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This paper deals with certain properties of generalized Stieltjes transform
defined by

wm=pf (p-+1) " Mh(t)de,
Q

where [arg p | < =.
Some theorems on its relationship with Laplace and Varma transforms have

been proved.

1. A function ¢(p) is called the generalized Stieltjes transform of A{f),
when they are connected by the relation

o

$(p) = pJ (p+t)~M(1)dt, N
0
where | arg p | < = and the integral is convergent.
A generalization of the classical Laplace’s integral

0

¢(p)'=pf e~ Pth(1)dt .. .. .. .o (2)

0

has been introduced by Varma (1951, p. 209) in the form

$(p)=1p f ) (pt)"=te=W, L (pt)h(t)dt. .. o3

0
When k-+m = 4, (3) reduces to (2) by virtue of the identity
Wyom, m() = e~degh—m, . .. @

Throughout this note (1), (2) and (3) will be represented symbolically as

r

$(p) = h(t), $(p) = h(t) and §(p) =, h(t)

respectively.
In § 3, we give a relation between the generalized Stieltjes transform and
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In § 4 and § 5, certain close connections between the

Laplace transform.
generalized Stieltjes transform and Varma transform will be obtained.
2. The following results will be required in the sequel :
Saxena (1960, p. 404; 1963) has shown that if

R(l—np+msm) >0, B(p) > 0and|arga] < =,
(Qﬂ-)é(a—n—zs)skpnpnk+m—np

f=np nis) =) e
=P (@) A = AT
s, 2n+s nt (A1 « < o5 A2nts
G2"+s’ stn (&—spﬁ b1y« oo s bsynm ) ’ N o S
where
np+1 np—2m+i 1—A+v
Aig1 = y Opgpipl = ‘ﬁ—n—“- s Boppril = S
b =" b _ 2np4-2k~2m—14-20
w1 = 05 Ospipl = o
. 1=0,1,...,0=Dandv=0,1, ..., (s—~1))
and if
R(s—sp+ms+nAtms) > 0, B(p) > 0 and |arg as| < (23;%)77
14+n-2s
v (2m) SApP—k-mg-~p
P #S)=A — (
pPlatp)=A = PYARY
s+n, s n a;, cees a;+2n
XG”%’H_,L (&Et—” b; b'+ ), . - .. (6)
yoeey St
where

N Tl _l—p4i _142m—~p4i

G = Y T T B T T

; v 3+2m—2k—2p42¢ .
bv+1=§’ S il 9 , (t=0,1,...,(n=1)

and v=0,1,..., (s=1)).
Goldstein (1932, p. 105) has restated Parseval’s formula of the opera-

tional calculus in the following form :

If
$1(p) = g1(1) and de(p) == ga(1)
then
f ¢1(i)92(t)t~1dt=f $a(t)g1(8)t=1 dt. o
0 0
This theorem is also true in case of Varma transform as proved by
Rathie (1953, p. 66), namely, if
= gs(1).

$:3(p) =, 01(0) and ¢y(p) =,
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then
[+ o) ’ «w
f S1(t)ge(t)t 1 dt = f Pa(t)ga ()t dt, . o (8)
0 0

provided the integrals are convergent.
The following properties of hypergeometric function and G-function will
also be required (Erdelyi 1953, pp. 105, 209 and 215):

oFi(a, b; ¢; ) = Q=) e % F(c—a, c—b; ¢; x) .. e (9)
s B Ay i B ar+o
xaGl’q (.z: bs) _.GM (ac b,,--i-a) (19)
m,on » ar 1, l_b.s‘
;- -1 =G’ q .. . ..
e |) = (12 o
17 ﬁl""’ﬁ’n
vl’ 1 » — . .y . - B
GmH,,(L o )_E(l,oc,.m,ﬁs..r) .. oo (12)
l—ay, ..., 1—a
Ll _ 1 ! l
(Il’ mtl ( * O: l_bl, st l_bTIL)
!
T I'(a;)
:':l—lFm(al,---sa'l; bl,--ubfn;-'”)- .. .. (13)
IT I'(by)
i=1
3. Tueorem 1. If
_ d(p) = k() .. .. .. .. {1
and
$(p) = (+DYR(Y),
then
—*l_w-btx--z N Y () -
¥o) = s fo MR A=vs (b=pIé0d . (15)
provided that the integral is convergent, B(A—v) > 0 and R(p) > 0.
Proof. We have (Erdelyi 1954a, p. 238)
e VRA-v-L B (A A—v; (b—a)t] = pl(A—v)(p+a) - A(p+b), .. (16)

where
R(A—») >0, B(p+a) > O

Using (14) and (16) in (7), we obtain

fm(t+b)“(t+a)'*k(t) dt = T—(,\—l——;) fm PA-v=2¢=bL F | X; A—v; (b—a)tig(t) di.
0 0

Replacing « by p, we arrive at the result.

For b = 0, (15) reduces to a result given by Saxena (1959, p. 347).

We will now evaluate an integral involving MacRobert’s E-function by
the application of the theorem.
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If we take (Erdelyi 1954qa, p. 212)
B(t) = ¥~ 1oF(x, B; 85 —1fb)
AL
~ T)I()
= ¢(p),
where R(Y) > 0, R(p)> 0 we then have, on using (9) and (Erdelyi 1954,
p. 419),

PL-YE(x, B, V; &: pb)

(t+6)* B3ty = p* T B8y L (85—, 5B, 8; —t/b)
ébd+ﬁ—8py—/\+lp(3)
A PN(8—a)(5—B)
1—y, 14a-38, 14898
A—Y,0,1-5 )

X G (p/b
= ¥p).
where |argb| <=, |arg p| <=, RB(?) > 0, RA—¥+48—a) > 0Oand RA—Y+8—B)
> 0.
Applying (15) we find that
f A+E-Y ~0=B-1o=blE(a, B, ¥: 8: bt) Fy(X; A+S—a—B; (b—p)t) dt
0 .

_ T@)I'(B)I'(A+8—a—pB)p¥-A
TP (3—o)I'(5—p)bs--F

1-v, 140—3, 14+8~8
23 p >
where
E(p) >0, EQA40—Y—a) > 0, RA+8—y—p) > 0 and BA+8—u—8) > 0.
4. Turorem II. If
$(p) == =PI f(1)
and
") =, (1), (17)
then
sA~1pk+m VB35 25) 1~ A5/ 5P
W(p) = T (2) »
© s+2m, s g |41, - ., as+n)
— , .. (18
XJ‘O G5+”'5+2”(nn b17 e, bs+2n ¢(f) dt: ( )
where
__mitsnp—s _ 2n42m—1—-2b—2v
U= s Gsdypr = o ;
b= n(A+i—1)+-psn—s b s
1= s s Osppg1 = p s

n+2m—1—y

bsinivir = 7
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fori=1,2,...,sandv=20, 1,..., (n—1) provided that the integral is
convergent, the generalized Stieltjes transform of |#(@/-A-1f()| and Varma
transform of | ¢(f) | exist, B(®) > 0 and R(1—mnp-+m=+m) > 0.

Proof. Applying (8) to the relations (5) and (17’) and using the formulae
(10) and (11), it gives (18).

Corollary. When n =s=1 in (18) then on using (12) we get a result
recently given by Saxena (1959, p. 349).

Example. 1f we take (Erdelyi 19545, p. 237)

tS(O/n—P)—lf(t) P ts(c:’n—m—le-%atwa’ B(“t)

xE(A, BB+ —sp, d—B+5 —op: L—at T —sp: ap)
= ¥(p),
where R(%7 —spiﬂ+%> > 0, R(a) > 0 we then have (Saxena in press)
pf(PF) = ple~ ¥ p* W, p(c;'p""‘)

kém (217)}("-5)311“””0‘ k=mj-o

X G

25+n, 0 asn™
s4+2n, 254n ssin

As; 1—a), Aln; 1—0), A(n; 1+2m—cr))
A(s; $B), A(n; 3+m—k—o)

= 4(¢),

where
. §—n
larga’| < (T)"’ s >mn, B(p) >0.

Applying (18) and making slight changes in the parameters, we obtain

-1t
t Gs+n,s+2n pt
0

2541, 0 a
x GS+2n, 25+n \ 7

aly"‘aas-}-n)

bl» veey bs+2n

Als;1—a), An; 1=0), A(n; 1+2m-=o)) i
Als; 348, An; §4+m—Fk—o)
= (27)3/2(s=1)gs(P - 0lm)+§=A-0gP—OlnpP -1/

X E[), 3 +B+s(ojn—p,) t —B+s(c/n—p) : 1+s(o/n—p)—a:s(ap)’], .. (19)

where R(P—a/n-—- 1;!:2,3) <0, R(P—- w) < 0, R(p) >0, R(a) > 0 and

2s 2n
the symbol A (n; a) denotes the set of parameters
« at 1 a+n—1

) 3 s a0y

n n n
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5. Tueorem III. If
(D) % pinPro)=1f(1)

and
(D) = tof (175, R ),
then
L (@m)lUn=29 - 1pltsinp+1) -
© - S, S+n pslﬂ ay. ..., Asyn R
X fu G cran (;n— by, boron dt, .. .. (2D
where
i P+1 2k —2m—3+2v
Qg1 =3 = =P oyl =~ ———,
p _Ati=l_ e+l y—1
P s T T Ut = o
—~2m-—1 .
bsrntypal = y————g——for 1=1,2,...,sandv=0,1,..., (n—1),

provided that the integral is convergent, the Varma transform of |¢7f(#*" )| and
the generalized Stieltjes transform of |#m(o+P)-1f(1)| exist, R(s 4-msms+ni~
&p) > 0 and RE(p) > 0.
To prove (21), use (6) and (20) in (8) and then apply (10) and (11).
Corollary. Putting k+m = § in (21) the theorem can be enunciated in
the following form:

If
$(p) 5 tIProI-1f(L)
and
P(p) = 1of (17F5),
then
1+n~2s
2
_ (277) 8)‘1p1+5/"(P+1)‘f\
« 5,8 Py, ..., 5
x| we (—-— )dt,.. L@
fo Ssan n” b]) ey bb‘-}-ﬂ
where
. __f _P+1 by = Ati—1 _P+1
? s n s Yy T S n )
v—1 .
Dspvi1 = yfori=1,2,,..,sandv=0,1,..., (n—1),

n
provided that the integral is convergent, the Laplace transform of |°f(t"") | and

the generalized Stieltjes transform of | #/P+9)-1f(f) | exist, R(s—sp+nA) > 0
and R(p) > 0.
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Some particular cases of (22) are worth mentioning.

(i) When n = 2 and s = 1 the G-function in (22) breaks up into ,F, by
virtue of (13) and we obtain a result due to Saxena (1959, p. 346).

(i) On the other hand, if n» = 1 and s = 2, then the G-function degener-
ates into a parabolic cylinder function (Erdelyi et al. 19545, p. 392) and it
gives another theorem of Saxena (1959, p. 343).

Example. Taking (Erdelyi 1954b, p. 237)

BIP+OI-1f(1) = fsinlpto)~Tlg-dulf, ulat)

pl A as/n(P+ o)
T

=
w

where
R[;z (P+0):l:#+%] >V, B(a) >0
we have (Saxena 1960, p. 403)
(of(th) = toe= 14", (ath)
k_’L% p-a(g.,,)i-(z—n-s)sﬂ»ink+m+o

25, 2 (asnw A, —a), Aln; —o—=2m), A(s; 1—6))

X(Is+2u,25+n ols; ddp), A k—o—m—1) = §(p),

88 pn

where
R(I+a+m:{:m+n/25+@£) > 0, R(p) >0, R(a) > 0.

Applying (2) and making slight changes in the parameters, we see that

® l—;‘-’—1(;25, 2n a
) t 2nts, 2540 \ 7
{

An; —a), A(n; —o—2m), A(s; 1-—-e))
Afs; +p), An; k—o—m—13)

(ll, ey a3+n
dt
bl, ey b5+r_>n

R [
x Gs+n, s4-9n pt

= (2w)3(s-1)35/ft(P+ 9)+i-A- [glinlP+olp 2P ~20) - 1ni{p+1)

XE[A, %:i:#-f—;i (p4a): 1—l+£ (p+o) Ié‘((l_p)”s], Lo (23)
where

otp Lﬂiz__’fJ -0
2s

R(ns4-nr—sP) >0, R(ns+nrA—sp+2ms) > 0, R[T+

R[lj:2y+20+2m+3—-2k

= 5 ] >0, R(@) > 0 and R(p) > 0.
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