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The problem of steady state temperature distribution in a doubly infinite
strip of finite width with a rectangular cut at one of its edges has been dis-
cussed by transforming the region into the upper half-plane by Schwarz-
Christoffel transformation. It has been assumed that the boundary of the
cut has been maintained at a constant temperature and the rest of the boun-
dary at zero temperature,

INTRODUCTION

In this paper we discuss the steady state temperature distribution in a
doubly infinite strip of finite width with a rectangular cut at one of its edges,
the cut being symmetrical to the imaginary axis. The temperature along
the boundary of the cut has been assumed to be constant and the rest of
the boundary of the strip to be at zero temperature.

The problem has been suggested by the probe method of determining the
conductivity of rocks and soils. The above problem has been dealt with earlier
(Blackwell 1953, 1954) by either considering the soil mass to be an infinite
cylinder of finite depth, internally bounded by a cylindrical hole where the
probe fits, or by considering the solid depth to be infinite. In the latter case
the probe is taken to be of finite length but the cylindrical hole with radius equal
to that of the probe is considered to be of infinite length and the soil mass
beyond the extent of the probe to be impervious to heat the boundary of the
hole. In fact, the depth of soil mass is not always very large in comparison to
the probe length and the heat is absorbed by it both at the eylindrical boun-
dary as well as the plane end of the probe. This transient state heat flow
problem offers considerable difficulty, and therefore we give here the solution of
the corresponding steady state two-dimensional heat flow problem.

The method of Schwarz-Christoffel transformation has been applied to
transform the region bounded by the strip into the upper half-plane and the
temperature distribution has been obtained by Poisson’s formula for the
upper half-plane.

STATEMENT OF THE PROBLEM

Consider the doubly infinite strip of width d with a rectangular cut of
width 29 and depth b, symmetrical with respect to the imaginary axis
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(Fig. 1). We require to find the temperature distribution in the strip, the
boundary of the cut being assumed at a constant temperature and the rest of
the boundary being maintained at zero temperature.

For this we transform the region inside the strip into the upper half of
the w-plane, the strip being assumed in the z-plane.

THE TRANSFORMATION
Let the points 0, g, g—1b and oo in the z-plane correspond to the points 0,
1, 1/k and 1/k; in the w-plane and therefore from symmetry the points —g,
—g—1b, —oo to —1, —1/k and —1/k, respectively (Fig. 2).
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Fig. 1. 2-plane.

Fia. 2, w-plane.

From Schwarz-Christoffel transformation formula we have
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Since the origins in the two planes correspond to each other, D = 0 and
therefore
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which can be put as

w w

; dw 2 w2 dw
4 = —~C'(1—F;
) 2 Jo \/(1—k2202)(1—uf2) ( l) Jo (1-—k(fwz)\/(l_kzwz)(l_w?) ’

If w ==sn {, we have

dw = cn {dn {dl
(5) = cn {(1—-k2%sn2 ()} d{,
with these substitutions

:
() 2= O’{g—-(l—k?)J M} .

1 —-k? sn2{
0

Defining the parameter « by the relation

(7) ki =Fksna
we get ’
(8) (1—%) =1—k2sn2« = dn?a.

Substituting the values of %; and 1~k? from (7) and (8)in (6)
: t wmrgd
z=C [C—dn%cJ i i st o i {]

¢~ k2onosna

9) =0[ —fﬂi—m;@}

I1(¢, a) is Jacobi’s elliptic integral of third kind defined as below (Byrd and
Friedman 1954).

& sn2 { d¢
= k2 — 2
(10) H1(§1: 0() k2 sn « cnocdnotfo 1—-k2sn2asn2l

and is related to Legendre’s integral I7({;, 4?) by the equation

(11 I, 1) = G4 — T (G, ).

The constant ¢’ in the equation (9) can be determined by choosing the
points in the z- and w-planes which are known to correspond to each other.
The value of w as we move along the real positive axis passes through 1/k;,
The corresponding value of z changes abruptly at the point corresponding to

w = 1/ky, by id.
Thus
t
1-—- "'1—2 i/k1+e
a5 dw
2 k2 l-—-klw
- 76—2 1/hy~€

_i0'n l—k?
2’01 kz-—k?
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and therefore

_Zad [
™ N 1K

O!

(12) _ 2k2dcnocdnoc.
7dna

Substituting the value of € in (9) we get

_2d|k*cnasna
- dna

(13) 2 {—-I1,(¢, oc)].

m

We now proceed to obtain equations connecting & and o to b/d and g/d. This
requires elimination of { from (13). For this we note that

{=sn"lw= f 5 %dw .
o (1= 1B) (1 —k20?)?

and therefore at w = 1/k

(14) { = K(k)+iK'(k),

where K(k) and K'(k) = K(k') are the complete integrals of the first kind with
moduli ¥ and %' respectively. Since the point g—ib in the z-plane corre-
sponds to the point 1/k in the w-plane

= L, 2d 1 EAK+iK')enasna
(15) g—ib = - [ e

—I(K+iK', oc)] .

The real and imaginary part of I7,(K-+1K', ) can be found by proceeding as
Gibbs (1958, p. 198) from where we have
__tma

(16) I(E4iK', o) = 5=+ (K +iK')Z(a),

where Z(«) is Jacobi’s zeta function. Substituting the value of 17, (KiK', «)
from (16) in (15) we get

- 2K {k’cnasna
(17) gd =~ [“m—‘ “Z‘“)]
2K' |, k2 cnasn o

The values of k and « are to be chosen such that the values of b/d and
g/d correspond to the given values of these ratios.

NumEerIicAL RESULTS
Some values of b/d and g/d for values of £ and « given against them are
tabulated below. Here numerical values of the elliptic functions cn «, sn « and
dn « have been taken from Henderson (1960).
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TasBLE I

k 4 bjd gid

sin 20 0-9720 0:5533 0:0244
sin 35 0-6925 0-2940 0:0188

" 0-7271 0-3112 0-0210

v 0-7617 0:3278 0-0247

v 0-7964 0-3434 0-0301

’ 0-8310 0-35677 0-0379
0-8656 0-3699 0-0491
sin 45 0:7416 0-2444 0-0077
0-7787 0-2585 0-0145
0-8158 02704 0-0262
0-8529 0:2795 0-0435
v 0-8900 0-2843 0-0693
0-9270 0-2828 0-1074
v 0-8953 0-1863 0-0441
» 0-9360 0-1707 0-1166
0-9767 0-1272 0-2511

The values of b/d, g/d chosen for the numerical work here are those which
are obtained for £ =sin 20 and « = 0-9720. With these values of % and
o we get bjd = 0-5533 and g/d = 0-0122,

To find the temperature along the axis of symmetry we find the points in
the w-plane corresponding to various values of y in the z-plane. For this,
writing v for w

L = Fiv, k)
= iF(v/1 412, ¥)
(19) =1B.
Substituting this value of { in (13) we get (Gibbs 1958, p. 194)
2d | k2 8N« . .
2= [——ﬁ%i i8—IT,(iB, a)]

. _2d {k2cnasnaif . L @(oc—iB)]
(20) = [T —1BZ(2)—} log B F+ih)

where @ is Jacobi’s theta function. Then by proceeding as Gibbs (1958, p. 208),

the imaginary part of
O(a—1B)

é —_—

B(a+-if)
is
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where

(21) g =e KK,

We thus have by equating the imaginary parts

k2enasna |

yid =2 [ NEREDRE_ g0 (g

—2 i (—1)mgm? gin (7%) sinh (z%né)

(22) +tan-1 —2=1
_ 2 T mmp
1+,,,Zl( 1)mgm?2 cos (*K ) cosh (————K )

Thus by taking a series of values for ¢ we get various values of v corre-
sponding to the various values of y.

TaBLE IT

90 v yld 9/6,

5 0-0963 0-0032 0-9791
10 0:1763 0-0065 0-9616
15 0-2679 0-0099 0-9418
20 0:3660 0-0136 0-9211
25 0:4663 0-0176 0-8993
30 0-5773 00221 0-8760
35 0:7002 0-0270 0-8501
40 0-8391 0-0331 0-8219
45 1-:0000 0:0402 0-7900
50 1-1917 0-0491 0-7533
55 1-4281 0-0607 0-7111
60 1-7320 0-0759 0-6595
65 2-1445 0-0971 0-5970
70 2-7475 0-1276 0-5197
75 3:7320 0-1724 0-4229
80 56713 0-2389 0-3028
85 11-4301 0-3322 0-1595
90 e} 0:4470 0

Tar TEMPERATURE DISTRIBUTION

The temperature at point iv, where the real axis is maintained at 6,
between — 1/k and 1/k and zero along the rest of the boundary, is given by
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1

3] k ’
0/00 = EJ' du

T (u~—u")24v2
Tk

= 1[ta.n‘l u~——-—+ 1k ~—tan~1 ____u-‘l/k]
T v v
which for v = 0 gives
8/6, = 2/m tan=1(1/kv).

Some values of v and y that correspond to each other as well as the value
of temperature at these points are tabulated in Table I1.
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