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Various types of criteria, under varying conditions, for the Nérlund sum-
mability of the derived Fourier series have been proviously obtained by Hille
and Tamarkin (1932), Astrachan (1936) and Prasad and Siddiqi (1950). In
this paper quite a different and general type of criterion for the (¥, p,)
summability of the derived Fourier series has been obtained,

1.1. DerinITION. Let Za, be a given infinite series and let {s,} be
the sequence of its partial sums. Let {p,} be a sequence of constants, real
or complex, and let us write

Py =pot+p+ ... +p, Po1=p1=0.

The sequence-to-sequence transformation,
n
1
(1.1.1) tn=Ean_v 8, (Pns£0),
v=0

defines the sequence of Norlund means (Noérlund 1919; Woronoi 1932), or
simply the (N, p,) means of the sequence {s,}, generated by the sequence

of coefficients {p,}. The series Za,, or the sequence {ss}, is said to be

summable (N, p,) to the sum s, if

lim ¢, =s.
#h—>
The conditions of regularity are:
(1.1.2) Zka|<OanI,
k=0
(1.1.3) ,/Pu—>0,

where C is a fixed constant. If p, is real and non-negative, (1.1.2) is auto-
matically satisfied, and then (1.1.8) is the necessary and sufficient condition
of the regularity of the method. If

atn—1 xn
pn = ( n )’ Pn = ( n )’

the corresponding method (N, p,) reduces to the Cesiro method (C, «)
(Hardy 1949).
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1.2. We shall consider a function f(¢) of bounded variation integrable
in the sense of Lebesgue, and periodic of period 2». If

- T
Ap = %f f(x) cosnxdz, by = % f f(z) sin nz da,
- .

then f() generates the Fourier-Lebesgue series

(1.2.1) lag+ z (@ €08 nt4-by sin nt).
n=1
The series
(1.2.2) z 71(by, cOS nt—ay sin nt),
n=1

which is obtained by differentiating (1.2.1) term by term, is called the first-
derived series or the derived Fourier series of f(¢).
- We write
() = g(t, 2) = flx-+1)—fle—1)—2tf'(x),
Naft) = 5 > p, T (nobt )t

= 57P sin 3t
im0 2

s

¢
G(t) = foidg(”)!,

= [1/t],
where [t] denotes the integral part of ¢.

2.1. The (N, p,) summability of the derived series corresponding to a
function f(z) of bounded variation has been considered by Hille and Tamarkin
(1932). But if we remove the restriction that f(zx) is of bounded variation in
(—m, m), then the theorem of Hille and Tamarkin breaks down. The (N, p,,)
summability of the derived series, when f(z) is not necessarily a function of
bounded variation, has been considered by Astrachan (1936) who proved:

A regular Norlund method of summation (N, p,) sums the derived Fourier
series to f'(x) at all the points at which

P 2h

exists and is finite, if the generating sequence (p,) satisfies the following
conditions:

W ATp, | = O(Pn) (j=1,2);

i kj_l_m(n—'k)m] Aj_lp ’= O(Pn) j= ]., 2, 3]- ;
& k m=0,1 )

> | Puljie = O(Pufn).
k=1
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This theorem of Astrachan has been extended by Prasad and Siddiqgi
(1950) in the following form:
A regular Norlund method of summation (¥, p,) sums the derived series,

o
n(by, cos ne—ay sin na),

n=1

to f'(z) at every point x at which

t
Xolt) = f Wt x(u) | du = oft),

4]

where X(1) = f(x 4-) —f(x—1t)—2tf'(x), if the generating sequence (p,) satisfies
the following conditions:

Z {Apy| = O(Py/n),

k=1

#"

> k| Atp,| = O(Pufn),

k=1
> | Pel/k2 = O(Pafn).
k=1 )
The object of this paper is to obtain, for the (¥, p,) summability of the
derived Fourier series, criterion of a different type. We prove the following:
TurorEM: A regular Norlund method of summation (N, p,), defined by
real, non-negative, monotonic non-increasing sequence of coefficients {p,}, such
that Py—>o0, as n—>c0, sums the derived series of a Fourier series to the sum
f(x), at the point x at which

a) = f |dg(n) | = o(pa/ Px),
0

where f'(x) denotes the first gencralized differential coefficient of f(t) at t = .
2.2, We require the following lemma for the proof of the theorem:
Leywa (McFadden 1942): If {p,} is non-negative and non-increasing,

" then for 0<a<b<<oo, 0t and any n,

b
Z Py =H

h=a

<KP7'3

where K is an absolute constant, 7 = [1/1} and Py = po+p;+ .. . +Pm.
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2.3. Proof of the Theorem: Denoting by Sn(x) the sum of the first n
terms of the series (1.2. 2) at the point { = x, we get

Sn(x) __w 5 d E’_l_(ﬁ‘l'__)(i_“_)}f(u)du

o lde ~ sin 3(z—w)

f”ﬂ oid § d sin (n+l)(x—-u)}

du  sin (zx—u)

d sin (n+1})t§ it
sin it ’

231) =~ [ treto-se—n) {2

Now integrating by parts the right-hand side of (2.3.1), we obtain

1 ["sin(n43)

5 Wd{f(x-l-t)"f(x—t)}

Sp(z) =

dg(t)+f'(x).

_ 1 ["sin (n+3)
T 2n), sinit

Therefore

Sue)—1'0) = 5 | Sty

T sin (n—k-3)t

or Sy p—flx)= % fo sin 17 dg(t).

Hence, we obtain

I < ,
5 2, oS s—f @)
ri=o0 :

n

sm(n-—k—i-%)t
Z ke 217 sin 3¢ 49()

[ 1 & sin (n—k+3)t
-fod-"“)'z—ﬂf); { 2P
k=0
=j dg(t) . Na(t),
0
8ay.
7 In order to prove the theorem, we have to show that under our assump-
tions

J-ﬂdg(t) . Na(t) = 0(1), a8 n - 0.
0
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We have, for 0 < 8 < =,

f 0 dglt) . Nft) = ( f : + f ;+ f :)dg«) Va0

=1+ Qo+ @5,
say.

Now, uniformly in 0 <t < %,,

Nt = b 5 g S

2mPp L sin ¢
_ o1 <, (@n—2k+1)]sin 3|
=0lp; 2 % [sin 3| ’
k=0

since|sin nt| < n|sint|. Therefore

Nﬂ(t) = 0(% z pk)
. k=10

= O(n),
as n— . Hence

1
Q1= O(I"idg(t)l-INn(i)l)

0

i .
= O(n f"ldg(t) l)
0

= O(n. G(1/n)) -

— Py
"’("'P,,)'

By assumption that {p,} is non-negative, monotonic non-increasing, we have
obviously

pﬂ < pO,
p, < 91,
) pn = pﬂ'
Summing, (n+Dps < (po+21+ ... + 1)
= O(P,).
Therefore
@1 =o(1).

8B
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Also, by virtue of Riemann-Lebesgue theorem and the regularity of the
method of summation, we have

Qs = f dg(t) . Na(t)
3
= o(1), a8 n — c0.
Lastly, in order to show that
Q2 = o(1),

as m—»c0, we require a suitable estimate for the kernel N,(t) in the interval
(n71, 8), we have

_ >~ sin (n—k+1)t
V=g 2 By

Hence, for n 1 <t <8é < =,

”

z  sin (n—k+ )t

Nalt) = O{P,,lsm it

|

= O(P,[tPy),
by virtue of the lemma.
Thus
)
0 =0 [ lg01.1 4400
1 ? P,
Now
1 (® P, 1 P11
— dg(t) | — = — -z .._"
7, 1I 9(t) | 7. [G(t). t]1+P f G(t) = dt
13,1
-—E.LG(t)ZdP.,
= ']1+J2+']3:
say, where

J1—— [G(s) P[zls/S]] Pi,, [G(%) %]

== O(1/Pp)~—o(np, [Pp)
= o(1)+o(1) = o(1).
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Now

3
1 -\ Pr

[ )
1 », P,

[
)
S
!
=
| SR

by regularity condition.
Also

W jg_g_;dp,}
=0 Pl,, f lslﬁ’[[: de]
=o—_;_" ;de]

=0 -1—}—; kgopk} = o(1),

since np, = O(Py) and the regulaﬁty condition holds.
Hence '
@y = o(1), as n — 0.
This completes the proof of the theorem.

It may be observed that this theorem can be considered analogous to a
theorem of Pati (1961) for Fourier series.
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