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1t has been established that if {As) is a convex soquence such that the serics
Zn=12n is convergent and {Ka}, the (R, log », 1) mean of the sequenco
{nlog (n41)aa}, satisfies the condition | Kn| = O{[log (n+1)}*) (C, 1), k> 0,

then the series Z[log (n - 1)11- % Auaa/[log log (n+2)127% A > 1, is summable

| R, exp (log log w)2, 1] which extends a result of Bhatt {1962). From the
above result another result concerning local property of the serics ZAn(t).

log n An[[log log (n4-2)]12 71 is deduced, which in its turn extends the result of
Bhatt (1960) and Matsumoto (1956).

1.1. Derixrrion, Let Za, be a given infinite series, and let A, be a

positive, steadily increasing, monotonic function of », tending to infinity with
n. We write

M) =A@ = >
A'n, < w
and

)= > (@—May (k> 0).

A <Lo
The series Jay, is said to be absolutely summable (R, A, k), or summable | R, X, k|,
k>=0,if A,I\”'(w)/wk is of bounded variation in (4, o), where 4 is finite positive
number (Obrechkoff 1928, 1929).

In the present paper we shall be concerned with the type A, = exp
(log log 7)2, A > 1. Obviously, for the particular case when A =1, the
summability | R, Ay, 1} = |R, logn, 1].

Let f{t) be a periodic function with period 27, and integrable (L) in the
interval (—=, #). 'The Fourier series of f(t) is given by

fy ~ dao+ z (2n cos nt+by, sin nt)

n=1

= i Aalt).

n=0
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We write K, to denote the (R, log n, 1) mean of the sequence
{nlog (n+1)as}.
1.2, Matsumoto (1956) has proved the following theorem:

THEOREM A. The summability | R, exp (log log w)2, 1| of the factored
Fourier series

Z An(t)
[log log (n+1)]A+¢
at the point ¢ = 2, is a local property, for A > 0.

For the particular case A = 1, the above theorem of Matsumoto was
extended by Bhatt (1960) in the form :

TuaeoreM B. If {A,} is a convex sequence such that the series X n~1A, is
convergent, then the summability | R, log », 1| of the factored Fourier series

z Au(t) log 7 Ay

at a point, can be ensured by a local property.
In order to prove Theorem B, Bhatt (1960) has established the following
theorem for general infinite series:

TaEOREM C. If {A,} is a convex sequence such that the series n~1, is
convergent and the sequence {8} is bounded, then the series

LZaylogn i,
is summable | R, log 7, 1].
Subsequently, Bhatt (1962) obtained the following result which generalizes
Theorem C.

TrarEorREM D. If {A,} is a convex sequence such that the series 2 n~1A, is
couvergent and the sequence {K,} satisfies the condition

[Kyn] = O{llog (n+1)1*}(C, 1), k >0,
then the series
Z[log (n+1)]1"k),a,
is summable | R, log n, 1].

In the present paper we obtain some general results which extend the
above theorems in certain directions. Thus Theorem 1 of this paper extends
Theorem D for the Riesz summability of the type exp (log log w)2, A > 1.
Theorem 2 extends Theorem B for the Riesz summability of the type exp
(log log w)® and extends Theorem A by replacing the factor

1
{log log (n41)]a+e

by the more general factor
log n /\n
[log log (n+2)]2-1"
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2.1, We establish the foellowing theorem:

THEOREM 1. If {A.} is a convex sequence such that the series Zn~1}, is
convergent and the sequence { Ky} satisfies the condition
(2.1.1) |Kp| = 0{[log (n+D)F}C, 1), & >0,
then the series

[log (n4+1)117% Ay an
[log log (n+42)]~-1

is summable | R, exp (log log w)2, 1}, for A > 1.

2.2, For the proof of the theorem we require a number of lemmas.

Lemma 1 (Chow 1941): If {X,} ¢s a convex sequence such that the serics
Z ™I\, ts convergent, then X, is non-negative and decreasing, and
log % Ap = o(1),
as % — 0.

Lemma 2 If

{[log (m+1)}¢[log log (m+2)1Pup}, £ >0,8>0

satisfies the same conditions as {A,} in Lemma 1, then

> llog (m+1)1+1[log log (m+2)1 A = O(1),

m=1
as n— .
Proof. We have

z [log (m+1)}E+1[log log (m+2)1B A pum
m=1
= z A {[log (m+1)]¥+1[log log (m+2)1Pn )

me=1

— i i1 O {[log (m+1)1[log log (m+2)1#}
m=1
= 2 A {[log (m+ 1))+ 1{log log (m+2)1F. }
m=1
- Z mgallog log (m-+2)17 & {[log (m+1))++1}
m=1
- 2 Hmallog (m+2)J1 A { [log log (m+2)1F}

m=1

= 0(1),
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by hypothesis and Lemma 1.
LevMma 3 (Prasad and Bhatt 1957): If

{log (m+ 1)k}, & >0,

satisfies the same conditions as {Xn} tn Lemma 1, then

Z {log (m+1)}Ftian = O(l),

me==1

as n—» 0, where ":n = Mpf{log (m-+1)]%.
Lemma 4 (Bhatt 1962): If
{ [log (m+1)u,}

satisfies the same conditions as {An} tn Lemma 1, for k > 0, then

z m {log (m+1) 1A%, = O(1),
m=1
as n—> .
Lemma 5: If
{[log (m~+1)]¥log log (m~+2)1Ptn}, & >0,
satisfies the same conditions as {\n} tn Lemma 1, then

"

Z m{log (m+1) }5+1 A20y, = O(1),
m=1

as 1 —> .
Proof. We have
z m{log (m+1)}s+1 A2,

m=1

n lL‘Il)t
= mflog <m+1>}k+1A2{m}

m=1
< l ’ 1 k+1 A2/.L:"
B Zl mlog (n+ D) oo Tog tmr 2P
" ) , 1
: , , K+l —
42 ,,Zl m {log (m—4+1y s Ap, A {[Iog Tog (m+2)]ﬁ}
n , 1
1 1)1k+1 2
# 2 08 8%
= O(l)s

by the hypothesis and Lemmas 3 and 4.
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2.3. Proor or THE THEOREM: It is known (Mohanty and Izumi 1956)
that the series X' U, is summable | R, exp (log log m)!t8, 1] provided

j (f% - Biﬂ) S Buln

=32 m=1

= O(1),

as v— oo, where
By, = exp (loglog m)1*8, B = 0,
U = log (m+1)Aman,
"7 [log (m+1)}¥{log log (m+2))8°
On putting in Uy, py, for

A?)Z
fog (m+1)J*¥{loglog (m+2)18°

we have

17

Z BmUm = Z Bm'u’m 10g (m+ l) Am

m=1 m=1
n-1 m it
= D ABukw) D log(H+1) qut Buy » log(k+1a,
m=1 p=1 p=1
{by Abel’s transformation|
-1

= Z A (Butm) K log m+Bptig Ky log n
=1

1

= Z A Buttn) K log m4By i 1tasr Ky log 1

m=1
-1 1 )

= Z mA {login A(Bytm)} {7—72 z K“}
m=1 p=1

1 " ) )
+N/ log nA (Bnl“‘n) { 7_1, Z .A.y, } +Bn+1#yz+1]\n ]Og W
u=1
= P14 P34 Py,
say.
Now, wo have

Sl

n=2

v n—-1
= O( z A(%) Z m{log(m+1)}’~'i' A{logmA(Byty)} {)

n=2 n m=1

= 0( ”zl m{loé (m+1)}*| A{logmA(Bm:“m)H i A(Bi”))

m=1 n=m-tl N



544 ‘ NARAIN DAS MEHROTRA

- (Z’”“"g 4D A (log ma mum}l)

By

v-1
= m{log (m+1)}*
- 0(;112:1 T l {log m A (Em A Bp)+-

1 ABpiq A log m4log mA (Biyq O tay) +
+Buy2 Aty & log m} I)

= O(Pli 1+P1$ 2+P15 3+P1; 4)7

82y,
Now

m{loo (m+1) }’”H ‘

PI, 1= (/"“m A%Bu+ o Bm+1 O Hy) |

m=1

By

m =1

v—-1
= 0(,2 {log (m+1)}*{log log (m+1)}# %’5)

v-1
+0( z {log (m+1)}*{log log (m+1)}BMm)
m=1

(2.3.1) = 0(1),
by hypothesis and Lemma 2,

1 1
Z m{log [+ “1n+11 AByy ]| & log m)

Bm+1

m=1

v=-1
B (Z {log (m+1)}*"'{log log (m+1)}f %5 #"3:1)
=1
(2.3.2) = 0(1),

by hypothesis.

vol k41
P, = z m{log (m+1)}

B l ABm+1A“m+Bm+2A21"'m|
m+1

mez=1

y-1
= 0( z {log (m+1)}*{log log (m+1)}BMm)

=1

y=-1
+0( z m{log(m+1)}"f1A2nm)

m=1

(2.3.3) = 0(1),
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by Lemmas 2 and 5.
Lastly, we have

< m{log (m+1
P1,4=”Zl“‘{“—ngn—+l“)-}‘ Byys Aty | A log m|
v~1
= (z {log (m+l)}kA#m'+1)
m=1
(2.3.4) = 0Q1),

by Lemma 2.
Collecting the results of (2.3.1), (2.3.2),-(2.3.3) and (2.3.4) we get

Vv

(2.3.5) z A (}};) |P;] = 0(1).

Hn=2

(L) n{log (n+1)}¥*1| A(Bnty) l)
9 ﬂ

=0(Z Bn n{log(n+1)}k+1lu,,ABn+B,,+1Au,ﬂ])
( {log (n+1) }Ic I(log log n)zﬁ_)

=32

( z {log (n+1)}%(log log n)8 A #n)
n=2

(2.3.6) = 0(1),

by hypothesis and Lemma 2.
Finally, we have

v 1 v
— ol = 1
;Z) fa (B,,) | Pyl (" (B")Bzz+1#n+1 ogn|Kn 1)

= 0( i (log log n)? 1‘1;:1[1{"])
-1
_ 0( 2 {(log log n)tty 11 {l Z
n

n=

—_—

+(log log V)BP'VH{% z IKMI} )

S p=2
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v-1
log 1 B
=0 ( > n{log (u+ 1)} [‘—‘lg—j?ﬁ’— A Fapr+

n=2

n

8
e O {(—Iog—lo—gff)-}])w(l)

v—-1
=0 ( z {log (n+1) }¥(log log n)f A ,U-n+1)

L= 2

v-1
+0 ( ? {log (n+1)}*{log log (w+1)}ﬂ“i"i2)
1;:2 "
+o(1)

(2.3.7) = 0(1),
by hypothesis and Lemma 2.

Combining (2.3.5), (2.3.6) and (2.3.7) we get the required result. This
completes the proof of Theorem 1.

3.1. We can deduce now from the above theorem another theoremn dealing
with the aspect of local property.

TurorEM 2. If {X.} is a convex sequence such that the series Zn™*Ay is
convergent, then the summability | R, exp (log log w)2, 11, for A > 1, of the series

Aplog n

2,4 [Tog Tog (v 4-2)15-1

s @ local property.

3.2. We know that whenever the Fourier series is convergeut, the
condition (2.1.1) is satisfied for & = 0. Since the behaviour of the Fourier
series, as far as convergence is concerned, for a particular value of 2 depends
on the behaviour of the function in the immediate neighbourhood of this
point only, hence the truth of Theorem 2 follows as the necessary consequence
of Theorem 1, for k = 0.
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