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During the last few decades, many theorems have been given by different
authors for deriving new self-reciprocal functions from well-known functions,
self-reciprocal in the Hankel Transforms. The object of this paper is to add a
few more theoremns to the list.

The main result is:

If f(x) is Ry, then the function

» 1
g(z) = vaf yt=pP {(y?—zzﬁ }ﬂmdy

is Ry, where

°2]
)
J. e“*zﬂszz"—lP(z)dz = iS"""«/J(S},
0

provided that

#(S) :.ﬁ(%), v>—landp> —1,

In all there are four such theorems and someo corollaries and sclf-reciprocal
funetions in this paper.

1. 1In a previous paper (Agrawal 1961), the author has given theorems on
self-reciprocal functions. The object of this paper is to give a few more

theorems of the same type, and to derive some new self-reciprocal functions
therefrom.

A function is said to be B, or —R,, according as it is self-reciprocal or
skew-reciprocal for J, transforms.

We shall make use of the following result given by Bailey (1930, Theorem
1):

The function
flz) = z”HJ. Sre-12S2F(8)dS .. N A 0 §)
0
is R,, for all values of v, for which the integral converges, where
(1) F(8) is integrable,

(i) F(8) = O(8-%) for large values of~S, where A > 1,
Qi) F(S) =F1/S). .. .. .. .. .. ..o
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2. Theorem 1. 1If f(x) be R,, then the function

o

1
o) =+t [ yrorp {rmary ) ay

is R,, where
f e=¥"S2n—1P(g) dz = 2 Sr=rmh(S),
0 n

.provided that

0 =4 (&) v> —1 0> -1

Proof : We have

%f e~ ¥Sn-1P(2) dz = Sv=#(S).
0

On putting z» = y2—a2, we find that
o 1
f e—§y252yp {(y2_x2);} dy = e~ 12528v—pyy(S) .. @20

and

@ 1
7

9(x) = x”"’*J. yr-#P {(yz_xz) }f(y) dy

® 1 o

= xVHff yP {(yz—oﬂ)”f dy f Sre-12S2F(8) S
x 0
0 . oG s ‘1

= gv+i f SHF(S)dsf e~8252.p ) (y2—a2)" % dy
0 % »

R~ f o~12528x(S)ds, by (2.1)
0

where X(S) = F(S)(S) = F (%) " (%) =X (g)
It follows from (1.1) that g(x) is R,.

3. Theorem 1(a). On taking » = 1, we find that if f(z) be R,, then the
function

g(x) = x”“‘f yr-rP(y2—a?)f(y) dy . o (3.1)
is R,, where

fe-&zszp(z)dz=2sv-u¢(8), . (39
0

provided that
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4, Corollary 1. On taking

u_v_
57371

P (Z) -2 N
and evaluating (3.2), we find that

us =252 (k- 2)

which satisfies (1.2). Hence, on putting this ;alue of P(z) in (3.1), we find
that:
If f(x) be RE,, then the function

* p_v_
g(x) = av+i f yi-r(y2—a?? 27 f(y)dy
x
is R,, where p > v,

This result has been proved by different methods by Bailey (1930) and
Brij Mohan (1933).

5. Corollary 2. On taking

P(z) = z"c'lan[% - %+2o; c, c+7lb, ce s G+ZL—T—1; —(i) ]

n 2n

and evaluating (3.2), we find that

B_v _o
$(8) = 2ne=1D(nc)(Sn 4 5-n)r "7
which satisfies (1.2).
Hence, on putting this value of P(z) in (3.1); we find that:
If f(z) be R,, then the function
0 " 1
g(x) = WHJ; yt-r(y2—z2)ne-1, F, [% - z+20; c, C+;z sy

i

~1 2 _r2\"
X ot ;~(?’2n )]f(y)dy

”

is R,, where nc > 0.

6. Example to Corollary 2. On taking f(x) = x~*, we have

el
© 1 n—1
= vt} (32 e p2\nC—1 l__w . el .
glx) =2 fy (y2—2?) 1Fn[n 2050 e, ob
y2—.x2 i
( 2n ) o
® B 1
| Snc—-1(,23 ,2) 2 2 v_# . 1 n—1
x foz (x2+22) 1FnLZ n+ﬂcuzc+n,-n,c+ —
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nr
. w © 2c+— — _) —_ r( ) 2nr
— xv-&f zznc-l(x2+zz)'§'% Z ( (=b i

n—1 dz
0 7 =0 {i (¢)r (C+'r—c) (C-}-—n-—)
u . 1\
= gvt! S ()C+——’—) (=1 (2’1)

‘L21w+2nr‘-p.-1 tan2nctzer—19 geel-1rAdo

= av-ptanc-t i (20+7% B —) (=0 (;Z)

2
f Sin2ﬂ0+2nr‘10 COgH—2nc— 2ﬂf€de
n—1
r=0}r(c)y (C+7_Z) . (c+ p )

0

=xu_y+m_%§ (2c+}l——) (—1)r (x;)" F{n(c+r)}l"{ (?—c +%})%
r=0]r(c)r (c+7—b)7. .. (Hﬁn—l)r ar (F_2‘+‘13)

P4

2 ’F 1) n—1
__x"‘l‘ﬂ"c'iz 2c+—-——— ( 1) o, (c+r) I o+7—L+r)...F o+7+r
T w1 n—1 21 ,
F(§+§) r=0 ‘ [ r(c)r (c+7_z)r. . (C+T)'(2Tr) 2 pi-neonr
w1 3 i B 2n—-1 _.)
(e (g o) ol o
n—1

A o nr
2m) 2 n gnot

2
oo
:_‘_M_,v —ut+2nc-1 z( n n/y 2n

2F( +2) r=0 u

( +— —Cc— r)[‘(:;;-}-zés -c—r)...]"(i+2—n:~1 —-c—r)

2n 2n

-1 H“
(2n) 2 n 2t

2 L) s S (204 “) (‘”T( )

Ly r
21"(%_'_%) r=0 i-
Y WA Sy _?:_) (i 2n-1_)
x( 1)”’1‘(2n+2n c)1“(210,-'-210, of .- T ot on °
n-1

Ll g 2n—1
2 " - F ._1.) e _on )
27) 2 n 2 (o+1 % " 20, (c+1 o o),
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Ine) ‘1-2{'+% —nc)
o v -ut2nc—i

v © _ ] _ff nr
(2°+%"%),( 1) zn)

F(nc)]’(g+% —nc) y
= z”“‘+2""*X1F7,[20+7—E—S; C+1—‘.‘{u.‘““
2r(’§+

— 2\
xo+1~——'li——3~,.‘.,(:+1 L gﬁ_l;_(_,x_)],

2n  2n T 2

: 1
which is R, forv> —1 and 0 < nc < g+5 .

Particular Cases :
(1) On taking n = 2, and ¢ = 'Z+i -~ % we get the old R, function
27, (}a2)
2

where v > 0.

1 4

1 3 20—
7=0] _*_ _*__ 2 —
| (c"'l n 2n), (c“ o 2n),."'(“+l 2T 2

" . 3 . .
(ii) On taking n = 2, and ¢ = £+~ — , we again get the old R, function

4 2

atd (L)
2
where v > 1.

7. Theorem 1(1). On taking n =2, and p = v+g , we find that :
If f(z) be R, ,;, then the function

g(x) = av+! f y==1P(\/ y2—a2) f(y) dy

is B,, where
f e~ 1252 P(z) dz = S-1)(S),
Q
provided that y(s) = (/(é-,) .
Now, on putting s = 4/u, in (7.1), we find that

f e ¥z P(2) dz == 1~ Ex(u),
0
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- 1 1
= U) = —=]=Xl-
V) =) =x(}).
Hence, on using a result given by Hardy and Titchmarsh (1930, Theorem
16), we find that the function P(z) is Rs, i.e.
P(z) = Fy(z),

where F\(z) is a function self-reciprocal for J, transforms.
Hence we get—

8. Theorem 2. The function

where

glx) = v+t f y=r=1F (v 42 —22) Fy14(y) dy

is By, where v > —1, and F,(z) has the meaning assigned above.
9. Kxamples to Theorem 2. (i) On taking

_1_ 1

F(v/y2—a2) = (y2—x2)"‘+§‘*1F [2C+‘ o’

M 2n— ) y2—-x2)]
xe +2n 2n -(

which is a self-reciprocal function, given by the author (Agrawal 1961, § 11),
where v > —1, p > —1 and =c is not a negative integer, and

I.L
+§7—a+

FV+§(y) = ?/"",
and evaluating g(x) just as in § 7, we get the R, function
22 1 v 3 A v 7
22—1 = Y _2 Ay v
P F [n o n + 2n 4n’n+l 2n  4n’ 77

A v 4n—1 x2\"
Xt me T T ‘(—:z;;) ]
where —3 <A< g—i-g and n is a positive integer greater than or equal to 1.

Particular Cases:

(@) On taking n=2and A= Z - % we get the old R, function

iy (3a?) -
where 1 < v < £, :
(&) On taking z=2and A= g % we get the old R, function
b (a?)

2
where 0 < v < §.
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(ii) On taking

— I 1
—78) = (y2—a?)e-f - LA
F(Vy2=a2) = (y2—a?) F[2c +2 ; c+1— 5 T gpr
Ut SO O A
Xt = = o ( ) )
which is a self-reciprocal function, deduced in § 7 of this paper, and
Fyiy(y) = Yy
and evaluating the integral for g(x) as usual, we get the R, function
B 1,2 A, 7
n +2n n+7_b ;a,+ﬁ ;b+1’
A 1 A3 A 2n-—-1 A v 1
A A 4,22 LA Lo _
a1 Fon ) 2n+1’ n 2n+1’ Tn 2a +1’n 2n 4n+1’
A v 5 A v 4n—3 . z2\"
T T mt T T T T _(Z{) ]

where —1 <A< i,v> —1,»>2)~} and n is a positive integer greater than
or equal to 1.
Particular Cases :
() On taking v = 2n—2 we find that the function
2 A 1 3 A 2n—1 x2\"
2\ - = —_ e
IIF[ 2 Fatlm e, n+l R TR (2)1)]

is By, 3, where —1 <)<}, nisa positive integer > 1, n > A 1.

(i) On taking v = —1, n = 1, we get the old R, function
PNF (201 A+d; —la2)
given by Brij Mohan (1939).
10. Theorem 3. If f(x) be R, then the funetion

x

g(z) = x“’;*f yi-rp {(zz—yz)%}f(y) dy

0
is BR,, where

=2l 2
f B"S2-1P(2) dp = ESV—/J.;.(S) .. .. .. (10.1)
a .
provided that
X
w51 = 4 (3)

Proof :
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% 1 ®
= xv+}f yP {(xz_yz)iz dyf Se-1252F(8) dS
0

1
SFF f -#252% P {(xz—-yz); } dy
o

=)

+1 | o-92S2QuR(S) S¥ -ty

ll

0

€

e~ 1252Qvx(8) dS, by (10.1)
0
where

X(S) = F(S) y(S) = F (%) J (g) - x(é)
It follows from (1.1) that g(z) is R,.

11. Theorem 4. If f(x) be R,, then the function

1

g(z) = x"“’f yrHip {(x2+y2)'7}f(y) dy
0 _
is B,, where
f e~ ¥l — a2} P(2) dz = ge'ﬂszSV‘ng(S), .. .. (1L.1)
22/n

provided that

Proof :

@

1
glx) = av+i y"”P{ (x2+y2)" }f(y) dy

0

0
@ oo 11
¥ SeF(S) de e~ 1252 2u41P { (z2 4 y2)" ‘ dy
0

=xv+}f 3,2#+1P{(»,;2+y2)} yf Sg—42S2F(S) dS
0
vt f

0

= v f SEF(S) e~12528y - mp(S) dS
0

v f o~ 123y () dS, by (11.1)
0

X(S) = F(SW(S) = F(g)sb(-g) =x(3).

It follows from (1.1) that g(z) is R,.

where
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