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The three-dimensional boundary layer flow over a semi-infinite flat plate with
suction or injection, when the external irrotational velocity components are
U=Uix), V=ay, with « chosen to be a small positive parameter, is
studied with the aid of modified Pohlhausen method. In all tho four cases:

1
() U =1—z, V=uay (ii) U= 1%’ V=oay, (i) U=142 V=uay,
1
(iv) U = T—2’ V = oy, considered here, it 1s shown that the skin-friction
is increased as the result of the cross-flow and, consequently, the separation
is delayed. It is also found that suction further delays the separation.

1. INTRODUCTION

The boundary layer flow past yawed bodies has been studied by many
investigators.T Similar problems have been investigated by Ahuja and
Bhatnagar (1963) and Ahuja (in press) wherein it has been shown that modified
Pohlhausen method with a fifth degree polynomial gives results in agreement
with Gortler’s (1957) series solution for flows with adverse pressure gradient and
a sixth degree polynomial gives range of applicability close to Gértler’s (1957)
series solution for flows with favourable pressure gradient. In order to obtain
more information about three-dimensional effects in boundary layer flow, we
consider boundary layer flow over a semi-infinite flat plate where the external
irrotational velocity components are U = U(z), V = ay, « being a small
positive parameter, and where z, y are suitably chosen orthogonal coordinates
on the plate. Here, again, the modified Pohlhausen method is applied and
the solution is obtained as a series in powers of «. In actual working we
have neglected squares and higher powers of «. If « is small enough, this
approximation will show adequately the trends of the three-dimensional
effects on the flow. Since the solution of this problem depends on the corre-
sponding problem of yawed semi-infinite flat plate and we bave already
obtained the results of yawed problem with certain type of suction and injection
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(Ahuja and Bhatnagar 1963, Ahuja in press), in the present investigation also
we have assumed the same law of suction and injection.
In all the four cases, considered, viz.

U=l—-z,V=uay(I); U= , V= ay (II),

1+

=

1

U=l4a, V=ay (III); U:l ot V = ay (IV),

it is found that the skin-friction is increased as the result of the cross-flow of
the type assumed here. Consequently, the separation is delayed for flows
with adverse pressure gradient and the range of applicability of the profile
is increased for flows with favourable pressure gradient. In the case of suction,
the increase in the skin-friction is quite significant near the point of separation
whereas, in the case of injection, it is very small. Consequently, suction
will further delay the separation.

Wilkinson (1954) has studied the flow (I) without suction, assuming the
fourth degree profile with only one boundary condition on the plate and we
find that our general conclusion that the skin-friction increases due to the
presence of the cross-flow is supported by his investigation.

2, EQUATIONS OF THE PROBLEM

The boundary layer equations for three-dimensional, incompressible flow
are:

du Ou ou 10p o%u /.
ua-{-l’a*—u)é—;——ﬁﬁ-{-l’a—‘—zz, .o . . (21)
dv  ov o 10p 02v 99
u'a—:;"i"ﬂé?/-l-w&-—- -‘;a‘y +Va’2‘y (2.2)
ou oJv ow

wtayta =0 e 23)

where z, y are orthogonal curvilinear coordinates on the surface of the body,
z is the coordinate normal to the body, p the pressure, p the density, and v is
the kinematic viscosity.

Boundary conditions :

(i) u=10v=0, w=wy(x)atz =0 . . .. . . (29
. ou 0%
(ll) u—>U(x),-62=$2—=___=Oa,sz_>oo -
av aZU (“')
=.,.=0asz—>c0

v S
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On integrating equations (2.1) and (2.2) with respect to ‘z ’ from 0 to 8,
and 0 to 8, respectively and using equations (2.3), (2.4) and (2.5), we obtain
the following momentum integral equations:

o

and

a 8: a 81 a 81
e 2dz e ] - . — urdy —
axf u2dz 1T 52 fﬂ wdz+ay J‘” urdz

vl
y

0

ou

Sz
f vdz = U8 5— (@) —v (5) o (26)
z2=0

& 3 3 )
3 [ Lo (o oy 2 ¥ \ A
— — ——— 5 —_— — —_— — — 7__ e 2 -
= .[0 uvdz—7¥ axf udz+ay i v2dz—V 5 ), vdz = a2ydy— wo(x)V —v (az);=0’ (2.7)

0

where 8, and 8, are boundary layer thicknesses corresponding to # and v
velocities respectively, U = U(x), V = ay, and w,(x) is the velocity normal
to the surface which is negative for suction and positive for injection.

3. MEerHOD OF SOLUTION
Following Ahuja and Bhatnagar (1963) and Ahuja (in press), we assume

u

v
7 =0 N, M); 5= g(ny, KH), (3.1)
where for the flows (1) and (II) we have the following fifth degree velocity
profiles:
_(O+MN+60  30M—18N o M(10M—6N) ,
=——0p, =t p T D ‘
s - - J.T'— - T _ A’v I g:'
flom N, M) 4 (8N—15M 42M+(18N 60) ¢ 4. (24=3D +61iQM+(36 9N) 5 forz < 8y, |
1 1 s
=1, forz > 8, )
(3.2)
__ 60 30KM 5 10K2M?2 ;3 15K2M2+4-45KM-4-60 4
T =p,wt"p, Ht—p = i 7,
KM 22 - 3.3
9(ny, KM) +60K M +1)224KM+36n;, for z < 8y (3.3)
=1, for z > &y
and for the flows (I1I) and (IV) we have the following sixth degree velocity
profiles:
(124 M)N+120 | 302M—N) 5 10M2M—N) 4
= D3 nz+ DS 7)1+ DS Ny
+5(12N—60—36M+4MN—9M2) 4+3(12O—2ON+64M——5MN+ 12M2)
fnz N, M) Dy 7 Dy 7
_(120-—18N+6011¥§—4MN+10M2)1’2, for z < 55,
3
=1, for z > 8,.

(3.4)
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_@ +6OKM 2, 20K2H% 5 (45K2M2+4180K M 4-300) 4
- D4 Ny .D4 T)y D4 ny D4 T)y
) 2 32 - 2 2
g(ny, KM) +(36K M24-192K M +4-360) e {10K2M2460K M +120) 7}5’ for z < 8.
Da 4 D, v
=1, for z > &,
and also

d

d

X

Dy = M249M + 36,
Dy = M2+412M 460,
U's?

14

wody
bl

M = N=

14

z
3 T)I;-S_I’ 77y=

Dy = K2M2 49K M+ 36,
D, = K2M2+12K M+ 60,

4

5 0

0’)!0’)
]I

Assuming §; and 3§, are functions of z alone (an assumption which can be
justified only d¢ posteriori by finding such a solution satisfying the momentum
integral equations), we expand them in terms of « in the following form :

8z = ot ae; +0(a?),
8y = ¢, +0(x).

where ¢, ¢,, €; are functions of « only.

(3.6)
(3.7)

Substituting (3.1), with these assumptiouns, into equations (2.6) and (2.7)

and equating coefficients of powers of «,
dS 72 e N 4§ 7
w1 eof“f (e, No, Mo)dnz { —U 2 3 Ueg

= UU'egm— o) U —

1

dx

3

= —ug(z)—

1 1
{mel f o, No, Modng+AU%, f Noftna
0 0

d 1 1
—Ud_x g Uelf f(nz, No. Mo)dnz+2U¢; f Ny
0 0

1
+U€of {f(’?z, No, Mg)~1 }9(%,
0

af(’?z,. NO: MO)

KMO)dnx =UU'e,+

we obtain for the flows (I) and (1I):

}

1

f(Tlr, JVOa Mo)d’?x
Q
vU (9+ M) No+60

5 , (3.8)
€p M6+9M0+36

UeoK f F(Eng, No, Mo)lg(ny, KMo)—11dny
1]

60
9KM,+36°

A
7)1}

(3.9)

14
Ke K2M§+

af(n:c; NO’ MO) d
oN,

dny }

60—(9+M0).N0 UU’El
ME+9M,+36  No

N03 MO)

N,

(3.5)

(3.10)
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and for the flows (IIT) and (IV)

4 ,( 2 ' 2(n. N d ) U d | ' g t
gz V%0 | P20 Vo Mobtng =0 U [ ftam o, Mo
0 0

J

AT
= UUe—na)y— 22 LN 120 -y g,
€0 Mo412M,+60
d ot M 1
i UeoK | [f(Kny, No, Mo)lg(ny, Iﬁ"—’(y)—l]dv;yJ
= —to(*)— 2120V : (3.12)
Keo(K2M 412K M+ 60)
1 1
N
% {Uzel f T3z, No, Mo)dn+4U2%€ [‘ Nof(nz, Ny, My) al@_%\ﬁ;%)dnz}
O
Z [ a ,JV , M
U Lelf Ttz o MO)d%HUE‘f Yo jﬁ{éﬁ—dd%} (3.13)
y s 120— (124 MO)N, UU e
v , No, Mo)—1 (Eff,KM)d = U, + )Xo U’y
T J-o Hiom No, 30 =TJol g, Kdlojdne MR 12M, 460 N

where
’ 2

Ny = er’ Mo=&f9‘
1 4 1 4

The equations (3.8), (3.9) and (3.11), (3.12) are the same as obtained
in Ahuja and Bhatnagar (1963) and Ahuja (in press) for yawed semi-infinite
flat plate where the main flow is given by U = U(x), V = constant. The
solutions of these equations will not be discussed here and .we will use these
results from Ahuja and Bhatnagar (1963) and Ahuja (in press) for solving
equations (3.10) and (3.13). )

To solve equations (3.10) and (3.13), we write € = I(x)e;, so that

8z;— I . .
l(x) = —";—E—O is the relative contribution of the spanwise flow to the chordwise
0

boundary layer thickness. As in Ahuja and Bhatnagar (1963) and Ahuja
(¢n press) we solve these equations for the values of My = 0, —1, 1, which
correspond to no suction, suction and injection respectively. The correspond-
ing equations in I(x) take the following forms:

I. Frow U = 1—z, V = ay:
(i) No suction or injection
When there is no suction or injection, the equation (3.10) reduces to
dNo da 11 dNo) ( dNo)

- {ﬂ(%)—%-—%}] = —Fg(K, Np), .. (3.14)
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where I = 0 when Ny = 0, and

Fy(No) = 99792 5 (21155445008 o — 124000),
Fyo(Ng) = 99792 5 (4230 + 58896 ¢ +417280),
1
Fy(K, No) = oo [(4950N,—66000) K¢ — (660N, —6160)K + (243N, ~2160)],
dN, _ 1692N;439264N;—662320N,+ 3326400
do 2115N ;44500 — 124000

(it) Suction with My, = —
The equation (3.10) reduces to
dnN . 1 dN ,dN
(U dxo) Fl(Ao)dN +1 [ZN (U 0) FI(ND)+( O)F(No)
Fy(No)— o — 2o f = —Fy(K, N
— 4 Fa( o)—ﬁ—m = —Fy(K, Ny), . .. .. (3.15)
where { = 0 when N0 = 0 and

F\(Ny) = 27165 G s (665742457 Ny — 32760),

Fy(No) = (1330, + 19467V, + 123669),

2"1656
1

3RB080(K7— 9RO+ 36K5)
—35145) K3+ (15525N— 113565) K 2 — (23820N, — 173100) &
+ (7020, — 48780)],

o W 532N 2412978 N; — 140742+ 620928

Ve = 665N >42457N s — 32760 '

Fy(RK, Ny) = (119460.N,— 1356300) K4 — (4785,

(iii) Injection with My = +1
The equation (3.10) reduces to
dN, 1 dN , AN
( = °) FyNo) g3 +l[2N (U o °) Fl(No)+( °)F (No)

{FZ(NO) ég 2;"2,0}] = —FyK, Ny, .. (3.16)

where I = 0 when N, == 0, and

F(Ng) = 7?3%916 (12905 N>+ 7425 Ny —922350),

Fy(No) = 7—33—}{)4—() (25810 N2 4349569V, + 2857305),
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1
= 637560(K7+9K 5+ 36K5)

—82665)K 3 — (19539 N, —228525) K2 — (21396 N, — 252780) K
+(10476N, —116820)],
4Ny _ 10324 N4 23304 N> — 5761470N, 4 33790680
Cde 12905 N>+ 7425 y— 922350

F3(K, No)

[(265650N, —4136550) K ¢—(7095N,

; 1 .
I1. Frow U—m, V=ay:

(1) No suction or injection

When there is no suction or injection, the equation (3.10) reduces to

N, dN, ” dN,
(Udd O)Fx(No)dV +l[{2}vo(0%) Zg,}won( O)F(No)

+{F2(No)“ Z— - 55\,—0} U’] = —F3(K, Ny), .. (3.17)

where I = 0 when N, = 0, and the expressions for F,(N,), Fo(N,), Fs(K, Ny)
are the same as for the equation (3.14), but

o 846N. +36264N-—414320 N, + 3326400
dz " (142)2(2115N>+ 45008, —124000)

(ii) Suction with My = —1
The equation (3.10) reduces to

dN 1 dN vu” dNy\ v
(0 50) Ex0) e [k (0 5) ~ S mav (020 vy

+{F2<No) 57'—5%57*}0']="'F3(K,N0), o (318)

where I = 0 when N, = 0, and the expressions for F,(N,), Fy(N,), F3(K, Ny)
are the same as for the equation (3.15), but

7 @ 2667+ 11340N. —75222N,,+ 620928
dz " (142)¥(665N2+2457N,—32760)

(iii) Injection with My = -1
The equation (3.10) reduces to

(0%9%) Favo g+ [{ s (7 000) = 9774 v (r282) v

{Fg( No)— 18 %}U'J.—.—mm, N, .. (3.19)

4B
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where I = 0 when Ny, = 0, and F(N,), F,(N,), F3(K, N,) are the same as for
the equation (3.16), but

74y _ 5162N)+ 228096 N7 — 3916770.N -+ 33790680
V& = (1+2)3(12905.N; + T425N — 922350)

The equations (3.14) to (3.19) have been solved numerically * and the values
of I have been plotted against z in Fig. 1.

0.40

030 1

o] Q.10 0.20 0.30

Fre. 1. The relative variation in the chordwise boundary layer thickness due
to the spanwise flow against the chordwise distance.
I, Frow U =142z, V=uay:
(i) No suction or injection
When there is no suction or injection, the equation (3.13) reduces to

_dN 1 _dN _dN
ﬁgﬁﬁw UM+¢WJodﬂﬂww4L ﬂFww

ﬁ&ww@—%”=-m&m>n(wm

where I = 0 when N, = 0, and

1
Fi(Ng) = %69—0 (70N 4-285N,—9850),

Fo(No) = 55080 (140N; +3144N, +44650),

9009

* The numerical work has been performed on the H.A.L, Digital Computer; this help is
gratefully acknowledged.
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Fy(K, Ny) = 360360[ (135N —900) K7+ (780N, —4680) K6 — (1456 N ,— 7280) K 5

+ 3575 N K3—(4290N, +42900) K 2+ 102960K -+ (3432, — 102960) ],

dN, 168N, +6288N-—164532N,+ 1081080
dx 210N+ 855N — 29550

(i) Suctron with My = —1
The equation (3.13) reduces to

. ,
(UM)F(NO)dNOH[ 1 ( dNO)Fl(NoH( dg")Fl(No)

dx 2N0
38 120
+%\F2(N0)— i m%] = —Fy(K, No), .. (3.21)
where ! = 0 when N, = 0, and '
1 2
— 54 535 —
Fy(No) = gezgarag (T1560N 4455742, —9218160),
1 2 ~
Fo(No) = goroorss (155120N+ 3560130, + 45131184),
1
oK, Ny) = _ —7BROVKS
Po(K, No) = semseosigs—iak 160 |~ (161200 7560 K9+ (21630,
—156744)K8— (124614N, —1211112)K7+ (3239731,
—4662918)K 6 — (246480N g — 1647360) K5 — (634491 N,
+1647360)K4+(1711710N,+ 7963956) K 3 — (1397682,
+23984532) K2 — (216216N — 35891856) K + (1081080,
—28108080)],
7 4N 62048 N, +2373420N: —42135696N 4250738488
2 77560 N2+ 455742 N, — 9218160 '

(iii) Injection with My, = -1
The equation (3.13) reduces to

N, .
(020) ) et [ e (0 20) v+ (120 v

20
+{F2<No>— - 7‘13“1‘% }] = —Fy(K, No), .. (3.22)

where I = 0 when Ny = 0, and

1
F(No) = m(mﬂ%N +291906N, —21292560),

Fy(Ny) = m (254240N; +2353446 N, +91201104),
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1
= 2630628(K2+ 12K +60)
+(37242N,— 278154) K7 +(117819N, — 1192230) K 6

— (595920 — 4380480) K 5+ (541827N, — 1647360) K¢

+(785070N,—6079788) K3 — (1649934 N, +4216212) K2

+(277992N,+ 35521200) K + (1389960, — 47876400)],
dN, 101696 N>+ 3771444 N, — 133273152V, + 1015422408

d 127120N2 4291906 N, — 21292560

Fy(K, Ny) [— (2376 Ny — 20520) K9 — (7470N g — 75384) K'8

1
- V= .
IV. Frow U i x,l oy

(i) No suction or injection
When there is no suction or injection, the equation (3.13) reduces to

dNO { 1 dNo) U L} dNO) I
4 2 T e
+{F2(N0)—5—1—V—0}L ] = —F4(K, Ny, .o (3.23)
where I = 0 when N, = 0, and the expressions for F(N,), Fo(N,), F4(K, N,)
are the same as for the equation (3.20) but
N, 28N+ 1906 N2 —35144 N+ 360360
de "~ (1—2)2(TON>4285N4—9850)

(i) Suction with My = —1
The equation (3.13) reduces to

dN 1 LdN uvu” N .
(%20} ruov) vt [ (0 52) = G v+ (22%) vy

38 120 .,
+{F2<No) 49N0}r ]=—F3<K, Ny, .. (324)

where | = 0 when N, = 0 and the expressions for F;(N,), Fy(N,), F3(K, Ny
are the same as for the equation (3.21), but

dn, 31024 N7 +2069592N° — 25499376 N, + 250738488
de (1—2)2(77560N 2+ 455742 N, —9218160)

U

(iil) Injection with My = +1
The equation (3.13) reduces to

dN 1 dN, vu” dN
(U dzO)Fl(NO) dNo [{2_1\7:) (U dxo) 2Ul } FI(N0)+( O)F (NO)

2
+{F2(No)—gg_7—1§1%}]=_1?3(1{, Noh . .. .. (3.25)
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where [ = 0 when N, = 0, and the expressions for F,(N,), Fy(N,), F3(K, Ny)
are the same as for the equation (3.22), but

AN,  5OB48N>43576840N°—90688032Ny+ 1015422408

dx (1—2)2(127120 N>+ 291906.N , — 21292560)

The solutions of the equations (3.20) to (3.25) have been plotted in Fig. 2.

0.30

020~

0.10

o]
) 0.30

Fia. 2. The relative variation in the chordwise boundary layer thickness due to spanwise
flow against the chordwise distance.
4, SKIN-FRICTION
In order to calculate the skin-friction we expand « and v also in powers of «.
w = wg+ou;+0(xf), .. . . ..o (41
v = avy+ O(«?), .. .. .. o 4.2)
where, for the flows (I) and (LI)

(i) When there is no suction or injection

5 5 N

uo=U[§ —§n4+n5+74—°(7)—21)2+2’74—7)5)], e (43)
Ut 1ot

Uy = — -—121,(20-—3N0)(1—4n +3n4), .. .. .o (49)

5 5 5
”1=?/(§’71—§"Ii+"71)- .. . .. .. .. (45)
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(ii) With suction (My = —1)

o = 1 [30m = 15924 53— 1m0+ No(d = B4 S+ 5yt — 3]

Uy = — %1}[30-—3017-}-15772—-601;3-1-451;4-——]\70(4—-3172—10?)3+9r]4)], ..
. Y 2 3 4
vy = m[607]1—301{"71+10K27]1—(15K2—45K+60)7]1

+(6K2—24K+436)n°]. ..

(iii) With injection (My = 1)

Uy = —2% {307+ 15724598 — 609t 4 3375 4+ N (59 — 9n2 — 3434 139 —675)),
ul 52 2A0n3 1 1650E ;
= — 5?37)[(30—5N0)+3077+10"I — 240734165674 — N (392 —2613 +1894)],

v =

m%:}—m[601;1+30K1;‘f+10K217:f—(15K2+ 45K +60)’

+(6K2-+ 24K +36)s; ],
and for the flows (IIT1) and (IV)
(1) When there is no suction or tnjection

o = UT2 =B 65— 270+ 22 (27 572+ 10781055+ 370,
iy = = G (10— No)(1 =107+ 1378 679),

vy = y(2n1—5n}+ 67— 2%). ..
(il) With suction (M, = —1)

+40n*—4575+149%)},
Uy = ~ % 7[(120 ~11 N ) — 1201 4 6042 — 66073+ 102072 — 42075
+ No(1092 4 8078 — 135724 5675)],

v —60K75 420K — (45K2—180K +300)7}

- y ¢

= gI=1zE 60120
¢ 5 6

+(36K2—192K + 360)7,— (10K2—60K +120)7, |

(ili) With injection (M, = 1)
up = % [1207 4 6072 42073 — 5254+ 58875 — 19078 + N (131 — 3052
— 1073+ 8094 — 75754 2258)],
uy = — %l 7(120 — 13N ) + 1207 4 6072 — 210043 + 294074 — 114055
— No(10n2— 16073+ 22594 — 8875)],

621

(4.6)

(4.7)

(4.11)

(4.12)
(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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(1209, + 60K} 420K % — (45K 2+ 180K +300)7’

vy

- y
T K2412K+460
+(36K24 192K +360)7°— (10K2+ 60K +120),"],
2 2z
and n= '6—6 sM = R?O' .
In determining the skin-friction, it is observed that

du _ dug, Oug
5 = et s

5= +0(2),

(4.20)

(4.21)

(4.22)

The additional contribution to skin-friction arises from (?ﬂ) . Conse-
2 =={)

0z

quently, we calculate this component for the flows considered.
For the flows (I) and (II)

- aul)
VV( az 2=0

Uil !
M=0 -5 (20——3N0)A/N_0
Ui, . '
Ul '
M=+1 ~ 53 (30—5N0)A/N_0

and for the flows (III) and (IV)

\/;(%)Z =0

Ul 74
Ul U

Ul U
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These components have been plotted in Figs. 3 and 4.

0.40
I
Mzl
- i
.
0.30h /
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(L2 :
&) . j
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0.20 / /
.20} I
M=0 / //
i / ya
,/ /'/
M=+ 7
0.0 M=¢Il ,‘ / T
L T
7 -
- Z
',i-//
7
O 1 L I il L It 1 1
0.10 0.20 0.3¢

F1e. 3. Additional chordwise skin-friction against chordwise distance,

0.07

0.06

(&)
0.05

0.04

0.03

0.0z

C.01f
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5. CoNCLUSION

From the above discussion we conclude that:

(i) The skin-friction is increased due to the cross-flow of the type assumed
here. The increase in the skin-friction is more pronounced for flows with
adverse pressure gradient than for flows with favourable pressure gradient.

(ii) The separation is delayed for flows with adverse pressure gradient
and the range of applicability of the profile increases for flows with favourable
pressure gradient. '

(iii) The boundary layer thickness is decreased for all the flows as l(z)
is negative in all the cases discussed here.

(iv) Inthe case of suction, the increase in the skin-friction is quite significant
near the point of separation whereas, in the case of injection it is very small.
Consequently, suction will further delay the separation.

We know from Ahuja and Bhatnagar (1963) and Ahuja (in press) that
the modified Pohlhausen approach adopted here gives good results for the
corresponding two-dimensional problems. Consequently, we hope that the
present investigation does give sufficiently reliable results.
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