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The four classical tests of local randomness (the frequency test, the serial test,
the poker test and the gap test) are applied to the first 60,000 digits of ¢ in
order to ascertain the degree of randomness to which these digits conform.
Such patches of digits as fail to comply with one or more of these tests are
sorted out. The findings should serve as a guide, for one who Pproposes to
make a practical use of these digits, in selecting blocks which can be safely
regarded as locally random. Despite the presence of certain non-random
patches here and there, the set as a whole passes all the four tests applied.

1. INTRODUCTION

In connection with the strong demand for the so-called random digits,
for the application of Monte Carlo methods to various problems in mathe-
matical physics and the drawing of random samples in statistics, it was
recently suggested by the author (Pathria 1961, 1962) that investigations
be carried out to assess the extent to which one could utilize, for practical
purposes, the digits appearing in the decimal development of the various
constants of mathematical analysis. Obviously, the question of randomness
of these digits cannot be decided on a priort grounds. One has to subjeet
them to certain standard tests and obtain internal evidence for their random-
ness before they can be declared fit for practical use.

Such analyses were carried out during the last two years and were re-
ported in the two papers cited above. In the present paper, a report is given
of the results of a similar investigation with the first 60,000 digits of e.

Apart from having its own intrinsic interest, the analysis under dis-
cussion is called for from the practical standpoint also; this is because of
the phenomenal progress being made in the computation of the values of
some of these constants to a larger and larger number of decimal places.
In fact, these computations have lately received such an impetus that it
will not be surprising if within the span of the current decade we find some
of them computed to as many as one million decimals or so (see Shanks
and Wrench 1962). Thus, the opportunity of the digits appearing in these
values being extensively employed for practical purposes is now quite feasible.

* This work was done during the tenure of a Senior Research Fellowship of the National
Institute of Sciences of India.
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In this communication an account is given of the results obtained by
applying the well-known classical tests of Kendall and Smith (the frequency
test, the serial test, the poker test and the gap test) [1938] to the first 60,000
digits of e*. The :value investigated here is the one computed by Wheeler
(1953) by using the first 16,000 terms of the series

e—2 = H1+3{1+I1+1{1+ ...,

which suffices to calculate 60,000 decimal digits correctly. The value thus
obtained has been confirmed by a recent calculation of this constant to
100,000 decimal places by Shanks and Wrench at the Applied Mathematics
Laboratory, Washington, D.C. (private communication).

The present analysis has been carried out mostly in blocks of 1,000 digits
each, with a view to discovering ‘patches’, if any, that suffer from lack of
local randomness. In comparing the actual class frequencies with the ones
expected on the basis of the hypothesis of perfect randomness, the X2 test
has been employed; the rejection levels, following Kendall and Smith (1939),
have been kept at 1 and 99%,.

2. TueE FrEQUENCY TEST

First of all the 60,000 digits of e—2 are considered as divided into 60
consecutive blocks of 1,000 digits each and the frequencies f; with which
the various digits ¢ (= 0, 1, ..., 9) appear in these blocks are recordedf.
To save space, the actual values of these frequencies are not being given
here. However, we have listed in Table I the values of the statistics X2,
calculated (on the basis of the hypothesis of perfect randomness) for each
one of the 60 blocks, and the corresponding probabilities P for nine degrees
of freedom. One finds that the value of P is significant in the case of the
5th and the 47th blocks; in both these cases the deviations of the actual
frequencies from the expected ones are too high. The other two blocks
for which the value of P is rather low, though not below the rejection level,
are the 15th and the 26th. Moreover, of all the blocks it is for the 46th
that the over-all statistical deviations are the lowest and hence the P-value
is maximum; the degree of non-randomness present in this block may not,
however, remain tolerable in a more serious application of these digits—for
instance, if the rejection levels are at 5 and 959,

* In the absence of modern computational facilities the various tabulations have been done
by bandand, as far as possible, their correctness has been ascertained through the a.pplicaﬁion
of suitable cross-checks.

1 In the first instance, these frequencies were derived from a table of the cumulative fre-
quencies made available to the author by Dr. J. W. Wrench, Jr. An independent confirmation
of thege values resulted from the frequency counts of the digit pairs (¢j) in the various blocks,
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It need hardly be emphasized that the blocks found patchy are not
by themselves suitable for any practical use. They have to be suitably
diluted by combining them with some of the neighbouring blocks in order to
obtain larger ones which could be safely employed in a statistical application.

We also observe that out of all the frequencies f; (10 for each one of the
60 blocks) as many as 29-33%, deviate from the expected value of 100 by
more than the standard deviation ¢ (= (90)* = 9-487) and 4-33%, by more
than 2¢. These figures compare well with the corresponding ones, viz. 31-739,
and 4:55%, for a normal distribution.

If one studies the cumulative frequencies instead of those obtained block-
wise, one finds that the first 2,000 to about 4,000 digits, taken together,
yield a highly non-random patch characterized by frequencies too close to
the expected ones*. This extreme regularity, however, does not last beyond
this particular stage, due essentially to the addition of the 5th block which
introduces considerable deviations into the values of the cumulative fre-
quencies.

Next, we consider the 60,000 digits as divided into 12 consecutive blocks
of 5,000 digits each. The X2-values resulting from the application of the fre-
quency test to these blocks and the corresponding P-values are given in
Table II. Clearly, none of the 12 values of P is found to be significant, except
that in the case of the 8th block the value is rather high.

Further, taking all the digits in the set together, the value of X2 comes
out to be 9-03 which, for nine degrees of freedom, gives a P-value of about
0-43. The result is obviously satisfactory.

3. Tur SeEriaL TEsT

This test is employed with a view to looking for any evidence of serial
agsociation among the digits under study. The relevant test here consists
in classifying the digit pairs (#j) with respect to the values of the two digits
¢ and j comprising a pair and comparing the frequencies fi; thus obtained
with their theoretical expectations, We have first considered the 60 blocks
discussed in the preceding section and have applied the aforementioned test
to them one by one. The values of X2 calculated on the assumption of equal
a priori probability for each of the 100 types of pairs, and the corresponding
values of P, for 90 degrees of freedomt, are given in Table I.

* This was also noticed by the earlier workers in the field, e.g., Metropolis, Reitwiesner and
von Neumann (1960) and Gruenberger (1952). See also Pathria (1962), note to Table III.

1 The number of effective degrees of freedom is less than the total number of classes because
of the constraints that the frequencies fij of the overlapping pairs, as they are in this study, must
satisfy the relations

“l:flm- ffmu = tm,

where €n is equal to 41, 0 or —1, depending upon the ‘end effects’ of the block (see Pathria
(1982) ).
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TaBLE I

Values of the statistic X2 and the corresponding probabilities P as
obtained by applying the first three tests to the 60 consecutive
blocks of 1,000 digits each

Block Frequency test Pair test Poker test

X¥Odf) P x2©90df) P x3Bdf) P

1 4-86 0-85 71-4 0-92 1-:20 075
2 4-54 0-87 766 0-84 1-42 0:70
3 5:90 0-75 89-6 0-50 2-01 0-57
4 4-96 0-84 92-0 0-43 0-39 0-94
5% 21-82 0-01 118-6 ~ 0-02 2-76 0-43

6 14-30 011 107-0 0-11 2-64 0-45

7 506 0-83 92-6 0-41 4-76 019

8 6-70 0-67 86-8 0:58 3:00 0-39

9 8:82 0-45 1236 0-01 3-39 0-33
10 9:02 0-44 120-6 0-02 1-91 0-59
11 4-96 0-84 88-6 0-53 0-53 0-91
12 7-06 0-63 117-6 0-03 2-29 0-51
13 7-36 0-60 105-6 013 2:05 0-56
14 526 0-81 868 0-58 4-41 0-22
15 19-34 0:02 105-2 013 8-38 0-04
16 7-10 0-63 100-6 0-21 2:96 0-40
17 4-12 0:90 108-6 0-09 2:11 0-55
18 7-76 0:56 878 0-55 1-03 0-79
19 4-52 0-87 117-6 0-03 2-53 0-47
20 4-36 0-89 95-6 0-33 2-32 0-50
21 348 0-94 93-4 0-39 2-44 0:48
22 3-20 0-96 92-2 0-42 049 0-92
23 6-08 0-73 101-6 019 322 0-36
24 11-40 0-25 117-4 0:03 0-30 0-96
25 6:16 0-72 78-8 0-80 2-53 0-47
26 19-10 0-02 106-0 0-12 2-46 0-48
27 5-46 0-79 104-4 0-14 3-68 0-29
28 596 074 109-4 0:08 1-61 0-66
29 11-16 0-27 115-2 0-04 0:76 0-86
30 10-78 029 900 0-48 2-36 0:50
31 7-40 0-60 85-3 0-63 1-76 0-62
32 13-14 0-16 123-0 0-01 515 016
33 11-80 0-22 103-0 0-17 1-15 0:76
34 11-56 0-24 99-6 0-23 0-77 0-86
35 7-46 0-59 106-0 0-12 1-48 0-69
36 9-48 0-39 101-4 0-19 1-55 0:67
37 7-22 0-61 89-8 0-49 0-17 0-98
38 13-04 0-16 89-0 0:52 3-08 0-38
39 4.78 0-85 83-2 0-68 4-52 0-21
40 8-04 0-53 86-4 0-59 274 0-43
41 546 0-79 79-8 0-77 4-45 0-22
42 6-32 0-71 122-0 0-01 7-14 0-07

43 11-98 021 97-2 0-29 3-01 0-39
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TABLE I—contd.

Frequency test Pair test Poker test
Block
No.  9af) P X290 4d.f) P x2@3df) P
44 538 080 884 053 051 0-92
45 484 085 848 064 076 0-86
46 300 09 976 028 378 0-29
47 2834 0001 1290 000 313 0-37
48 462 087 910 046 089 0-83
49 1430 011 93§ 037 556 0-14
50 670 067 1060 012  1:59 0-66
51 776 0-56 1062  0-12  2-42 0-49
52 870 047 1118 006 257 0-46
53 1480 010 1116 006  0-40 0-94
54 1288 017 1058 012  3-39 0-33
55 978 037 908 046 140 071
56 3-3¢ 095 632 098 174 0-63
57F 1720 005 1256 001  1.42 0-70
58 358 094 866 059 190 0-59
59+ 818 052 1268 001 263 0-45

60T 14-34 0-11 1330 0-01 6-24 0-10

The whole

903 0-43 108-5 0-09 2-56 0-46
sot

* Blocks that fail the frequency test.
t Blocks that fail the pair test.

It is clear from Table I that the P-value for the 47th, 57th, 59th and
60th blocks is highly significant and leads to their rejection outright. More-
over, in the 5th, 9th, 10th, 12th, 19th, 24th, 29th, 32nd, 42nd and 56th blocks,
the value of P is not very satisfactory. In fact, these blocks, too, when
taken singly, may not be considered as sufficiently suitable for a practical
application. It is essential to first dilute them with a number of neighbouring
blocks before they can be considered fit for practical purposes.

Next, we apply this test to the 12 consecutive blocks of 5,000 digits
each. The results obtained through a X2 analysis are given in Table II.
The 4th block fails the test while the 5th and the 7th, too, do not fare well.
At first sight it appears quite significant that a block of as many as 5,000
digits should fail to comply with the requirements of randomness. However,
the result is hardly surprising because in an infinitely large set of digits, non-
random patches of this, or even a much larger size are quite expected, al-
though the set on the whole may conform to the hypothesis of randomness.
If the 4th and the 5th blocks are considered together, the XZ-value turns
out to be 116-24 and correspondingly P is about 0-03; thus the degree of non-
randomness becomes lower on combining these two blocks.
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TaBiLE 1II

Values of the statistic X2 and the corresponding
probabilities P as obtained by applying the first
two tests to the 12 consecutive blocks of 5,000

digits each
Frequency test Pair test

Block
No.  y209df) P s@0df) P
I 9-86 0-36 93-4 039
II 6-72 0-67 96-1 0-32
IIT 9-98 0-35 950 5:34
IV# 470 0-86 1245 << 0-01
\% 7-00 0-64 1238 > 0-01
VI 9-07 043 1104 0-07
VI 10-25 0-33 1216 > 001
VIII 319 0-96  100-6 0-21
IX 8-29 0-50 104-3 014
X 7-19 0-62 91-4 0-44
XTI 6-18 072 101-2 0-20
XI11 817 0-52 108-0 0-09

* Block that fails the pair test.

Further, we apply the pair test to all the 60,001 digits of e taken as a
whole. Table III gives the actual frequencies fi; observed among the 60,000
overlapping pairs formed by these digits. The row sums and the column
sums in this table are equal to the frequencies with which the various digits
0, 1,..., 9 appear in the set. Again, on the assumption that E(fy) is
the same for all 4 and j, viz. 600 here, the value of X2 comes out to be 108-54,
the corresponding value of P being about 0-09. The result is obviously not
significant. '
TasLe IIT
Frequency distribution among the first 60,000 overlapping pairs (ij) of e

Total
0 591 619 612 614 594 591 601 588 537 595 5,942
1 594 571 570 579 632 594 675 604 666 584 6,069
2 569 615 568 640 554 610 645 606 607 574 5,988
3 580 621 624 585 571 617 638 631 602 598 6,067
4 596 617 606 612 623 568 632 576 595 585 6,010
5 554 606 622 600 615 630 622 576 576 602 6,003
6 641 625 584 631 649 615 630 608 599 567 6,149
7 617 595 609 607 566 578 578 615 590 602 5,957
8 595 586 635 610 586 585 580 595 570 574 5,916
9 605 614 558 589 620 615 548 558 574 618 5,899

Total 5,942 6,089 5,988 6,067 6,010 6,003 6,149 5,957 5,918 5,809 60,000
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4, THE Porrr TEsT

In the report (Wheeler 1953), the 60,000 digits are printed in 12,000
hands of five digits each. Among these hands we note the frequency of
occurrence of those whose digits are either (i) all scattered, or (ii) one pair
and three scattered, or (iii) two pairs and one scattered, or (iv) one triplet
and two scattered, or (v) one triplet and one pair, or (vi) one quartet and
one scattered, or finally (vii) one quintet. The comparison of the observed
frequencies with the expected ones is carried out again with the help of the
X2-test. The results obtained in 60 consecutive blocks, each comprising
200 poker hands, are given in Table I. None of the X2-values is found to
be siguificant. In the 15th block, however, the P-value is seen to be some-
what low while for the 24th and the 37th blocks it is rather high. Combining
these blocks with some of the neighbouring ones would cause sufficient dilu-
tion so as to remove the minor traces of non-randomness observed in them.

Next, we apply this test to the 12 consecutive blocks, each comprising
1,000 poker hands. The results are given in Table IV where we have tabu-
lated the actual frequencies for the various classes of the poker hands along
with the corresponding expected values and also the various values of the
quantities X2 and P. With the grouping of classes as indicated in the table,
one finds that the P-value is not significant for any one of the 12 blocks
except for the 7th. This latter block has a P-value which is prohibitively
large and hence it exhibits a high degree of non-randomness with respect to
the poker test. A perusal of the actual class frequencies obtained in this
block clearly shows that they are in fact too close to their expected values.

Further, for the whole set of 12,000 hands, taken together, the P-value
is found to be 0-22 which is obviously satisfactory.

5. TrE Garp axp THE Rux TESTS

We now study the statistical distribution of the frequenices of the gaps,
of various lengths, separating the successive zeros of the set. This test is
not applied to the 60 blocks individually because in their case the actual
frequencies are bound to be too small unless, of course, a very coarse grouping
of the classes is adopted. We consider here, one by one, the 12 blocks of
the larger size and note the frequencies with which the gaps of various lengths
appear therein. The results thus obtained are shown in Table V. From
the last two rows of this table, one finds that all the 12 blocks conform to
the hypothesis of randomness.

In Table VI we give cumulative results for the whole set of 60,000
digits*. Since the class frequencies in this case are much larger than in the

* The total number of gaps here is 5,941, i.e. one less than the total number of zeros in
the set. It has been verified that their total length is equal to 54,035 which, together with
the 12 digits preceding the first zero and the 11 digits following the last one, makes 54,058—
the number of non-zeros in the set.
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TasrE V

Length distribution among the gaps between successive zeros of the twelve blocks

Ta T §'§ Actual frequencies in various blocks

§% 382

g 2 B os

S¥ 4€g I T m Vv V VI VI VIO IX X XI XII

0 5000 45 52 41 51 52 55 46 50 50 45 50 54

1 4500 45 45 43 49 48 56 50 50 39 42 37 35

2 40-50 27 33 30 52 29 45 38 33 43 25 31 51

3 3645 34 39 41 27 24 42 33 27 a0 28 42 47

4 32-81 35 24 18 34 31 37 27 31 38 28 42 37

5 29-52 29 35 27 23 41 30 30 27 22 28 31 36

6 26-57 31 19 25 20 34 21 17 43 22 26 30 20

7 23-91 31 18 27 26 30 26 25 25 27 20 21 13

8 21-52 22 16 17 23 11 21 30 25 18 22 19 14

9 19-37 19 12 17 28 25 16 17 11 15 14 20 23
10 17-43 19 24 23 17 17 22 16 27 18 17 11 21
11 15-69 12 14 12 10 10 10 17 20 19 20 17 17
12 14-12 17 21 19 16 14 12 19 16 20 11 11 10
13 12-71 13 9 12 17 14 15 12 17 16 8 15 13
14 11-44 12 16 11 12 5 11 15 13 18 16 5 11
15 10-29 14 10 12 12 10 11 15 6 6 9 10 17
16 927 9 11 11 10 10 14 8 7 9 8 7 8
17 8-34 13 6 7 7 12 3 9 11 10 9 8 10
18 7-50 8 6 5 5 3 8 10 9 6 8 5 3
19 6-75 8 8 5 6 9 10 6 7 5 8 8 4
20-24 2490 19 19 29 19 30 29 18 27 28 24 24 30
25-29 14-70 19 16 18 19 14 11 10 13 20 23 15 13
30-34 8-68 6 5 9 9 12 5 13 4 8 6 9 12
35-39 512 6 6 2 6 4 7 4 1 4 9 5 4
= 40 7:40 3 12 8 6 6 7 8 8 2 6 12 6

Total 499-99 496 476 469 504 495 524 493 508 513 460 483 509

x2, 26 d.f. 20-27 29-38 23-51 21-68 36-58 22-39 21-74 37-21 28-67 26-38 20-66 3245

P 073 024 055 065 006 061 065 006 028 039 071 015

case discussed in the preceding paragraph a greater number of classes could be
considered for the X2 analysis. One obtains, from the entries of this table,
X2 = 34-24 which, for 50 degrees of freedom, gives a P-value that is about
0-96. This value is no doubt quite high but still not so high as to cause the
set being declared a non-random patch.

Finally, we subject the digits under study to a test which, in principle,
is complementary to the gap test, viz. the run test. In this, one counts
the frequencies of the rums, of various lengths, for a particular digit and
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compares them with those expected theoretically. This may then be
repeated for other digits as well. The results thus obtained are given in
Table VII, where both the actual frequencies of the various runs (of each
one of the 10 digits separately) and the corresponding expected values are
tabulated. None of the P-values here is found to be significant; it may,
however, be noted that the value in the case of the digit 9 would no longer
remain acceptable if one fixed the lower rejection level at 59%,.

TaerE VI

Length distribution® among the gaps between successive zeros of the whole set

Length of Actual Expected Length of Actual Expected
the gap frequency frequency the gap frequency frequency

0 591 600-00 22 69 59-09

1 539 540-00 23 47 53-18

2 437 486-00 24 48 47-86

3 434 43740 25 50 43-07

4 383 393-66 26 42 38-77

5 359 354-29 27 43 34-89

6 309 318-86 28 31 31-40

7 290 286-98 29 25 28-26

8 238 258-28 30 23 25-43

9 218 23245 31 22 22-89

10 232 209-21 32 20 20-60

11 179 188-29 33 15 18-54

12 186 169-46 34 18 16-69

13 161 152-51 35 13 15-02

14 146 137-26 36 15 13-52

15 133 123-53 37 10 12-17

16 113 111-18 38 8 10-95

17 104 100-06 39 12 9-85

18 76 90-06 40 7 8-87

19 84 81-05 41 7 7-98

20 65 72:95 42 5 7-18

21 68 6565 43 6 6-47

44 5 5-82 60-69 64 7-02

45-49 291 21-45 >70 66 376
50-54 92 12-66

55~59 53 7-48 Total .. 5,941 6,000-00

* For certain gap lengths the frequencies given in this table exceed, by unity, the sum of
the corresponding ones given in Table 5. This is so because of the appearance of extra gups
that separate the last zero of a block from the first zero of the next.

17,9, 5, 5 and 3 in the order of increasing length,

2 1, 2,2, 1 and 3 in the order of increasing length,

30,1, 1, 2 and 1 in the order of increasing length,
4 Actual lengths are 60, 81, 61, 61, 65, 66.
5 Actual lengths are 72, 74, 79, 79, 88, 88.
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TasLE VIL

Classified distribution of the runs (of the various digits) in the whole set

Length of Actual frequencies in the case of various digits Expectod
the run valne
0 1 2 3 4 5 6 7 8 9
1 4,825 4,983 4,900 4,951 4,820 4,812 4,947 4,787 4,833 4,717 4,860
2 467 467 476 479 516 498 522 501 462  5ll 486
3 53 41 41 50 46 57 43 48 46 52 486
4 f 8 6 2 2 5 6 6 6 4 1 4-86 1
5 0 1 1 0 0 0 1 0 1 0 0-486
6 Lo 0 0 0 0 0 0 0 0 0 0-054)
Total num- oo - 108 5,420 5,482 5,387 5,373 5519 5,342 5346 5281 5,400
ber of runs
¥2,4df .. 146 552 279 399 235 229 534 163 150 932
P .. 084 024 059 041 067 068 025 080 083 005

In this table, we have also entered the total number of runs (of all
lengths) for each of the ten digits; the corresponding expected value is also
given. These entries lead to a value of 10-12 for x2 which, for 10 degrees
of freedom, lies at about 409 probability level. The result is, obviously,
satisfactory.
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