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This paper gives some results and conjectures about the order modulo a
prime p, of the companion matrix associated with the polynomial -

Xt—a1 Xr-1—qpXr=2_  —aqy,

where ay, as, . . ., ar are integers, ar being prime to p.

1. The problem is to find the least positive integer & for which

F 0 1 0 0 . 0 0 7%
0 0 1 0 ... 0 o0
0 0 0 1 ... 0 0
_M’: = . . . . . . . = [ (mod p)
0 0 0 0 .. 1 0
0 0 0 0 . .0 1
L O .1 Q.2 GQ_3 . . Qg @) ]

where p is a prime, and
O<a]<p—1:.7= 1, 2, 3: --~:r“1; O<a,<p—l
Mendelsobn (1962) has shown that

k!pr(f"l)m Irj (pj.— ]_)_

ji=1

If ay=ap=...=ay_; =0,

and v(ar) is the order of a, modulo p, then it is easy to show that
k = rv(ay); so that k < r.

At the end of this note, we shall show that

E<pr—1. ..
I conjecture * that there are exactly
1
;Pr—1)
matrices M, for which
k=pr—1.

(1

2)

3)

(4)

(5)

(6)

* These conjectures have been checked in the following cases:
' p=2  r<b;
p=38 r<4;
p=05 r<3;
p=1711r<2.
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For r = 1, this is the well-known theorem on the number of primitive roots
of p. We consider the case r = 2 in some detail here.
2. 'We shall write

01
M=[a b],0<a<p,0<b<p. . .. (7
The case p = 2 is readily disposed of, because
k=3 f 0 1]
= 01‘_M=[1 1l . - .. o (8)

In what follows, therefore, p shall denote an odd prime unless stated otherwise;
v(j) shall be the order of j modulo p; and (j/p) shall stand for Legendre’s
symbol which means

(j/p) = 1if j is a quadratic residue of p;
=0if p|j;
= —1if j is not a quadratic residue of p. '

All congruences shall be modulo p.
3. The matrix M is directly related with the recurring series {u,} given
by the relations:
Up = bupg_ 14Uy o, u_1=1,u,=0. .. .. o (9
The problem of finding k reduces to that of finding the least positive integer k
for which
u=0,u,=a .. .. .. < (10)
or alternatively
Uy =1, up = 0. .. (11)
In other words, we have to find the length k of the smallest period of the
series {v, }, where
v,,t=_u,,,0<vn<p—l... .. .. .. (12)

We shall be content if we can find @ period ¢ for {v,} . k shall then be a divisor
of g. In most cases, but not always, k shall be equal to g itself.

The methods used are well known, but the results do not appear to have
been given before. It may be pointed out that the initial conditions in (9)
can be varied but #_; and 4, cannot both be zero. This variation will not
create any special difficulties.

4. If o, B are the roots of the quadratict

22—bx—a =0

t One could alternatively consider the roots of the congruence
22—br—a=0,
Three cases will arise according as the congruence has two distinct roots, two equal roots or
no roots at all,
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“then taking _
_b+Vh _b=\h,
&= 2 > ﬁ"" 2 3
. where
b= b2+4a, ..
we have
_ e
U, = a af ’

or what is the same thing

o1y, = a ; (b+\/ﬁ);‘\—/(_;-—\/'ﬁ)”}

=a { (;l)bn—1_|_ (g)b"’3h+ (2)b”"5h2+ . .}’

the last term in the bracket on the right being

(n)h(n—l)/z or ( n )bh(ngz)/z’
n n—1

according as n is odd or even.
For n = p—I1,

()= imr <ns

r

and we have
20-2q,_1 = —a {bP-24b-4hFbP0R2 . . FDAB-I2)
br-i.pp-1)/2

=—ab.— ",

b2—h

b
= - ~h@-1)/2} .
gl1—hwDi2};

or
20uy_y = b{1—(k/p)} [by Euler’s criterion]
Hence
Up_| = 2p-2p § 1_(h/P)} .
Since

(‘f)EOforl<r<p—-l,

replacing » by p in (15), we obtain
up = a(h/p).
Finally, taking » = p 41 in (15), we get
Upys = 207 2ab{1+4(h/p)} .

(13)

(14)

(15)

(17)

(18)

(19)
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When
(h/p) = 1, we have
Up_1 =0, up=a; .. .. - .. .. (20)
so that
g=p=1 .. .. .. . . .@
When
(k/p) = 0,
Up_1 = 2072, up = 0; 2
and -
q = pv(2P~2p), .. .. .. . .o (23)
Lastly, when
(h/p) =—1,
Up = P—a, Upyy = 0; .. .. .. .. (29)
and
g=(p+1v(p—ea). .. . . . .. (25)
Since ’
v(j)|[(p—1),

it follows that & is a divisor of
p—=1,if (b/p) =1;
of
p(p—1), if (R/p) = 0;
and of
p2—1, if (h/p) = —1.
In any case, therefore,

k< p2-1.
When (h/p) = 0, we have
b244da = 0,
so that
(—a/p) = 1. .. .. .. .. (26)

Since for each such @, we would have two values for b, there are just
(p—1) matrices M for which £ is a multiple of p.
5. In order that_

k= p2-1,
it is necessary, but not sufficient, that we have

(b/p) = =1, (4)
and that (p—a) be a primitive root of p. (B)

Now, whether or not 4a is a quadratic residue of p, 2+44a is a quadratic
non-residue of p for exactly (Gupta 1955)

]
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values of 4 for each value of a. Hence

k= p2-1,
for at the most

2[2—1——1-] d(p—1) .. . ‘e .. (27)
matrices M.
6. Before concluding, we shall make a few remarks about the general
case. Here, too, our problem is to find a period for the series {v,}, where
Un = Up, 0 Svp <p—1,p>2;
and {u,} is given by the relations:
Un == Aty or+ 0 _1Up_gq1+ oo o FB2Up_o+E1Un_y,
O0<a;<p—1,1i=1,2,3,...,r—1;
O0<a <p-—1;
with
Uy, Ug, Uz, . ., Uy

not all zero or divisible by p; for this will make each v, = 0. Consider the
vectors

(’Ul, Vit Vig2s ¢ ooy 'Ui+r-1)> t= 1: 2, 3; .o
Since none of these vectors can be null, we can have at the most
pr—1

distinet vectors of this type. The length of the smallest period cannot,
therefore, exceed pr—1.
I guess' that the period will, in general, be a divisor of

PpALy, .. .. . .. .. (28)
where Ly is the least common multiple of

p—=L p2=1, ..., p"—1;
and

/\=[g]ifp>3orp=2andr<2;

I+l
1 2

]ifp=2,r>3.
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tt Cf. footnote, p, 556,



