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The interest of the note lies in the solution of static two-dimensional problems
of piezoelectric material in which thermal fields are accommodated.

1. INTRODUCTION

The present note is primarily intended to solve some plane, static prob-
lems of piezoelectric material in which, apart from the assigned mechanical
and electrical boundary conditions, thermal conditions in the form of a sym-
metrical distribution of steady temperature are imposed. The relevant
constitutive relations, the general forms of which are due to Mindlin (1961),
have been assumed in a suitable form with a view to facilitating the golution.
In what follows, we seek to express, in the first part of section 2, the radial dis-
placement of a thin annular disc as a function of elastic, piezoelectric, thermo-
piezoelectric moduli, the radii of the disc, the voltage and temperature differ-
ences between the boundaries of the disc. In the second part of section 2,
an attempt has also been made to indicate briefly the method of working out
the corresponding problem of a rotating cylindrical shaft with a concentric
axle-hole inside it.

2. FORMULATION OF THE PROBLEMS AND THEIR SOLUTIONS
Case (i) : Annular disc

The boundaries » = r; and r = 7, of a thin annular disc are assumed to be
stress-free. A constant voltage difference V is maintained between its boun-
daries, whereby the disc becomes polarized in the radial direction. The
temperature distribution throughout the disc is assumed to be steady and is
such that it does not vary over its thickness, so that we may assume that the
stress and displacement due to heating also do not vary over the thickness
and that the shearing stress vanishes on account of symmetry. The inner
periphery of the disc is kept at a constant temperature 7';, while its outer
periphery is at zero temperature. Our object is to find an expression for the
radial displacement of the disc. Evidently, we have to take into account the
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interaction of three fields, viz. mechanical, electrical and thermal, within the
disc, which, in effect, means that we are to solve the equation of elasticity,
equation of electricity (Maxwell’s) and steady equation of heat conduction
simultaneously. Referred to polar coordinates (r,8), these equations, in
order, are

(1) P I %
(@) (1) rot E =
(ii) divD=0
92 1 8
2 > e
(3) viI'=9 (V =T ar)

where (o, 0y, Tvrg) are the stress-components at the point (r, §), £, D electric
intensity and electric displacement vectors, while 7' is the temperature. For
solution of these equations, they are to be supplemented by the constitutive

relations connecting (o, oy, 7rg), I', components (E,, Ey) of E, components

(Dr, Dy) of D. As already said, the general form of these relations has been
derived by Mindlin (1961), but we take them in a form which suits our pur-
pose and which has a close resemblance with the linear stress-strain relations
of a plane cylindrical aeolotropy. We take these relations to be

4) S, = s op4 550 4-d" By KET
Sy = 8]2 o,+sETo —dnE',+PvET
Srg = 2(s) —s —2d, By
Dy = dlrl(a,—c )+, E,+p1T
Dy= —2d] 7, 4 EgtpiT
where the constants s£%’s are elastic compliances at constant field strength

E and at constant temperature 7, lel’s are the piezoelectric moduli at con-
stant temperature and at constant strain, u®’s are thermo-elastic compliances

at constant field strength, E, e’S’s are dielectric constants at constant tem-
perature and constant stress, ps’s may be called the thermo-piezoelectric
moduli at constant stress. Obviously, in writing the above relations we have
confined ourselves only to those thermal expansions which are free and which
do not produce angular distortion. In the absence of thermal influences,
equations (4) reduce to the linear piezoelectric relations of a plane quartz
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(Mason 1956). Thus the problem is to solve (1), (2), (3) using (4) subject to
the following boundary conditions:
(5) (i) o =0onr=r;andonr=r,
£
(i) f Bdr=7
r
(i) T=T,onr=r
=0 onr=r,.

The condition 5 (ii) follows from the fundamental equation 2 (i).
Since 7y = 0 and, assuming the electric field in the radial direction, the
equations (4) become

(6) (i) Sy = snortsigey+dnlly+m 7T

(i) Sp = s1p0r+s110,—dnBr+1T

(iii) Spp= 0
(iV) -DT = dll(ar_oo)-l_ellET-l—.plT
(v) Dg= poT

where the superscripts have been dropped.
Equation 2 (ii) in polar coordinates (r, 6) gives

8D, 18Dy _
o trag =0
which becomes by virtue of 6 (v), and also of the fact that 7T is independent

of 6,

Hence,
(7) D, = congtant = D (say).
Let u be the displacement in the radial direction. Then

du %
r=d7, SB"“;-

(8) S,

Hence eliminating E,, D, with the help of 6 (i), 6 (i), 6 (iv), (7) and
(8), we have
du

9) p ~Y—aT = aoy+fo,

(10) 2 $Y—bT = o, +ao,
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where
d
Y = ot 3 DO
€11
dn
@ =k———p
€11

2

dn

%= 83— —

€11

2

11

B = s154+—
€1

Solving for (o;, op) from (9) and (10), we get

(1) o= g | =B et §)~(aa =BT
(12 = g |~ ettt Bl b= a1 |
whence

(13) or—0, = :;%’;2 :‘% - g —27—(a-—b)T].

The equation giving the radial displacement may now be obtained from
equation (1) with the help of equations (11) to (13) and this equation is

du ldu u _ (ax—0B)dT

— e ——— — ==

+27(oc+ﬁ) .1+(¢+B)(a-—b) r

(14) mTrd AT & dr a7 x r

In the case of isotropy, with no piezoelectric excitation, a = b ("' p; = p,
and d;; = 0) and 7, equation (14) reduces to a well-known thermo-elastic
equation (cf. Timoshenko and Goodier 1951). Following Timoshenko and
Goodier we can similarly express 7' in terms of constants of integration and
integrals over T' (which is assumed to be a known function of r). A reasonable
form for T satisfying (3) and subject to 5 (i), (ii) is

(15) 7= L1 jog T2
log Te r
5!

To solve (14), with T given by (15), we write it in the form

0 duw  du

(16) -afri+r—‘i;-u = Ar+Brlogr
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where
(17) A= 2)’(0;—{-3) _ (acx—bB) T1T2+(a-—bi(a+ﬁ) ] Tll
log o log "

o ) r
log -2
*1

so that we may note that 4 is non-zero, while B is zero in the absence of
piezoelectric effects. The general integral of (16) is given by

(19) u = Cyr4-Cgr~14-Cr log r+ Dr(log r)2

where C,, C, are arbitrary constants to be determined and €' and D stand for

g and :i respectively. It must be remembered that 4 contains ¥, which, in

turn, contains the unknown constant D,. If there be no piezoelectric exci-

B\ . . .
tation, evidently D (E Z) is zero and (19) becomes then the equation given in

(3) (Timoshenko and Goodier 1951).
We evaluate, next, the constants C;, Cy, D, from three boundary condi-
tions given by 5 (i), (ii). With the value of u given by (19), o, in (11) becomes

or = 01_2}?‘1 [Ci(a—B)—Cola+B)yr—2+a i C(14log r)+D(2 log r+(log r)2)}

—B{C log r+D(log )2} — (ax—bB)T]
which we write in simplified form

(20) or= azlﬁz [C1(a—B)—Cyla+B)r~2—P log r—Q(log 7)2 R —(ax—bf)T]
where
(21) P=0(3-a)-2w:§(,e_a)_§a

B
Q = D(f—2) = 5 (B—)
R = y(a+B)—=20C = y(a+B)— Aa.

The boundary conditions 5 (i), i.e. ¢, = 0 on 7 = r, and on r = r,, mean that
Cy(a—PB)—Car; *(@+B) = P log 11+ (log r1)2+ R+ (ax—bp)T
Cy(x—B)—Cyr; (a+B) = Plog ro+@Q (log r)2+R

g0 that

1

(22) Oy(a—B) =

2
=T,

[P(r} log r1—7}; log ;) +Q(r, log ry—r, log ry)

7,72
X (r1log ry+r; log r5) ]+ B+ (ax—~bp) - .

177
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(23) 2(0(+B)(r'2—r1 )= P log +Q log ( )log rirg+{aa—bg)T,

Writing the full expressions for P and @ and arranging the results (22), (23)
suitably, we get

(24) Ci(a—B) = d11Dy [oc"Hg {ig_:z) (rf log r; —rg log r2)—2a§ +l]
172

€11 o

1
rf_ri " 2x(log re—log 1)

+(aa—bp) T [

y {(rﬁ = (v log ry—7’ log Tg)-a-}]

17 "2

(x+B)(a—=b), 1 1
T D |l rTogr) 2o
X {a.(rf log rl-—rg log ,«2)_;2.(7«1 log ry
+ 7 log 75)(r; log r1—r; log rg) }

1 2 o
- {(r{ log r;—7 log r (B-—oc)—?oc}]
(r?—r;) log ry « 1 0BT, 108 2)

(23 Caatpror?) = T R ANEm o

€11 o

+%(B—a)(a«—bB)T1[1+&(—~l———-]

log ro—log r,)

_ (a—=b)(«+B) Tlglog ri—logry

2 log r, (B—a)

+a(l+log ry79)+B log (ry7g) }

Thus from (24) and (25), we have two equations to determine the three un-
knowns O, C, and D, in terms of the radii of the dise, the temperature 7'; and
the material known constants of the problem. We may write them as follows:

(26) aCr+ayg. Do =b,T
(27) ag0s+asg . Dy = b, T,
where a’s and b’s are given by

(28) an = (x—B)

a3 =g1111 [{Za— (B—a) (1-1 log ry—r;, %log rz)}._i'f? -—1]

2
rl-—rz

ag; = (x+P)(r; *—r.?)
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oo = 1 (a+B)B—)
23 = €11

o

(log ro—log ;)

2
o S 1 B—o 2 2
by = (ax—bB) [rf—r‘; Sa(log r—Tog 77) {7’?— X (r] log ry—7;, log rz)—oc}]

s

(x+B)2—b) 1 1 2 2
+ 20 [(log rg—log r1) 422 {a(rl log ry—1}, log 73)

—}(ry log r1+7z log rg)(ry log r, —rs log 7‘2)}

- i . (r? log 7, —r: log rg)(B—a)—Za]
To—1y log r;

1
a(log ry—log ry)

by = }(B—a)(ax—bp) [l+ ] —4(a+p)(a—0)

N { (log 1 —log rg)(B—a)

Tog 71 Fa(l+log rirg)+B log (rlrz)}.

Obviously, the above expressions for ¢’s and &’s are those involving the radii
of the disc and moduli of the material considered.

Another equation in C;, €, and D, is to be deduced from the boundary
condition

ry
[ Edr=17V.

1

Now, E, in terms of r is to be obtained from 6 (iv), using (11), (12),(15) and
(19) and E, is then given by

2
Do[ du] 20edy; ., du [(a—b)(oc+B)
E, = 14— 4+—"" =T
T €11 +€11Ot 511(0‘—13)r +€11 ! 20(a—B) log r,

_(& _ a—b) log 75 (ax—bB) 1 ]
dyy  a—pB/ log ro—logr, ' 20(x—p) "log r,—log ry

&_‘L"ﬁ) 1 _ ] dy T )
+[(d11 a—p) T oa—pa TPV g ry—Tog ry) 8"

12
Hencef E.dr == V gives, on suitably arranging the terms,
L

(29) agsCp+agsDy = V—bgT,
where A

_ 24y -1 -1
(80) agy = =g —(r'=72)
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2
agy = —l—[l +h}

€11 1%
b, = B [{(m+3)(a—b) 1 (ax—0f) 1
37 et 2u log r, " 2a(x—pB) " (log ro—log ry)

_(p1 _a—b log e _ (e+B)a=b)
(du 1"‘}9) log ro—log 7'1} (re rl)+{2a(“—lg) (log r,—log 1)

D _ a—b) (rylog rg—ry log ry) }
+ (dll G—B) (log rz_log 7.1) '—(7'2—-7‘1) .

Now, we can solve the equations (26), (27), (29) determinantly to obtain the
values of Cy, Cy, D, and we have then
by | bottgg—ag (V —b5T")

31 ¢, =2+
(31) 1 ‘1-11+ A
0. — 23V —=05T1)—bsag,
, =
A
D, = ay1(V —byT1)—bougs
A
where
ay; 0 a3
(32) A =0 gy ag| = ay(aa33—as:023).

0 aj; ass
It may be seen from (28), (30) that (32) has a value which is different
from zero, when there is no piezoelectric excitation. It may also be verified .
that the values of C;, O,, aside from constants of the problem, accord with
the corresponding values in the isotropic case (Timoshenko and Goodier 1951),
if there be no piezoelectric excitation.

Case (¢4) : Cylindrical shaft

Though the problem, on the deformations of a rotating cylindrical shaft of
radius ‘a’ with a concentric circular axle-hole of radius ‘e’ ’ inside it, is seem-
ingly a three-dimensional problem, the equations involved can be brought
to a form similar to what we have found, by imposing a state of plane strain
on the shaft with an allowance for uniform longitudinal extension ‘¢’ which is
such that the tractions ¢, on the ends shall have no statical resultant. The
temperature 7' is taken symmetrical about the z-axis (the axis of rotation) and
is also independent of z and is assumed to obey the same distribution as in
5 (iii). The electrical boundary condition is the same as before, so that

a
j Epdr =V
a’ i
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while the mechanical condition is that
o, = 0 on both r == a and r = a’'.

The fundamental equations (2) and (3) remain valid, whereas (1) should
be replaced by

(32) ‘;—‘;’+°’—:ﬂ’+pmr =0

where 2 is the angular velocity of the rotating shaft. The relations corre-
sponding to (4) here are supposed to have the form (Mason 1956)

(33) (i) Sy = s110r+5120)+ 51508147 ge+d11 Br i T
(il) S = s120r+5110,+ 8130, — 8147 — A1 Er+po T
(il 8p = s13(0r+0,) +53302+psT
(iv) 28y = 2814Tr0+2(811 —5y9)Tre—d11Ey
(v) 28,,= 844Tr0+2814sz—d14E0
(vi) 284, = 814(or~00)+s44702-—-d14Ef
(vii) Dy =dyy(or—op)+diar,,+eri Bt T
(vil) Dy = —dygr p~2dy11rotenBg+p T
(ix) D= ezl +psT
where the constants have their usual meanings. The boundary conditions are

(34) (i) op=00onr=a

=Qonr=a’

a
(ii) f oz .rdr =0
p

a
(i) f Eydr =1V
v

(iviT=Tyonr=ada

=0onr=a.

We assume that the electric field has no component in the z-direction, i.e.
E, = 0. Noting also that 8y = 8p; = 8. = 0, 7r. = 0 (because of the state of
du U

plane strain imposed on the cylindrical shaft) and moreover, S, = =, Sp= 7>
d

8, = ?;z) (=e)(» and w being the respective displacement components in



SOME PLANE STATIC PROBLEMS OF PIEZOELECTRIC MATERIAL 659

the 7- and z-directions) the equations (33) become
. du
(35) () ar -7 = 8110r+31209+81302+814792+d11Er

(ii) ";‘ ~aT' = 81907 +81,0)+ 81902+ 81475, — 011 Er
(iii) e—pg? = 813(9r +05) +83302
(iv) 0 = 2845 = 25147,,+ 2(311 —$12)7,,—d11Ey
(V) 0 = 28,z = 84475+ 2(511 —812)7,,—~d11 By
(vi) 0 =284 = 814(0,—0,) +5447p,—d14Ey
(vii) Dr—p,T = dy1(0,—0p)+d147y,+ €1, Er
(viil) Dyg—poT = —dyy7,p—2d117, +ennEy
(ix) Dy—psT = 0.

Since 7, = 0, the equations (35) (iv) and 35 (v) show that r,, = By = 0 and
hence from 35 (viii) Dy=p, 7. We have also from 35 (ix) D, = p,T.
Assuming the temperature function 7' to have the form given by

(36) 7= 11 10g2

(which is similar to (15)), the fundamental equation in (r, 6, z) coordinates, on
simplification, gives

10
e (rDy) =0
Dy = PT—O (Dy, a constant).
From 25 (vii),
Dy
(37) ry =17 = dyy(or—o0g) +dy47gz+e11Er.

To establish an equation in % and r, we have to make use of the funda-
mental equation (i) modified for the present problem, so that we need express
(or—0p) and o, in terms of w and ». This we do by eliminating 7Ty, £, from
equations 35 (i) to 35 (iii) and (37).

We have then

d
(38) o { ({—:+; —(!‘1+I‘2)T—K1(€f}i3T)} = 0,--{-0'0

d D
(39) 13%21% - ‘1; - (B —b)T— K, (’;2 —PIT)} = 0r—o0,
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where

28123 -1
o= \811+812— —
Saq

1
= §11 =819 ) == —m —
B (s11—$12) ™ 2z n-
€11+§-
44
oy = 2
S$33
Ky = 2 (d14544+3124 dyg)
(1rsaatdyy)
From (38) and (39), we get
d
(40) or =} [(a+ﬁ)d—’:+(a—ﬁ)§ —(+BmT

—(d—ﬁ)f‘zT—dKl(e—F'sT)—ﬂKz (_Dr_[) —plT)].

Hence with (39) and (40), the stress equation of equilibrium, viz.

dor+_% +P022r = 0,
becomes
d?u ldu u _ a—f aK,
. e e I
KB 28 T
oc+ﬁ ]d’r G+B[( F'Z)"'szl]';
+ DKo 1 — @)

Py oc+B'T'

In the purely isotropic ease, p; = py = pg, Ky = 0, K; # 0, the last equa-
tion reduces to an equation which broadly agrees with the thermo-elastic equa-
tion for a circular cylinder (vide Timoshenko and Goodier 1951). The radial
deformation  and the longitudinal deformation w may now be found out easily
by making use of the boundary conditions and by adopting the method similar
to what we have pursued in the case of the annular disc. Equation (41), in

view of (36), is

dzu L Mloga
drz et dr U= [log a’'—loga "loga—loga ]Tl
+ .MTI 7'1ng'+ [)Kzﬁ ZQP rs

(loga—=loga’) at+B  atB
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where
9‘—'}3 «K, KB ]
L=|p 13
[ 1+“+ﬂ 27 “+ﬂ 3~ “_*_‘31’1
2B
M= (K —by)—K
[(F1—Hq)— 2P1]a+ﬁ
The solution of the above equation is
- L Mloga T,
9 = 1 1
(42) w=Cyr4Cyr +[loga'—10ga loga—loga’] X 2 (rlog r)
. MTI D()KQB .sz
+(loga—loga') r(logr)? a+pB oc+,B
The boundary conditions in 34 (i) become, using (40) and (42),
(43) 200y —2BC5a 2 — iﬂf; Do—aK e = ByT,+By22a?
(44) 200, —280,a2— 2PE2 (Koo = BT 4 B,Q%a

a+8

where

Ty L . Mloga
By = 2 [log a—log a +log a’—log a] [(1+ log a) (2+F)+(a—f) log a]

N (-
4(log a’—log a)

2048
By = e +,3)sz

By = By +(a+B)1+(x—B)g—a K —BKyp,.
The boundary condition 34 (ii) is

[{(log a)2+21og a} (a+B)+(x —B) (log a)2]

DoKsB  (1+s1guKy) 22p o L2 BT,
@) O uih T e ¢ Wt T i@—am
where
_ 1% L Mloga ] { ,
Be="4 [log a’ —log a+log a—log a’ (a2~ 2)+ (4 log a—1)

4
— % {4 log a’-—l)§+(a2 log a—a'? log a’) —é(az—a’2)]

Slde

+8(10g a—log a’)

[2a2(log )2 —2a'%(log a')2—2a2 log a+2a'2 log a']

+3134(F1+I‘2“‘F3K1)—#3
2 (log a—log a’)

—a?log a+a' log a’ 4 1(at—a'?)].

{log a(at—a'?)
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The condition 34 (iii) can be used only when we express F, in terms of

r. This we do from (37), after writing =, in terms of % ,; and 7" and, conse-
quently,
d D, d
{1+5K2(dn—%s‘}i)}'r“o+[ﬁ(du lsi 4)(#1 Pz)"Plglﬁ-Kzﬁ

244

: &
x du_M T—p du_m du _w) _ e+ E,.
844 S44 dr r 844

Hence the boundary condition 34 (iii) reduces to, by using appropriate values

d
for - , Q—L 7 as obtained above,
dr’r

o |14 (an- S“d“)K‘“ﬁ]Dolg & ~20ya—a g0y, — )

o+ Sa4
2
d14314) 22 _sep '3 ( idg) Y
= B(dll S44 12(“+ﬁ) —a )+B5T1+ €11+844 1

where

dl H
: r[ﬁ(dll- 2 4)(#1“#2)

5= (log a—Ilog a') Sgq
—pz{a +K2ﬁ)(d11 d“j“*) }] [(a—a’)(1+log @)—alog+a’ log a’]
4

_ d14814)% L Mloga }
ﬁ(d”— 844 /) llog a’'—log a+log a—loga’

X [2(a—a’)+%(a3 log a—a'3log @’)— s (a®—a’3)—(a log a—a’ log a’)

MT,

W@ {(a log a—a log a’)_(a_a/)}].

The four equations (43), (44), (45), (46) are simultaneous equations in four
unknowns, namely, C;, C;, Dy and e. By a procedure similar to that
followed in the case of a circular disc, we can solve these equations deter-
minantly for C;, C,, Dy and e. Hence » and w ( = ez) can be determined.
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