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In the previous paper (Wadhwa 1964) on the same topic three basic circuits
each employing three capacitors and six resistors and capable of simulating,
under certain conditions, third order systems with a leading time-constant
were presented. In this paper three more basic circuits for simulating the
same type of third order systems are presented. The circuits are analysed,
the design formulae obtained and the conditions of their physical realiz-
ability discussed.

INTRODUCTION

In Part I a network capable of simulating the general third order linear
systems with only one operational amplifier was presented and the design of
three circuits capable of simulating, under certain conditions, third order
systems of the type
bo(b15+1)

agS3+ayS24a;8+1 (1)

F(S) = —

was discussed. The purpose of this paper is to present three more basic
circuits for simulating the system of (1) with a certain arbitrary choice of
resistor values and obtain the design formulae and conditions of their physical
realizability.
THIRD ORDER SYSTEM SIMULATION

Three basic circuits capable of simulating, under certain conditions, the
system of (1) are shown in Fig. 1.

Transfer function for the circuit of Fig. 1{a) can be shown to be

g (RCyS+1)

%é R3C,0CS3+ [(E‘i.zig'_______“w 3203064.% R2C,Ce+ (_E‘_ﬂg'l“‘z_ﬂ) RZO’GO’B] Sz 4

[§R03+w—;ﬂ@ RCo+ (O:—;-})RC’B]S+1 @
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(1) and (2) will be identical if
o .
bo = 3
bl = T3 . . . .
", (3420846 1
a; = %Ts‘f‘( 2t ;B+ A) Te+(a_g )Ts
ay = (L""“z"‘g.__éi%ﬁ) T3T6+§ T3T3+w—4—-i§—+ﬁ TeTs
4y = %@TJGTB -
where
Tﬂ = RO’,. . . . .o

Elimination of a, 8, T's and T from (3) to (7) gives a cubic
by(1+3b)T 5 — by(3a3 + 6bgb, —2by ) T2+ (9aghy + b5 —Bayb?—3ag) Tg—12a5b, = 0

2B
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which will have at least ome positive real root corresponding to which, as
shown in the Appendix, a set of positive real «, g, T's and Ty exists, provided
that

(3ay—b0,) >0
boba(3ay—b1)2 > 24a4(1+3bo)(1+bo)
{3a3bgb, —ag(2+3bg)} > 0 e (10)
{3agboby —ag(2+3bo) }2 > 24a5h’b(1+3b)
and either
OB>0Q>04>0P .. .. . .. (11
or .
0Q>0B>0P>04 .. .. .. .. (12)
or
(3(11 +660b1—2b1) >0 1
(9agh; +b —3a b3 —3az) > 0 (13)
and A = 4p34-27¢2 < 0 J
where
boby(3a1—by)—/ A \
4 = 20011901 —y 1
0 2bob1(1+3b,)
_bobi(3ar—by)+ /Dy
0B = 2bob1 (14 3b,)
OP = 3@2b0b1—a3 2+3b0 ~/A2
65257
0Q = 3asbob; —as(2+43bg)+/ Ag
242
6b2b
Ay = b2b5(3a; —by)2—24a5bgby(14bg)(1+3bo) - (14)

Ag = {3asbeby —as(2+3bo) } —24agbb’(1+3b,)
(9ﬂ2b1+b?—3a1b?—3a3) l (3dl+ 6bob1-—2b1)2

p=

b,(1+3b,) 3 1+3b,
__ 12a4 (3a;+4-6boby — 2b,)(9asb; +b] — 3a;0; —3ay)
1=~ {1+35) 355 (14 3b,)2
E_ (3a1+6b0b1—2b1)3
o7 1+3b,

Hence, if the inequalities of (10) and either (11) or (12) or (13) are satis-
fied then at least one positive real set of «, g, T's, T's and T'g exists for which
the circuit of Fig. 1(a) is physically realizable. The circuit component values
may be obtained by first solving the cubic of (9), and then solving the simul-
taneous equations (5) and (7) to obtain B and Ty—as « and 7’5 are known
directly from (3) and (4).
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Now, the transfer function for the circuit of Fig. 1(6) can be shown to be

B, (3,BB+2) (RC3S+1)
B~ T a8 , ot+3aB+ﬁ) «(38+1) ]
(3,8+2)R CyC,CeS3+ [(—373;—5— R20306+—(§5—-|T2T R2C,Cq | S2+
B+1 (20+508+3+1)
[(_—3}3+2)R03+ 3F+2) ROG]S+1 .. (18)
(1) and (15) will be identical if
__ B
=@ (19
by=Ts o e e oD
_(BH1), | (Qu+5up+3s+])
ay = (33+2)T3+ G Lo .. (18)
_ (x+308+B) «(36+1)
g = WT3T6+ (33-'-2) T4T6 .. .. (19)
8
4y = g 1Tl P -1
where
Ty = RC,. .. .. .. .. - .. .. (2D

Elimination of B, 7’3 and 7'y from (16), (17), (18), (20) and (16), (17), (19),
(20) give the following two equations :

- 1 (2a;4bob, —by) ]

« _2(1+2b0)[ 7 —(143bp) @
_ 2 2azbob1—03(1 +3bo) _ ]

" = B+ 35 [ %b5b:Ts babs (23)

which on solution yield

2bobs § aa(1+3bo) +bob} } — § 2677(2a1+bob1) +as(1+3b0)? §

= 24
* T —Fz) #4)
(k1—ks)
Te=——"—, .. . . - .. .. .. 25
® ™ bb? (1+by)? #5)
Now, the solution of (16) gives
b,
B = =30y (26)
and, since 7' is known directly from (18), the solution of (20) gives
T, = agbs(1+5y)® - @n

2b0bs { an(1+3bo) +beb } — § 26363 (2a1+bob) +ag(1+350)2 §
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where
by = (1+8by) [ 2a5(1 + 2bo) +bob’, (23, +body) | } 8
ka = bobs[dag (14 2bo)+b5(1+3bo) ] )
It is obvious from (24) to (27) that «, 8, T, and T4 are all real and these
will be also positive, if
)bob][an 1+3b0 +b0b ]> [26262(2a1+b0b1)+a3(1+Sbo) ]
(14 3bo)[ 25(1 +2bo) +beb7(2a; +bob1)] > boby[4ag(142bg) +3(1+3be)] ¢ (29)
bo < %

Hence, if the inequalities of expression (29) are satisfied then a set of
positive real «, 8, T's, T4 and T, exists for which the circuit of Fig. 2(b) is
physically realizable.

Now, the transfer function for the circuit of Fig. 1(¢) can be shown to be

By _ «(BOS+1)
By RSC,040,85+ [(—ﬁ%—”ﬁ) R20306+aR20307+2(a+l)R20607] Sz
f)
[R03+(2a+3a€9+43+')R06+2(a+1)R07]S+1. .. (30)
(1) and (30) will be identical if
bo=a .. .. .. . @y
bi=Ts .. e e e 3
a = 7'3+(2“+3a‘£;+4}9+2) Tt 2(at1)Tr.. .. .. (33)
a4y = (i'f+—2°;§+_2@ TyTodal' a2t 1)T6Ts .. .. (34)
a3=MT3T6T7 .o .. .. . . .. .- (35)
where
Ty = RC,. - - - .. - .. .. (36)

Elimination of «, 7’3 and 7', from (31), (32), (33), (35) and (31), (32), (34),
[35) give the following two equations :

1= 1 (al—'b1)_2a3(l+b0)__ 3b ] . . 37
B 2(1+bo)[ T, byt SO BT

1 azbobl —2a3(l+b()) a 2 1 ]
+b,) . .. (38)
B bo[ bob®T's b, T (145
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which on solution yield
2(1+bo)(k, —k,)*

ﬁ = ’ r ’ ’ ’ ’
 aybob?(24-bo)2(k, ~k,) —bgb®(2 +b0)2{(1c1 —k,)+2as(1 +b0)(2+b0)2} —(448bo)(k; —ky)”
(39)
kK —Fk, '
7’6=—(.2l—2)—. N (1)
boby(2+b,)?
Since a and 7'; are known directly from (31) and (32), 7', may be then
obtained from (35)
,_ @3by(24bg)?
.77=——,——'—,— . . . .. . (4:].)
(kl_kZ)
where
k| = boby[ 2a4(1 +bo)+boeb?] @)
K, = b+ day(1+be) )
It is obvious from (39) to (41) that 8, 7'g and 7'; are real and these will
be also positive, if
(b, —ky) >0
and
[albobf(2+b0)2(k'l—k;)—bob§(2+bo)2{(k’l—k;)+2a3(1+b0)(2+bo)2}— (43)
(4+3bo) (b, —k,)*] > 0

Hence, if the inequalities of expression (43) are satisfied then a set of
positive real «, 8, T'5, T4 and 7', exists for which the circuit of Fig. 1(c) is
physically realizable and the circuit component values may be determined with
the aid of (31), (32), (39) to (41).
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APPENDIX

CoNDITIONS UNDER WHICH THE CIrcuir oF Fia. 1(a) 18
PHYSICALLY REALIZABLE

Simulation of the system represented by (1) with the network of Fig. 1(a)
is possible only if the values of «, 8, T'3, Ty and Tg obtained as the solution of
equations

o

by =3 (A1)
by=T (A.2)
Y 3“+2“5+65 Tt “"‘1) T4 (A.3)

2 2 2
= ﬁf‘_t%w T3T6+g T+ i"'_“gi_ﬂ TeTs (A4)
_ %8 .
S ToTyTs c Al

are positive and real; where a’s and b’s are positive real constants.
Elimination of «, T3 and 7T, from (A.1), (A.2), (A.3), (A.5) and (A.1),
(A.2), (A.4), (A.5) give the following two equations :

1 b 3a1-—b1) 1+3b0) 2 2a3(1+b0)]

B= 3@3[( 3 Tg—-( o | Ts— bob, o .. .. (A
1 b {3a2bob; —ag(2+ 3by) } 5 2a3<1+3bo>] .
E‘aa(Ts+bl>'[ SBobs Tombohily= =g — |+ &7

The intersection of the curves of (A.6) and (A.7) in the first quadrant of

1
the T "~ plane will give both 7'g and B as real and positive. It is obvious from

(A.1), (A.2) and (A.5) that the corresponding «, T’y and T will be also real
and positive.

1
Now, the curve of (A.6) will cut the 7g-axis (i.e. 5= 0) at two points

A, B whose Tg-coordinates may be obtained by equating to zero the right-
hand side of (A.6) and solving the resulting quadratic

boby(1+3bo)Te—beby(3ay—by)Tg+6ag(14+b) =0 .. .. (A8)

the roots of which are
bob(3ay—by) [626%(3a;—by)2—24agbeby(1-+be)(1+3bo)
2boby(14-35,) '

Tsa, By =

These will be positive, if
(3a,—by) >0 R €. W 1)
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and also real, if
bob,(3a; —by)2 > 24ag(1+b)(1+3by). S .. (AD)

Similarly, the curve of (A.7) will cut the T'g-axis at two points P, @
whose T'g-coordinates will be given by

{Basbyby —as(2+3bo) } & [{3asboby —as(2+3bo) | —24asbi(1+3bo)

fom = 6b2b?
and these will be positive and real, if -+ (A12)
{3agbgby —ag(243bg)} >0
{Basbuby—as(2+3b0))* > 24aspiB(1 +3bo)} - G

Therefore, if the conditions of expressions (A.10), (A.11) and (A.13) are
satisfied then a portion of the curves of (A.6) and (A.7) can exist in the first
quadrant and the sketches of these curves for positive 7'y are shown in Fig. 2.

Frc. 2. Sketches of the curves for positive T's.

il

/

1 by 3a,—b1) ] 1+3b0) N 2a3(1+b0)]
1 ﬂ“Sas[( 5 7o (T )18 —

1_ by {Bagbgby —az(2+3bg)} ,, _ 20a(l+3bo) , T2]
It B ag(Tgtoy) L 3bgb, Ts Bbo o1e

Elimination of 8 from (A.6) and (A.7) gives a cubic

b1(1+3b0):/*g.-b1(3a1+6b0b1_2b1)T§+(9a2b1+bj—3a1bf—3a3)fl’8-—12a3b1 = A0 )
.. (A14
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which will have at least one positive and real root; it can have three real
roots if its discriminant A is negative—the sign of the other two roots
depending upon the sign of the coefficients of 7'; and T:.

The real roots of (A.14) give the real points of intersection of the curves of
(A.6) and (A.7). Now, the curves will intersect each other in the first quad-

rant provided that the conditions of (A.10), (A.11) and (A.13) are satisfied,
and either

0B > 0Q > 04 > OP e ... (AIB)
or 0Q > 0B > OP > 04 .. (A.16)
where
boby(3ay—by)— [b3b3(3a —by)2—24ashoby(1+bo)(1+3bo)
04 = 2B0b {1+ 350)
boby(3a,—b; )+ Jb§b§(3a,_b1)2—24a3bobl(1+b0)(1+3b0)
0B = b1+ 300)
0P {3asbob, —as(2+3bg) } — ﬁ3azbobl—as(2+3bo)}2—2403bgbi(1+3bo)
B 6b2b>
Do — LBasbebi—as(2+3b0)} +V/{Bagboby—a(2+3bo) }*—24a,b2b(1 +3b,)
= 62 '
071
But, if
A=4p3427¢42 < 0
(3@1+6bob; —2by) > 0 .. . .. (A7)
(9agh, +b° —3a,b —3az) > 0
where
B (9a2b1+bf—-3a1bf—3a3)_1 (3a1+6b0b1—-2b1)2
r= b1(1+3b) 3 1435,
__ 12a;  (3a1+6boby—2b;)(9uzby +b]—Ba,b—3a5) 2 (3a1+66(,b,—-261)3
1= = a¥39™ 35,(1+3b,)2 27 1+3b,
.- (A18)

then (A.14) will have three real and positive roots corresponding to which at
least one positive real set of «, B, T's, T; and T’y exists, provided that (A.10),
(A.11) and (A.13) are also satisfied.

To summarize, if the inequalities of expressions (A.10), (A.11), (A.13) and
either (A.15) or (A.16) or (A.17) are satisfied then at least one positive real
set of a«, B, Ty, Ty and Ty exists corresponding to which the circuit of
Fig. 1(a) is physically realizable.



