, 2, ... 9.
Let us define
' fn(t) = value at the year N of the over-all return from a machine,
which is ¢ years old,. when an optimal replacement policy is -
employed for the remainder of the process.
ry(f) is the revenue function, Uy(t) is the upkeep function and
gn(t, ®) is the cost of replacing a machine of age ‘¢’ by one
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of age ‘o’ in the year N. These functions are interlinked by
the following recurrence relation:

( Py maxlrn(e)—Un(@)=ga(t, 2)Hfxasa+1)])

@1 IO =maxy e U0+ fra]) y

ExaMprLE

3. We shall consider a ten-year process and will investigate the solution of

equation (2.1).
The replacement costs in Table I are caleculated by the use of the empirical
result given in Dimitris and Chorafas (1958), viz.

3
(3.1) Dy = [1_ 2732:] s,

where C, is the original cost and 1), the depreciation.
Therefore, the value of the machine of age ‘z’
(3.2) = (Co—Dy).
The values of ry(t), Ux(t). and gx(f, 0) bave been taken from Dreyfus
(1960) and gx(f, z) has been calculated by equation (3.2) for each «.
Replacement, revenue and upkeep costs for machines manufactured in
each of the 10 years are the following functions of machine age.

Tasre I
In the year 10 In the year 9 In the year 8
Age 4] 0 1 0 1 2
Revenue 150 150 140 140 135 125
Upkeep i} 5 10 5 10 10
Replacement (0) 220 220 225 220 230 240
(1) 165 163 169 165 173 180
v (2) 132 132 135 132 138 144
» (3) 110 110 113 110 115 120
v 4) 94 94 a7 094 99 103
" (9) 83 83 84 83 86 90
» (6) 73 73 75 73 717 80
. (7) 66 66 68 66 69 72
. (8) GO 60 61 60 63 66
" 9) 55 55 56 55 58 60
’ (10} 51 51 52 51 53 55

Similar tables can be prepared for the machines made in the years 7,

6,...1.
Suppose we now possess a hypothetical machine of some age, say 3.

We can prepare a separate table for this machine on similar lines.
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After completing these replacement costs, we can compute equation
(2.1), starting with f,(t). Next we compute fo(f) with the help of f(f).
Proceeding in this manner; we obtain the complete set of values shown in
Table 11.

TaBLE II
fi®, i=12...910

t f10(t) Policy ¢ Solt) Policy ¢ fs(®) Policy ¢ Ja(®) Policy

1 130 K 1 240 K 1 310 K 1 385 K
2 116 K 2 195 K 2 275 K 2 360 K
3 95 K 3 175 K 3 260 K 3 225 Py
4 85 K 4 165 K 4 145 Py 4 207 Py
5 80 K 5 75 - K 5 130 Py 5 204 P,
6 30 K 6 70 K 6 127 rP, 6 201 Py
7 30 K 7 60 K 7 125 Py 9 186 P,
8 - 30 K 8 49 P, 10 110 Py
9 10 K 11 36 P,

12 —36 P
i Jfelt) Policy ¢ J5(t) Policy ¢ Sal?) Policy ¢ Sa(t) Policy
1 465 K 1 400 K 1 452 K 1 455 K
2 305 K 2 362 K 2 385 K 2 425 K
3 282 K 3 325 P, 3 370 K 5 280 K
4 274 P, 4 3% Py 6 285 K
5 270 Py 7 295 P,
8 247 P,

t Jfal(t) Policy ¢ f1(2) Policy

1 490 K 3 310 P,
4 290 Py
CONCLUSION

The total return obtainable by using an optimal policy in the present
case comes out to be the same as in Table IV of Dreyfus (1960). However, it
might be due to mutual adjustment amongst the cost of purchasing the used
‘machine, the revenue and the upkeep. The cost of purchasing a used machine
is less as compared to the new one while the revenue, in general, decreases
and the upkeep increases with the age. We feel, it might be possible in
certain cases that the replacement of a machine by a used machine may give
more returns as compared to the replacement of a machine by a new machine.

'The treatment of such an example to'support the statement made above will
be provided in a later paper.
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OTHER FORMULATIONS

4. Consider the case which includes all the three possible types of replacement
decisions ; as explained earlier, we define:
fn(t, t2) = value at year N of the over-all return from a machine of age ‘¢’
and last overhauled at age ‘#,’ where an optimal replacement
policy is employed for the remainder process.
The recurrence relation is:
Pg: maxg[rn(x, 0)—Un(e, 0)—gn(ty, to, ®) +frpa(z+1, 0)]
Sty ta) = max | K: ry(ty, ta) —Un(ty, to) +fve1(ti+1, ts) )
O: ra(ty, 84)—Un(ty, 8)—On(t L) +fv+alti+1, 1)
where gy(ty, 15, ) is the cost of replacing a machine of age f; by one of age
‘z’ in the year N which was last overhauled at age t.
In the case of cash-liquidity the recurrence relation will be as under:

[ Py : max[ry(, 0)—Un(x, 0)—gn(ty, tz, 2)+
frel@+1,0, C=gu(ty, ta, @) —Un(x, 0)+ry(x, 0)}]
K : [rn(ty, to)—Un(ty, to) +
frailti+1, ty, C—Un(ty, o) +rats, t2) }]
0 : [rn(ts, t)) = Un(ty, t1)—Onlty, t2)+
L fvalti+1, t1, O—O0nl(ty, t2) = Un(ty, 1) +rn(ts, 1)}

[gn(t1, te, )= C1, [On(ty, t2) = C1 < [gn(ty, t2, 0) - CJ.

We now compute the functions fy(t;, £, C) for a range of &, £, and C.
Finally, we come to f;(t;, ¢z, C). This work might be within the power of a
digital computer and once we have computed, we get a sequence of decisions,
which have the property that at no time does the capital deficit exceed a given
amount and which is optimal subject to that restriction.

fl\'(th t.2, O) = max

where
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