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1. The object of this paper is to give four inversion formulae for the
integral transform, given by Meijer (1941),
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d(p) = (2/77)5pf (px)i K (pr) f(r) de. .. .. (L

o
We shall denote (1.1) symbolically as
K

$(p) = f().
2. Formural. If
K
¢(p) 5 f(2),
then .
c+ioo
T'($)(x/2)~50(s) i
for =55 f B o v vy e v v L R
where .
B(s) = J- msmlh(t) dE, s =c+4ir, 0 < 7 < 0, .. .o (2.2)

Y
provided that the integrals in (1.1), (2.2) and the integral
f xe~1f(z) dx
0

converge absolutely and f(x) is continuous at x = ¢ (t > 0).
Proor. Substituting the value of ¢(t) from (1.1) in (2.2), we have

o(s)=(2/n)sf t‘s{f (ta:)*Kv(tx)f(x)dx}dt. o (23)

0 0

On changing the order of integration in (2.3), which is justified by de la
Vallée Poussin’s theorem (Bromwich 1926), and then evaluating the inner
integral with the help of the result (Erdelyi 1954a)

f 1K (az) de = a2~ 20 (hs+ 1) (ds— 1), .. .. (24)
0

VOL. 30, A, No. 6.



SHARMA : A FEW INVERSION FORMULAE FOR MELJER TRANSFORM 737

we get

(2.5)

© F(é)zsﬁ(S)
#1f(xydr =
J-“ 2% 1f (x) dx IFG+dv—is) (3 —3v—13s)°

On applying the inversion forrmula for Mellin transform (Erdelyi 1954a)
to the result (2.5), the formula (2.1) is obtained.

Particular case. If we take v = +1}, we get the corresponding formula for
Laplace transform (Titchmarsh 1948), namely, if

$(p) = pJ- e~ Pef(x) dr,
then ’

1 xS

+ico '
f@) = 4J- I—,h—zs—)ds f(, pSTig(p)dp. .. o (2.6)

27 )y i

3. In this section we illustrate the above theorem by two of its examples:
Example 1. Starting with (Sharma 1958)

f(x) = 2285 Fy(«, B; 7 1 —22)

K I(¥)n=t 24 (4 1—o+8, 1—8+8, 1+, %_%V>
v I (r—a)T(y—B) 42 \p? 5, 84+Y—a—p
= $(p),
we have
o(s) = m-iI(y)

L@ DB (r—a) (v —B)

J‘w _$_1G2,4(4 1—u+8: 1'—ﬁ+8) Ti'+év) %_%V)d
), ? s2\p2 5, 8+Y—a—p P
=i+l G—p =1 (a—3—3s)(B—5—}s) (3 +45)

n=tI(y)

XF(3+'y-—zx—ﬁ+%5)2's_l]"(OC)F(‘B)F(’)’—zx)F(Y—ﬁ) ’

and therefore the formula (2.1) gives us, if |arg x| < 27,
1 c+ico

2mi
¢

e (a8 HT(B—8— )T G+ (S +y—u—B+£) dé
_ (@I (r—a)I
: I(r)
the contour being such that all the poles of I'(a — 8 — £) and I'(B— 3§ — £) are to the
right of it, while the poles of I'(84-£) and I'(§4-¥ — o — B--£) are to the left of it.
Interpreting (3.1) in terms of G-function (Erdelyi 1953, p. 207) we get
the relation

2.2 [1=ed=B) I(@I(B)I(y—a)l(y—B) .
Gz, 2 ( !0’ y_a_}g)"‘ Tw) gF1(a, B, v; 1—x). (3.2)

”_'3).@821’1(1,,9; y: 1—z), .. (3.1)
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Example 2. 1If we start with

$(p) = k1R -lpy L (p2+B2N R UK,y {an/ PR BRY,
where B(u-+1) >0, 8> 0 and R(p) > 0 then we have (Erdelyi 1954b)
_ [ o<x<<a l
fla) = {xi—"(.’bz—a2)b“J#[/3(x2—a2)§] a<z< o)
and (Erdelyi 1954a)
O(s) = at+is-brpghy-do-19i-ds—tg=d1'(§ — by —§5) Ky 435 o+ u(aB).

When the above values are used in the formula (2.1), we have

c+iw (2@/‘8 “x_s
27T’L oo F(4+1~v ) ;l- s+ aﬁ

{ o 0<:v<a}

aiv—#—%Ig%-ivgav-}x%Av(xz._aZ).}yJ#(/g\/xz__az) a4 < x < oo (3.3)
where B is real and positive, and RB(g-+1) > 0.
4. Formura 2. If
K
¢(p) = f(x)
p being real and positive, then
c+ico
2412 2
fl&) = e fﬁ_m v - (e, 1) dv, .. R
where
1
Py, 1) ( ) f (p! *H-v(pf)psﬁ(zo) dp, . - (42)

and —% <<c¢ < §, f(x) is continuous and independent of v, the integral in (1.1) and

f o= a2 412)"1f (x) du
0

are absolutely convergent, (x2--t2)~-1f(x) is continuous.
Proor. Since K, (z) = K _,(2), we have (Erdelyi 1954b)

2=+ pr)K, (pe) = f (PORY _(pt)t-v+3@2 421 dL L. (4.3)
Q

[p>0, Bz} >0, —§ < R(—v) < {].
Substituting the value of K,(px) from (4.3) in (1.1) and changing the
order of integration, we get

o

$(p) = (2/m)tp f (pt)*Y-v(pt)t—w% f
0 Y0

to which if we apply the inversion formula for Y-transform (Erdelyi 19545)
4B

2~ Y2 412)~1f (z) d }



A FEW INVERSION FORMULAE FOR MEIJER TRANSFORM 739
we have
[o.0]
f V=N (x24-12) " Lekf(z) do = P -8y, 1). .. .. (44)
0

The result (4.1) can easily be obtained from (4.4) by applying the inver-
sion formula for Mellin transform. The change of order of integration being
admissible with the conditions given above.

fl@)y=a"" (/\ar:2

2T ocr)
B s Bs)’
we get (Erdelyi 1954a).
o) = 3 (e
4

5. Ezxample. If we start with

7+1,5+1

and therefore formula (4.1) gives us

Aty e vy &y
(x212) 1 G (/\xz
: Bise-vsPs
1 3 1
1 e —y-} v=32 ymtl, ntl 2 ESmt- 1R GRS 4 .
- LIRS S AN P\l dv. (5.1)
4i cmiom 4 ‘I—“‘EV, ‘31, PP ﬁs

Now if we take m = s =P, n = 0, r = ¢-+1, then by giving suitable
values to the parameters and using the results (Erdelyi 1953, pp. 210, 209,

215)
Q15«5 Qp 1 Wity 41 gy, #41 -1
=_——le qd xe
b],...,bq 2mi P 4

al,...,ap)

o (1‘
bl’ « ey bq

P q

. a a
- 1, n+1 e ap -
—} Ty 41 G;:, ; (xeﬂz R . (.‘).2)

g Ia.l,...,ap _ a-1+cr,...,ap+a) -
r Gf’,fl (x[bl, . bq) =T \" bi+o, ..., bgto (5:3)
and
].,B],...,ng\
E(p; ap:q; Bs:x) =G0 ( ) .. 5.4
E(ps ariqs Bs:7) a+1,p \* ay, ... ap )’ o4
we get

f VEL ar—t, ., agm i 1mb, Bi—bs .., Bt y) dE
VoL
= Z,E(al, s pi Bl s By ™). .. (5.5)

6. Formura 3. If

~

$(p) = f(2),
then

c+iwm
F(,L+1)f(t)=n‘ér3(2x)-#-%(t2+x2)#+1%f (t/x)d(v) dv, .. .. (6.

Cmicn
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where

P(v) = f @p pr(zp)pt-'g(p)dp, v =cHin,0 <r< ®] .. (6.2)
0

and that p > 0, the integral

f $h-<(w212) 11 f(1) dt

0

is absolutely convergent, (x24-#2)~#-1f(f) is continuous at ¢ = % (¥ > 0) and is

independent of »,t >0, x > 0 and the integral in (6.2) is absolutely convergent.
Proor. Since (Watson 1944)

 aM 1) (ap) PHA-H
o (EBiZ)utt "2FF(.+1)

a-u(@t), [p>0, =1 < R(\) < 2R(u)+3)

(6.3)
we have

$(p) = (2/m)'p f (PK.(pr) f(1) A1

= 2P 1)ph-bn -t f t*'“f(t){ f
0

feo

@Y, L (2p) (a2 412) 11 da } dt
0

0

= I'(u4)m-ipl-n2u+t f (P2)T o (p)cb 7+ dx f (V@2 412)~R-1£(1) L.
0 0
Now using the property, that the Hankel transform is reciprocal, we have

© - oy T(}) o u f )
vzt 42)-r-Y () di = 2 2~p-by-pov-t L ~1
fo (2 4-12)~B-1f(2) T(+1) 4 . (@p)H i u(xp)pt=14(p) dp
(6.4)
to which when we apply the Mellin inversion formula, we get the formula (6.1).

Example 1. If we take f(t) = t3"", then the result (6.1) gives us, on
selection of suitable parameters,

+ico
1 fﬁ Flat e\l b—é (tx)f d¢ = Da+bytan@+i)o-v. .. (6.5)

If we take { = 1 and « = z in (6.5), we get the result given by Conolly
(1955).
Ezample 2. 1f we take

f) =67 "(1\52
then (Erdelyi 1954b) we get

A5 00 s )
Br .. Bs/’
4+%V,11 . Oy

ot B e ﬁ)d”

“1,...,&,-) 66
B .. B (6.6)

c+ic0
+1,8+1
(’/x)vG:nﬂ o1 (’\ 2

4mi

= D(p-1)(12-a2)-p-Iztut G " (Aﬂ
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If we put 4 = 0 in (6.6), we get (5.5).
7. Formura 4. If

K
#(p) = f(x)
then
1 c+ico .
foy=—| (@) =31, (\/ az)(a) da .. .o (1Y)
where o
K 1
(@) = ¢(4—é) (7.2)

p=c+ir,0<r< ow,andz>0,¢ >0.
Proor. Taking the value of ¢(p) from (1.1) and using it in (7.2), we get

¥a) =7—21-af Py (ap) 4p J (4p) (4p)f(x)dx} -

which on change of order of integration gives

¥(a) =4—1”a3 f o (x) { f K,(ap)K,,(z%) dp} de. .. .. (1.3)
1] 0

The change of order of integration involved above is easily justified if
R(p), E(a) are positive, integral involved in (7.2) and (1.1) are absolutely

convergent.
(7.1) is obtained from (7.3) by evaluating the inner integral with the help

of the result (Hardy 1927)

f Ky(OKnb/t)dt = nKon(24/8), .. .. .. (74)
[}
and then applying the theorem given by Conolly (1956), viz. if
= [ w4
0
then
1 c+im o
W) == L{(\/py)F(p)dp. -. R )

Particular case. If we take v = 11, then we get a corresponding formula
for Laplace transform, that if

b(p) = pf e P%f(z) da
0
then
1 c+ic0 .
flx) = —f I,{(V/ ax)(az)-¥(a)da, ¢>0, .. .. (7.6)

™ -t
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where )
dp) =p f vy (;%) dz.
The above result (7.6) is equivalent to the result
= nwi { [ mwmmala. oo
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